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ABSTRACT

Computational evidence of a 3 0 + 2 0y = 27 resonance is
presented for a spirally-ridged fixed-field alternating-gradient accel-
erator with N= 40, a median-plane field proportional to 1+ 1.1708 sin
2774 -0.2991cos 2 (2ME ), 44.08< k € 46.3, and 1/w =360+ 1.25
(k-46. 0)/0. 3. The computations were performed with the aid of the
WELL-TEMPERED FIVE computational program. The resonance,
although not strong, appeared to be definitely present and to exhibit a

width approximately proportional to the cube of the radial amplitude.

* Supported by Contract AEC No. AT (11-1)-384.

*¥ The work reported here was performed at Madison, with the MURA
I.B.M.-704 computer, while the author was on leave of absence from
Iowa State College, Ames, Iowa.
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1. MOTIVATION o

In the course of orientation work preparatory to studies of the Oy = 03
resonance, the results of which have been reported elsewhere, evidence was
obtained for resonant effects attributable to 3 oy + 2 O;Zf = 2 7. Since attention
had not customarily been given previously to resonances of as high order as this,
it was felt worth while to obtain further computational information concerning the
3ogx *+ 2 03‘ 27T resonance. It is the purpose of this report to present the results
of this study.

The nature of the resonant effeéts with which we are concerned is similar
to that found for other coupling resonances, exhibiting an exponential growth of
axial amplitude When the radial amplitude exceeds a certain threshold value with
the threshold amplitude the smaller the closer the operating point is to the

resonance in question.

II. THE COMPUTATIONS

The computations were performed by means of the I, B,M, computer at
Madison, using the WELL-TEMPERED FIVE computational program (MURA-
226, Int.). The computations pertained to a spirally -ridged FFAG structure
with N=40, a median-plane field proportional to 14 1.1708 sin 2 77 S -0.2991
cos 227 § )%, 44.08€ k €46.3, and 1/#=360 + 1.25 (k-46.0)/0.3. Initial
orientation runs were undertaken to determine the small-amplitude betatron
oscillation frequencies for the machine parameters used and the location of the
fixed point. Due to the narrowness of the resonance, one might wish for some-
what greater absolute accur‘aC}: in the resultant values of 3 (Ox / 7<)+2

(gy / 7C ), but it is felt that tlL;_ chénge of this quantity with the parameter k

g =rw (B0 -]
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and 0‘9 near 0.457,

In the study of y-growth arising from the resonance in question the compu-
tations were of sufficient duration to permit a satisfactory determination of the
lapse-rate (involvirig a growth of y-amplitude through at least one and one half
decades from the initial value Yo = 10”6), but the small value often found for the
lapse-rate frequently precluded reaching y-amplitudes at which "turn-over"
might occur.

The results of the computations are summarized in Table I, in which the
absolute value of 3 ( a’x/i? y+2 ( O:Y /7T ) is not to be regarded as accurate
through all the digits indicated. The values of X, , the initial radial -ampli-
tude Uy, > and the turn-over values of y all pertainto N6 = 0, mod. 2 7Z,
The results of the computations with regard to lapse-rate are also portrayed

in Fig. 1.

III. DISCUSSION

Examination of the computational results afforded no indication that the
threshold for y-growth did not become zero for a certain critical value of tune.
The results moreover suggested that the width of the resonance [measured,
for example, in units of 3 (ox /@ )+ 2 (O’y/ﬂ‘ )] varied approximately
as the cube of the radial amplitude. The resonance was not found to be sym-
metrical, however, y-growth being more marked below than above the critigall
resonant betatron frequency. A consistent presentation of the computational
results appears to be that illustrated in Figs. 2 and 3.

In common with the results found for other coupling resonances, the

square of the lapse-rate in the unstable zone was found to be roughly proport

-3 -



| MURA-320
tional to the product of the distances from the operating point to thé fwo stability
limits for the given radial amplitude. Empirically the factor of proportionality
in this relationship was estimated as = 0.49, for 4 expressed in decades per
sector and distances on the resonance diagram measured in units of 3 ( Oy / 7C)
+ 2 dj/ﬁ ). From the simplified estimate of this factor, as given by

McLachlan for an equation for y of the Mathieu or Hill form, one expects the
proportionality factor = [( /2 ) log eJ 2;—'.: 0.465. In addition, again from
the computational results, one finds the width of the resonance to vary roughly
as the cube of .the radial amplitude -- with the width measured in the same units
as before and with the radial amplitude (in units of the mean radius) taken at
Ne=0, the proportionaiity constant for this assumed relationship appears to be
in the .range 3.5to 4.0 X 10'7 for the structure under consideration.

| A number of the runs were continued far enough to reveal "turn-over' of
the axial oscillation amplitude at values of y (taken at A6 = 0, mod. 27C)
in the range 2 to 11 x 104, but the data concerning this feature are not avail-
able for all the runs and the information must be regarded as less complete
than that pertaining to the lapse-rate. The presence of "turn-over', similar
in character to that found for simple difference resonances, might suggest
that y~growth for the sum resonance of interest here is less harmful than in
the case of lower-order sum resonances. The possibiiity remains, however,
that such growth may make effective instabilities basically due to other reso-

nances.



T e e z #3320
CHARACTERISTICS OF Couri&d morron scrme 3@uln)d + 2(cy/m)=2
’ b= 0" Celrainates refer fo mno =0, ntod. 2.X.
o,
PHROMITERS @:ﬂd‘ x g ~.00/% |- 00t7 |-, 00/ |- 0015 ~.coly (-.00/3 -.00// | 3"3;1:-_:_
+* ‘/w- «, —.00(2 |—-.00/1/ | —,00/0 | ~,0009 |- 0008 |-.0007 —.0005 | (Wominal)
#4G.3 136/.25 | Ru~ 267 26% T
Lo . Jects, 350 Soo
Pec./sect| O o 2.007 |
y-T.0,
#46.0 360,00 RON 240 269 270 27! 260
Sects. 200 Jso 550 7oo 2440 L. 000
Dec./5eet]| .0/3%# |.00897 |.cos%% loo /197 o)
Y-7. 0. 2.9% | . 9x,07%
“45.85 (359375 Ruw~ 297
5N ,&C‘S. 720 ,t ,’6
Pec. /Sect. .a0t79
' , -7 on
45.775 13570625 zow~N 2‘.‘78’ .
| Sects. 3o
- Dec [k, coordy | 1?74
Y—-7.0.
“45.7 |358.75 | 2o~ 272 273 273 275 276 277 299
Secls, 200 250 300 sMoo sSs5o & o/ 383 /. 99.2
Pec./Sect. OI7S5y |.OCrt4e1s .or oo 833 |.ooGa coHMsy o )
Y- 7.0, 5 2, x 10— 4_9![0‘4 5. 5x ¥ VN EY S 3.4:!0‘#4x so— ¥ .
#3. 625 358.4375|| Rors Joo
) Sect's, &30 /.990
Dec. [Sect. o '
- 7.0,
“45. 4 357.80 F O3 267 27§ 277 2 Fo R 62 25
, N Seces. 240 250 a8 350 240 sso /. 784
Dec./Sect.| 0205 |.0r59s | .0r125 |.oco9se |.oos2 (=] :
- Y ~7. O, &.F = 10" €.5 x o™ S x s~ ¥
$s5.7 356.25 Rusr 283 X772 2 %5 286 227 ‘
. Sects. 200 2.0 3eo “too0 sso 1.977
Dec./5ect.| 0203 |.os65 .on9 .005, o :
I-T0, |7v8Bxes?tyy 8o ¥| 7. 5% E
4.8 355,00 v~ x73 289 290 29/ 2€3 ;
Sects. 200 350 257 e 24c /. 7¢3
Dec. /[5ect, .018"‘ ,.0l3by |. 0059 o o i
S ~T70, |/ x s0” x s0=* !
¥«.5 |353.75 | Ro~ 2952 2953
, , Sects, aco S0 1.962
Dec./fSect.| .ocre |ooc6r7
Y-T-0, |me 7.0, N
#4.08 | 352.00 || Row~ _ :
Sbcts. ¢ Ic?r,\
Dec. /Seck| O ‘
y-T7T-0.




Fra. /.

ALTITUDE CHART

OF LAPSE - RATE
IN UNSTABLE REG{(ON

NEAR 3(Z)+2(R)=2

bSem = .0) decade/sectur;

—_—

47.0

0.0,

r‘—

3(-_}‘—,’5)-1-2(—;?) —>



Fi6. 2.

LocarirHruc Pror

WiprH oF Resowarce

vs.

of

AmpPLITvO &

040
N
3
v
(79
o
9 .o020
N
VU
O
~ 5
S
8]
v
v
ud
k)
< -:
I .o/ot
005
r\

« 0010

A //0_9 5cqle) —>

 .0020



FlG. 3;
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INDICATING LAPSE RATES
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