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ABSTRACT

Normal modes methods are applied to field calculations in a wave-

guide coupled to outside space by holes in its boundary wall.
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I. Introduction. | The electromagnetic field within a cavity is uniquely deter-

—
mined by the current density J- (x, y, z) in the cavity volume, and the tangential
component of the electric field E at the boundary surface S (Figure 1). This com-
ponent vanishes along those parts of S which consist of a perfectly conducting wall,
’and is different from zero across the surface of any apertures which couple the
cavity with outside space. Explicit formulas giving the cavity field in terms of

———. —

"volume" excitation J  and "boundary' excitation EL' are important in
a number of problems, such as the determination of the resonant frequencies of
coupled cavities. Formulas of that type can be obtained by using either Green's
dyadic (1) or normal mode (2) methods. The two formulations are essentially
equivalent, since Green's dyadic can be expressed in terms of the normal modes
of the cavity (3). In the latter form,which is used in most practical applications,
Green's dyadic appears to be a mere intermediate step in the normal mode formu-
lation. A similar situation arises in the study of boundary excited wave-guides.
Here, again, Green's dyadic can be used in principle, but its analytical expreg-
sion always involves the normal modes of the duct (4). It is the purpose of the
present paper to solve the boundary excitation problem directly by normal mode
procedures. It is the author's experience that such procedures are eminently
suitable for practical computations. The formalism is clearer, the probability of
mixing up coefficients is lower, and a very desirable flexibility is afforded by

the independence of the method on the type of boundary conditions existing at

the terminal planes S; and S, (Figure 2). In the mathematical treatment which

follows, volume excitation :T- is added for reasons of completeness, although

-2-



MURA-301
Internal

its effects are quite satisfactorily analyzed in the existing literature.

II. Consider the following two-dimensional problems

)
(2.1) V (e-f'& ?"’ ‘P + KZ?’O ) w\tﬂ\ (.f-o on the contour C of the

“& wave guide

(2. 2) v:\? ‘-P -+ 1€zq/= o uth ,%(""‘::9 0nC  (n is the outward normal to C)

The solutions of (2.1) form a denumerable infinite closed and complete set of

orthogonal eigenfunctions,which w111 be denoted* by 83 Cx, ‘j) and the
-

corresponding eigenvalues by £ Another such set is formed by the
mw
solutions of (2. 2), denoted by J@ (Jt—,\; ) , with eigenvalues ’.é
145 ”m

The eigenfunctions 23»\ and % N will be used to expand the 3 component
of the electric and magnetic fields respectively.

(2. 3) v: V-_- o, with V=constant on each closed curve of boundary C.
Equation (\32 3) has 0, 1, --n. linearly independent solutions depending on

whether the wave-guide space is simply, doubly...(n + 1) -fold multiply-connected.
The solutions of (2. 3) will be denoted by V°~

Consider now the following two sets of vectors.

Setl 1.1 grad}wJ &’5« , denoted by gew(:r,z)‘

1.2 -(L"% X gra(:i‘gcsm , diloted by gbn(z, a)

1.3 grad-v- , denoted by Zbo(y’ ‘jJ

Set 2 2.1 grad 2& , denoted by 2‘ (at ‘3)

2.2 UL x grad & , denoted by 26 (x,
z 3_\]_5 — 7)
2.3 ugb x grad V, , denoted by %t—o (x, ~a)

* The Subscnpts m and n stand for a double set of indices j, k, not written
explicitly for reasons of brevity.
-3 -
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The first set comprises the mutually orthogonal* eigenvectors of equation

2 -~ 2, =N A—
(2. 4) vx‘? ﬂ + ’é H =0 A perpendicular to C.
The second set comprises the mutually orthogonal eigenvectors of

P, g ———
(2.5) vgc? R + ‘é B-o B tangent to C.

——
a———v—

It will be noticed that 5 26 2 x i i é
Fn Y Pte? P are irrotational, o)

——— m— emaw—

X 2 ‘%e solendidal. ** Each set of vectors forms a closed set in terms of
o

b “to
which a sufficiently "smooth" two-dimensional vector can be expanded. Set 1

will be used to expand E » transverse component of the electric field, set 2

— t
to expand HL’ . More explicitly:

o0 Bzt 24698 b+ TNE e Za 60 )+ 2 a0 2o
™ ™ ™ m " ° ° m ™ Im
@.7) H(x,j,%,k):éd %(3,&)35 h{x,j)-r; R ('5.\7)3% £1,~3)+§°3(3,t)xe 0(1,4)1-28“(5,(7)%%,‘3)—(%

The equality sign must, as usual, be understood in the sense of convergence in
the mean. The problem is to determine the differential equations satisfied by the
various (z, t) dependent coefficients. These equations are listed below without

proof, a typical proof being given in the appendix.

(a) for the O modes

3 LY 2\ 2 \ DV,
2.8y 2% /)"at N‘ZS( E.?ftodc-.-_ TIEJE?’D%OLC

’c)olo ’b&

* The orthogonahty property is of the form ﬂ 2 &t‘ d/s = A: ‘k
v

*¥ The m, n and o functions are, except for multlphcative constants, the
components of the TE, TM and TEM modes of classical wave-guide theory.
The multiplicative constants have been dropped for reasons of clarity. They
will be reintroduced automatically in the sequel (see. eq. 3. 6).
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(b) for the M modes
. ’Dah o f—- 7 . | A
S s R A "é ‘TIEz T
m e w
(2. 11) dem_'_E_’D e
R
(2. 12) OCwm_ _ __l__,‘ s
'm {_ ot = 55 J. azw 0!/5
(c) for the N modes
‘ — —
c.1n 2fe £ = "’"A‘/TSS J aewd’s
S
n
24 D | - E\Y | PrA
(2.14) - —— = - — i
o '».5.%:' vz J;(wmx E ).xwa\c N,f c.E3 _3&% de
Y. | - B\ I
(2.15) Yin L E ac 0\,6_-_ 1
to % N- Sf“*x % W J.5 Hpne

Some of the notation should be clarified:
’\’ “ 55 8. "48
I, us ([T _tast 3§ & a8

&

M..Sjﬁ 5= { Mwlo\s ¥ SS% A$
2 Z.,(,, A ,aczh =Py Uy

u"n— umt vector pointing out of the guide. Q& ) s)form a right-handed frame
The second members of equations (2. 8) to (2.15) are known functions of =z

and t. One readily recognizes the formal analogy between the volume electric

current J_ , which couples to the E field of the mode, and the fictive

-
magnetic surface current A x E , Which couples to the H field of
/I

the mode.
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III. At this point the vectorial field problem has been reducedto a set of three
independent systems of partial differential equations in z and t . The solution
of the latter can now proceed, given suitable initial conditions at some time

t = o, and boundary conditions* at terminal planes S; and S;. The usual arsenal
of mathematical techniques is available for the purpose. Laplace and Fourier
transforms can be used to eliminate the time dependence in the equations. Laplace
and Fourier transforms, or finite Fourier transforms in z are helpful for guides
of respectively infinite, semi-infinite or finite length. It is advisable to start
from equations involving one function only. Such equations, which can be obtained

by elimination, are:

X: sa, 1 [ 2 (7% ac_2 (@ <E)K d,c]
(3.1) @;2 r\""z- N: _f"@t jXST &fo d’s @5 c( 'wx ) to

2 2 - — — v 'a ous  ONEm

Sete _cpdele — 2 E)X de-> \\T.% asJ

?

2 - _——
3. 4) ?f‘%ugfk%,éa =__[2§_ was)xb:\c .% S I&t dg +{3M ( IE%WJ{I
s ™ C

Typical of the problems which can be solved by normal modes techniques is
the determination of the fields inside a semi-infinite coaxial line with an in-
finitely narrow gap in its outer conductor. Assume that a voltage vV is

suddenly applied across the gap at time t = 0 (Figure 3). The solution is then

obtained by setting

- e mm em ms e 3 mm (D e wm em en e mw =

* Example:a’” )&M) Ao 3 6%‘ vanish at all times on a perfectly conducting
terminal plane.
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T=0 , W xE=Rx[-V§ )T, HEJ= VIHW. ST, (M= stpfumckion)
in the second members of equations (2. 8) to (3.4). The latter equations,
incidentally, contain all the familiar (5) results for the normal modes in a
region free of volume and boundary excitation. For an "m' mode in sinu-

soidal time-dependence, for instance, equations (2.10) to (2.12) show that

C  must satisfy

-
(3. 5) % +{wl£/.~~ki)cw— %4—}' ¢ =0
If the solution t-a‘ X"“s is chosen, ay, and « can be computed
as: "
(3. 6) o = o— A, 4 é:ést
B SR

(3.7) R o= gWweke _ jwt
L
yielding the usual proportionality relatlons between the mode components of

a progressive wave.

To conclude, mention should be made of the successful application of the normal
model formalism to the computation of fields inside a gap-excited particle

accelerator (6).
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APPENDIX

A relation such as (2. 10) finds its origin in the following Maxwell's equation.

(4.1) cnd E =-/~A--’§—E'-

The expansion for H , namely (2. 7), can be safely introduced in the second
member. The first member, however, cannot be obtained by merely "curling"
equation (2. 6) term by term, i.e. summing the curls of the individual terms of

the expansion for E . Itis necessary, on the contrary, to expand curl

separately as:

(4.2) WE ZV‘- W\"‘Z"f Zc zw

»"

E‘%pzﬂﬂ?

P to

The coefficient WU is found to be _

“ .4 (x,»ﬁ.owﬁ E(xy3f) &S
(4. 3) w o 29 >
- '26 (x9)* &S

This result is obtained by mu1t1p1y1ng (4. 2) on both sides by x , integrating
tna

over the cross—sectmns S, and making use of the orthogonality properties of
the various 76&' » The next step is to transform the numerator by using the

following formula of vector analysis:

—— —

(4. 4) amﬁE=quijb+ng3 s ,DS(‘*)&E)

where cur]Xy indicate that the derivatives with respect to x and y only have been

kept in the normal formula for the curl. Multiplying both sides of (4. 4) by

———

H  yields:

Ewn
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4.5 b . wlE =T, .___.” 4 _u B =
If one uses the fact that Z =Wk x 2 Cq,,J. 2( = -ﬁ

8

the cross-section S, and apphes the d1vergence theorem u_ turns out to be:

=7 ‘(= _ ¢
@.6) W:-\—[P—HSE.z As_§§&%.§as-253ﬁ4¢]

'w\NZ'b}‘ E o bw
™

The first two integrals can be expressed in terms of amy and cp, (see 2. 5), and,

, integrates over

?’

as a consequence:

oa, -l JE.P_%’:.&
[

(4.7) N C -
. ’0% e Nz 3 0L
"

from which (2. 10) follows immediately by equating the coefficients of 2&
M~

in both members of (4.1).

List of Captions

Fig. 1. Cavity with hole in the wall.
Fig. 2. Boundary-excited wave-guide.

Fig. 3. Shorted coaxial line excited by gap in outer conductor.
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