
REPORT NUMBER 214 



MIDWESTERN UNIVERSITIES RESEARCH ASSOCIATION* 

MURA-214 
Internal, 

PRELIMINARY CONSIDERATICki vN THE ACCELERATION OF PARTICLES BY 

REFLECTION Oi:' ELECTROMAGNETIC WAVES· 

T ihiro Ohkawa**· 

Febru~ry 6, 1957 

ABSTRACT: One of the acceleration methods proposed by Veksler, 

"the plasma linear accelerator'', is discuss~d. 

A rough estimate of the magnitude of acceleration 

and conditions of getting a complete reflection of 

wave from plasma are given, but the stability of the 

plasma is not discussed. 

* Supported by Contract AEC #AT(ll-1)-384. 

*·*-On lea,ve from the University of Tokyo. 



It has been pointed out by Veksler1 that there is a possibility 

of accelerating particles by transfering momenta from photons to 

particles in "coherent Thc\m'5on scattering." When the density of 

particles is sufficiently high, the scattered wave will interfere 

with the incident wave and finally a complete reflection of wave 

occurs. It is a weL)_ known :fai:;t that a plasma cuts the wave off 

at frequencies lower than the so-called plasma frequency; this has 

b b d b 1 . t' t 2 een o serve y severa inves iga ors. 

If a cloud of particles is put in a wave guide, the cut-off 

frequency -~uide •w±tn F)aiticles, depends on the particle d'ensi ty 

and is higher than the cut-off frequency of the guide ~lone, . When 

an electromagnetic wave having a frequency between the two cut-off 

frequencies is fed into the guide, it will be reflected by the 

cloud, Therefore the momentum carried by the wave myst be trans-

ferred to the cloud provided that the phase and the group velocities 

of the wave are higher than the velocity of the cloud. In the 

following, a rough estimate of the necessary density of particles 

is disb1ssed. 

Slow Particles 

First we shall consider interaction of a plane wave and a 
3 

plasma using the effective dielectric constant of the plasma, 

A cloud of particles behaves like a dielectric medium of 

dielectric constant £ , which is given by 
'/ 'f/' -n C- -;;z___ 

~ 7/l, w "--" 

1. V. I. Veksler, CERN Symposium Proceedings Vol. 7 (1956). 

2. S. C. Brown, Phys. Rev. 95 634 (1954). 
L. Goldstein, Priv. Communication. 

(1/ 

3. See L. Spitzer, Physics of Fully Ionized Gas Interscience Pub. 1956; 
C. Longmire, Lectures on Physics of Ionized Gases (La2055) 

(2) 



where 
n: numbers of particles per c.c. 

m: mass of ;:i p;irticle 

frequency of 
'/ 1(' 72 e?... 

the wave 

plasma fr:equency 

In this medium, the dispersion relation for a plane wave ~ 
.i{wt-k_x) 

becomes 
Wo% -tr-e-- (2) 

Hence the fraction of energy reflected at the boundary between the 

medium and tl'<e. v,acl.i.um·~i_s .gi.V!ln by 
,,,., I '2-

f{ =- I tL_=.- <:=-~ 11 
J {,.V . .· 

-; : //~. -~~ f 2' - --~ /-Ir:::· ~, -
/ ,tJ .CL 

R increase•s]with ciecreasing w and reaches l at CtJ"' Wf. 

( 3) 

With 

becomes imaginary and the wave decays exponentially 

in the medium and is completely reflected at the boundary. 

The mean penetrating distance is given by 
& 

.......--""'~~--! &U .//> '1, - {,{) :u (4) 

The depth of the cloud must be ~hosen greater than to stop 

the wave. 

The Debye dist;;nce Jv is much smaller th9n £ in this case 

~ .-v Velocity of particles. ~ --;==-=~=-~=-=:;;;;;. ?v1,, { tu7 :<.. ·- {p ..,,, 
(5) 

In the wave gu!de without particles, the dispersion relation is 

where 

:.!, t..U. 12., U)• ii, 
/7 0 C> c 
!~(:! - -t::1 c,. a.,, ( 6) 

Nave number in the guide 

cut-off frequency of the guide, which depends on 
the shape and size of the guide. 

( 3) 



The phase :ind the group velocities are given by 

v::: I~ ' phase ·-

7 r , group "' Vo -

1-;1 
.J'J: .. Q 

r:l lll& ,, I 
'f I-· 

\ 

In the guide, since the fields are not uniform, the effects of 

(7) 

particles on the wave are noL represented by a simple dielectric 

constant. However, in order to estimat(l the effects roughly, we might 

treat the clouds ~s a medium with E: . 
Then, the Jispersion relation becomes 

Je. '.l.:.~ _::;:~" u) i:' t:, _ u.1 !' ;z, 
t~- ·.;·., ----er·'~ ~,~;;-~ 

and the veloci t iea are 
( 8) 

(/'phase -
(9) 

1.I gro'\p "' 

Therefore tl1e necessary density of particles to cut the wave off is 

given by ~, ;j,,:L (" :l.) F'°i'L,..;. { ~ =oT- _.~Vf) C,. 

f ·11r e- :::i~ (10) 

The energy g~in o~ the particles having a great enough density to 

reflect the wa·re completely is given by 

where 

1 ,-~ ) 1r :ir:~ . ..,, D 0)~ j Y'D v p -- 7,r .s 
N: Total number of particles 

T: Ki~etic energy of a particle 
--

D: Ensrgy density of the wave 

S: Cross section of the guide 

V0 group: Group velocity of the wave in the guide 
Without particles 

Velocity of the particles 

Since the power frorn the R.F. source is 

PW - v.~ q ' S, D ) 
J 

( 4) 

(11) 

(12) 



(11) becomes 
,,IT 

;V ]1~ .. 

J.r --r :;;- =- V' 
~· '!( 

(13) 
~ _L .,) 

Vbci ,I 

" 
or N 

The following 2xarrplf's show the order of magnitude of the necessary 

densities of p3.rticl"s, the energy gain and so on. 

Elec1:ro,1 cl ouu 

0 Wave guide cut-off frequency 109/sec. 

0 Wave f:r"Cf.Jency 2Jf3- 109 /sec. 

0 Group v~locity of the wave in the guide 0.5C 
9 3 

Dens5ty of electrons for cut-off 4 x 10 electrons/cm 0 

0 J /\,, 5 en 

0 Ener~y Jain of an electron at 0.25 c. 

with E.F. p:iw·2r - 2 l;t1 W /cm 

@) Neutral }".la,;ma ~orsisting of protons and electrons (Assumed that 

electronE cit off the wave and pJ'otons are accelerated.) 
9 o Wave gu.d~ :ut-off frequency 10 /sec. 

9 
o Wave fr~q1e~cy 1,005 x 10 /sec. 

0 0.1 c 
0 Density fJr cut-off 

8 3 
1.3 x 10 pairs/cm 

0 

o Energy g;.i l Jf a proton at 1f = 0.05 C 

with f'.F. 1,o•ve:: l KW /cm2 34 t<;V"/cm, 

The necessary cle~slties are rather small compar~d to the usual 

plasma densiti1-s. 

Plasma 

We sbaJl collsLder the clouds of particles as a plasma and 

discuss the lnie:·:a :tion between a plasma and a wave using the 

linearized eqL, t:.01s derived by Watson4 . 

4. K. M. wa+su1, Lectures on Physics •f Ionized Gases. la-2055 

(5) 



A plasma having the unperturbed density and temperature distribu-

tions 72';; and<~ interacts with a wave and suffers perturbation. We 

separate all quantities into an unperturbed and a perturbed part and 

keep only the first order terms of the perturbation. Then the~uations 

( 14) 
~ 

??-t~ ,ff,_- ,'.J 

where 

I CJ ..:._:!,.,. \ Jt,,,, \ r'f\ I d / •'· J' 

displacement of electrons 

7JL. ; rest mass of an electron 

r·: ratio of two specific heats of the system 
,, 

?~/.~ /,I- j· ( f: number of degree of freedom). 
---? 

In the simplest case where £: is a plane wave and "flo is constant, 

we have the following dispersion relations 

(for transverse wave) 

(for longitudinal wave) 
(10) 

/e,, becomes imaginary with u; Lwp in both modes. When ~ depends 

on x (direction of the propergation of the plane wave) and only the 

transverse part of the wave is considered, (14) reduces to 

c,-v .I' :w Ix J i =I',;# •• /) 
~,..,..._,,.-· --~ .. 

/....,, J(... 
I,./ ~· 

(16) 
Therefore the ratio of the reflected energy to the incident energy 

is given by 
.:!. ~ 

e. - c / fZv : (x)-t,1.).. ti X. 
~ I 

(6) 
(17) 



The magnitude of disturbances of the plasma decreases exponentially 

in the direction of the wave from the boundary between the plasma and 

vacuum. This motion of charges reacts with the wave through the ma~netic 

field· and gives a forward push simil0r to the effects of the tail 

of a fish. 

Since the plasma cuts thi; wave off, there is no oscillatory solution 

for the motion of the plasma, However, since the distrubances in 

the plasma rpropagat·e with the group velocity of the wave in the pla;c;ma, 

which is zero in our case, tha plasma might be able to keep its shape 

during the short accelerating period. The acceleration here is due 

to the interaction between the perturbed motion of charges and the 

magnetic field and is sm~ll co~pared to the first order perturbation. 

Therefore in order to discuss the motion of the plasma, it may not be 

sufficient to use the linearized equations. 

In the wave guide, we have the equations (14) with the boundary 
-:;:7 -'? 

conditions for i:: and 7V at the wall. Then 1:::· and '1'"" have a 

dependence on the perpendicular direction to the propagatTon directiori 

and the dispersion relation will be more complicated. The main effect 

is presumably decrr!asing (/,'/ . 

Relativistic Particles 

Let us consider the case where particles are moving at relativistic 

velocities but the deviation from the average velocity is small and 

non-relativistic. Then we have the non-relativistic equations for 

the motion of plasma in the coordinate system moving with the plasma 

and Maxwell equations. The equations (14) become for a uniform 

plasma 

(18) 

(7) 



.. . 
whe.n prime denotes quantities in the moving coordinate$,. Assuming 

the plasma and the wave are moving in the x-direction we have the 

' t.,.vhh<.R_ I 

(20) 

and 
(,v ... .,....,-' (' /£. .• ff 

""' ·7;";. c, 
(21) 

RI becomes l when Jc,'.;; I) ( k"' (,,cl) . 
The density which gives f:'~1 is given by 

,,-; 2~ .,,.. 
~;>r1,/ C» :i- (22) 

,":-. 

The energy flow of the wave i!Vailable for"'acceleration is given by 

/\li.L dt -

and is much smaller than 

I-/!_ 
/+/j 
case because 

must fill up the space behind the fast moving plasma. 

(23) 

the wave 

To use the wave guide for the relativistic particles, the 

frequency of the wave must be far above the cut-off frequency of the 

guide, since the group velocity of the wave ha~ to be greater than the 
• 

relativistic velocities of the particles. Therefore the significance 

of using the guide is less and is only for transporting the wave efficient 
ly. (8) 
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