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ABSTRACT 

Computational evidence of a 3 ~ t 2 a-~ == 21(" resonance is 

presented for a spirally-ridged fixed-field alternating-gradient accel

erator with N= 40, a median-plane field proportional to 1+ 1.1708 sin 

21lf -0.2991 cos 2 (21Cf ), 44.08~ k" 46.3, and 1!w=360+ 1.25 

(k-46. 0)/0.3. The computations were performed with the aid of the 

WELL-TEMPERED FIVE computational program. The resonance, 

although not strong, appeared to be definitely present and to exhibit a 

width approximately proportional to the cube of the radial amplitude. 

* Supported by Contract AEC No. AT (11-1)-384. 

** The work reported here was performed at Madison, with the MURA 
I.B.M. -704 computer, while the author was on leave of absence from 
Iowa State College, Ames, Iowa. 
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I.� MOTIVATION 

In the course of orientation work preparatory to studies of the 0"',( = ~ 

resonance, the results of which have been reported elsewhere, evidence was 

obtained for resonant effects attributable to 3 O"'~ + 2 OJ == 2 1(. Since attention 

had not customarily been given previously to resonances of as high order as this, 

it was felt worth while to obtain further computational information concerning the 

3 O)c. +- 2 0fJ.=27r resonance. It is the purpose of this report to present the results 

of this study. 

The nature of the resonant effects with which we are concerned is similar 

to that found for other coupling resonances, exhibiting an exponential growth of 

axial amplitude when the radial amplitude exceeds a certain threshold value with 

the threshold amplitude the smaller the closer the operating point is to the 

resonance in question. 

n. THE COMPUTATIONS 

The computations were performed by means of the LB. M. computer at 

Madison, using the WELL-TEMPERED FIVE computational program (MURA

226, Int. >. The computations pertained to a spirally -ridged FFAG structure 

with N=40, a median-plane field proportional to 1""1.1708 sin 2 7t ~ -0.2991 

cos 2 (212'" 5 >*, 44.08 ~ k ~ 46.3, and l/~~360 + 1.25 (k-46.0>/0.3. Initial 

orientation runs were undertaken to determine the small-amplitude betatron 

os cillation frequencies for the machine parameters used and the location of the 

fixed point. Due to the narrowness of the resonance, one might wish for some

what g:ater absolute accurac~I.·n th.e resultant Values. of 3 ( "." /1Z") +2 

(6j I� /( >, but It IS felt that tlt~_ c~ge of this quantlty with the parameter k 
\ I 

~s _s~~ic_ie_n!.l~ ,!ep_e~t~b.!ished for the present purpose. tJ1. lay close to 0.37 

*g� _.L [h(I+~) ~ 
~ ~IL ur - 118 . 
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and ~ near 0.45 it. 

In the study of y-growth arising from the resonance in question the compu

tations were of sufficient duration to permit a satisfactory determination of the 

lapse-rate (involving a growth of y-amplitude through at least one and one half 

decades from the initial value Yo':: 10-6), but the small value often found for the 

lapse-rate frequently precluded reaching y-amplitudes at which "turn-over" 

might occur. 

The results of the computations are summarized in Table I. in which the 

absolute value of 3 ( 0)< 1ft) + 2 ( (jy /1t) is not to be regarded as accurate 

through all the digits indicated. The values of X o , the initial radial -ampli

tude <"<0 ' and the turn-over values of y all pertain to N 9 - 0, mod. 2 il:. 

The results of the computations with regard to lapse-rate are also portrayed 

in Fig. 1. 

ill. DISCUSSION 

Examination of the computational results afforded no indication that the 

threshold for y-growth did not become zero for a certain critical value of tune. 

The results moreover suggested that the width of the resonance [measured, 

for example, in units of 3 (a;c /71: )+ 2 (cr":J!ir)J varied approximately 

as the cube of the radial amplitude. The resonance was not found to be sym

metrical, however, y-growth being more marked below than above the critinall 

resonant betatron frequency. A consistent presentation of the computational 

results appears to be that illustrated in Figs. 2 and 3. 

In common with the results found for other ooupling resonances, the 

square of the lapse-rate in the unstable zone was found to be roughly pr-opore 
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tional to the product of the distances from the operating point to the two stability 

limits for the given radial amplitude. Empirically the factor of proportionality 

in this relationship was estimated as ~ 0.49, for,P expressed in decades per 

sector and distances on the resonance diagram measured in units of 3 ( 0-10 / " ) 

T 2 ( d
ff
1ft ). From the simplified estimate of this factor, as given by 

McLachlan for an equation for y of the Mathieu or Hill form, one expects the 

proportionality factor a: [( trItt )log eJ2.~ O.465 . In addition, again from 

the computational results, one finds the width of the resonance to vary r-oughly 

as the cube of the radial amplitude -- with the width measured in the same units 

as before and with the radial amplitude (in units of the mean radius) taken at 

N 9 = 0, the proportionality constant for this assumed relationship appears to be 

7in the range 3 .5 to 4.0 x 10 for the structure under consideration. 

A number of the runs were continued far enough to reveal "turn-over" of 

the axial oscillation amplitude at values of y (taken at N9 ~ 0, mod. 21l) 

in the range 2 to 11 x 10-4, but the data concerning this feature are not avail

able for all the runs and the information must be regarded as less complete 

than that pertaining to the lapse-rate. The presence of "turn-over", similar 

in characte r to that found for simple difference resonances, might suggest 

that y-growth for the sum resonance of interest here is less harmful than in 

the case of lower-order sum resonances. The possibility remains, however, 

that such growth may make effective instabilities basically due to other reso

nances. 
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