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I n  a  p rev ious  paper  we d i s cus sed  space  charge l i m i t a t i o n s  t o  

t h e  number of p a r t i c l e s  t h a t  can c i r c u l a t e  i n  an a c c e l e r a t o r .  We 

g i v e  here  a  b r i e f  d e r i v a t i o n  of t h e  formulas  used i n  Ref. 1. 

We f i r s t  c o n s i d e r  t h e  l i m i t a t i o n  caused by t h e  mutual  

r e p u l s i o n  of t h e  p a r t i c l e s  i n  a  d i r e c t i o n  t r a n s v e r s e  t o  t h e  motion. 

The number of p a r t i c l e s  N t h a t  can c i r c u l a t e  a t  an  energy E ( i n -  

c lud ing  t h e  r e s t  energy)  i s  r e l a t e d  t o  t h e  number N t h a t  can i 
c i r c u l a t e  a t  i n j e c t i o n  energy  Ei by 

where p  and p i  a r e  t h e  c o ~ r e s p o n d i n g  momenta of p a r t i c l e s  wi th  
2 

energy E and E i .  The proof of t h i s  formula goes a s  fo l l ows :  

The t r a n s v e r s e  f o r c e  Ft on a  p a r t i c l e  i n  t h e  beam i s  g iven  by 

Ft = e(£. - yB) 
C 

where e  i s  t h e  charge,  6 and B a r e  t h e  e l e c t r i c  and magnetic 

f i e l d s ,  V i s  t h e  v e l o c i t y  of t h e  p a r t i c l e ,  and c  i s  t h e  v e l o c i t y  

of l i g h t .  I f  & and B a r e  caused by a  t u b e  (uniform d e n s i t y )  

of  moving charge of  r a d i u s  a ,  we have t h e  r e s u l t  

where x  i s  t h e  d i s t a n c e  of  t h e  p a r t i c l e  from t h e  c e n t e r  of t h e  tube  

and R i s  t h e  r a d i u s  of t h e  equ i l i b r ium ~ r b i t  (assumed c o n s t a n t ) .  

Then e 
F? = wR62$-' % 

Now t h e  equa t ion  of  motion s a t i s f i e d  by t h e  b e t a t r o n  o s c i l l a -  

t i o n s  of t h e  p a r t i c l e  i s  
I /  

m 8 x + f x + ~  = O  t 



where f  i s  t h e  r e s t o r i n g  f o r c e  of t h e  a c c e l e r a t o r  magnet. Put ing 

= w we g e t  
0 

@ 5/t' j+6Z- nRa2kSn) x - 0 -  
We can d e f i n e  a new a n g u l a r  f requency 

2 eat w &= L.QO - 
T - ~ C L ~ ~  3m 

Now w i s  r e l a t e d  t o  t h e  number of b e t a t r o n  waves 9 around t h e  

machine by w = 2/1/ . P u t t i n g  t h i s  i n t o  t h e  exp re s s ion  f o r  w 
R. 

we g e t  
1 e l ~  I? 

9% - ,faQJ&y3y2- 

But . Otherwise resonances  a r e  c rossed .  Then we o b t a i n  

4L/= - e 2 ~ A  
dcW& a =nk 'v& ( 2 )  

3 
w h e r e d u , ~ ~ ~ ,  . The d e r i v a t i o n  of Eq. ( 2 )  i s  due t o  Nie l sen  . 

But a d i a b a t i c  damping makes t h e  r a d i u s  a  of t h e  t u b e  of  charge 

decrease  a s  t h e  momentum of  t h e  p a r t i c l e s  i n c r e a s e s  according t o  

t h e  express ion  / 

1-F ( 3  

Using Eq. (3) i n  Eq. (2)  we g e t ,  a p a r t  from c o n s t a n t s ,  

" 
so  t h a t  

We now impose t h e  c o n d i t i o n  a~/n+ = / . This  amounts t o  saying 

t h a t  p a r t i c l e s  a r e  i n j e c t e d  u n t i l  t h e  space charge l i m i t  i s  reached.  

Then s i n c e  E = m Y and p  = m v , Eq. ( 1 )  d i r e c t l y  fo l lows  

from Eq, ( 4 ) .  

We nex t  c o n s i d e r  t h e  l i m i t  caused by l o n g i t u d i n a l  space  

charge r e p u l s i o n .  The number of p a r t i c l e s  t h a t  can c i r c u l a t e  
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a t  an  energy E i s  r e l a t e d  t o  t h e  number a t  i n j e c t i o n  by 

Nie l sen  has  made a  d e t a i l e d  c a l c u l a t i o n  of l o n g i t u d i n a l  space  
3 

charge r e p u l s i o n .  However, we do n o t  need t o  make use  of  h i s  

r e s u l t s  t o  d e r i v e  (1). 

We c o n s i d e r  t h e  f o r c e s  i n  t h e  r e s t  system of t h e  moving 

p a r t i c l e s  (denoted by pr imes) .  The r e p u l s i v e  f o r c e  F1 i s  simply 

t h e  Coulomb r e p u l s i o n  
4 

/ A' 
I= -- 

r '2J I 
( 6  1 

The a t t r a c t i v e  f o r c e  i s  due t o  t h e  e l e c t r i c  f i e l d  & of t h e  

o s c i l l a t o r .  We demand t h a t  t h e  r a t i o  of  r e p u l s i v e  t o  a t t r a c t i v e  

f o r c e s  be no g r e a t e r  t h a n  a t  i n j e c t i o n .  Then 

N / P  ' " - - &/p.'& L 

6' &i ' 
We now w r i t e  t h e  exp re s s ion  f o r  t h e  d i s t a n c e  between two p a r t i c l e  

i n  terms of t h e  l a b o r a t o r y  d i s t a n c e  r 

r1 = k r. 

We a l s o  have 

s i n c e  t h e  l o n g i t u d i n a l  component of  t h e  e l e c t r i c  f i e l d  does n o t  

change i n  a  Lorentz t r ans fo rma t ion .  But 

E = = c o n s t a n t  
S 

where V i s  t h e  v o l t a g e  a c r o s s  t h e  gap of l e n g t h  S. Using Eqs. 

(8 )  and ( 9 ) ,  Eq. (7 )  reduces  t o  Eq. (5) .  Note t h a t  t h e  p a r t i c l e  

i s  s u b j e c t  t o  t h e  e l e c t r i c  f i e l d  on ly  whi le  i n  t h e  gap. But t h e  

f r a c t i o n  of t ime t h e  p a r t i c l e  spends i n  t h e  gap i s  S' = S 
2 - 8 1  25T 

= cons t an t .  



Whether Eq. (1) or Eq. (5) limits the number of particles 

in the beam depends on the strength of the magnetic focussing 

forces and the oscillator voltage. The foregoing results apply 

only if charges from the ionized gas are not trapped in the beam. 
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