T VORA-207

0 1lk0 DD3a521L

MIDWESTERN UNIVERSITIES RESEARCH ASSOCIATION*

ENERGY OF COLLIDING PROTON BEAMS AND ANGULAR DISTRIBUTION

ABSTRACT :

OF MESONS PRODUCED
+
Tsu-shen Chang

Numerical calculations were carried out for the energies
available in the center of mass system of two protons of
energy, 20 Bev each, colliding at various angles in the
laboratory system, and the velocities of the center of mass
for such collisions. Formulas for angular distributions of
mesons produced in the laboratory system have been derived
by assuming certain angular distributions for monoenergetic
mesons in the center of mass system, corresponding to two
cases of high energy proton-proton collisions (i) oblique
collisions of two proton beams of same incident energy

and (i1) head-on collisions of two proton beams of different
incident energies. Numerical calculations for these meson
éngular distributions were confined to oblique collisions

of two proton beams of 20 Bev each at an angle 120o and
head-on collisions of two proton beams, one with 20 Bev
while the dther has incident energy 10 Bev in the laboratory

system,

* Supported by Contract AEC #AT(11-1)-384

+ Wayne State University.
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T. Available Energy in the CM System and Velocity of the CM.
Consider two protons of same incident

energy and momentum, E; (including

rest energy), P;

i » colliding at an

angle in the Lab system. (Fig. 1)
The total energy and the total momen-

tum are respectively:

=2f: (1)
[Frl=2pdno

When referred to another coordinate system with same orienta-

Fig. 1, Lab system

R
tion moving uniformly with velocity 7/ these two quantities will
/ , —A
be denoted byz€7- and ;%} . The well-known transformation 1s
expressed in e ')
: - 4—
Fr= £1 (Y /7
| (A2 )

(7 B ) (1))~ = +£7’,,-—
7 = /;_,#?ﬁ___. z;gvf/—___ (4)

If one chooses center of mass system as the above-mentioned mov1ng
R

coordinate systemﬂ,g; = 0. From the transformation relations one

obtains,
' Fd f —V'gu .
the energy in CM system, Z;r %:.Cﬁ:1 £;7'/ {5) where
the velocity of CM is Z;L = C T Pr (6)
c i .

T
By substitution of (1) and (2), and through the relation
2 2,2
Ea "’ﬂ’ c + 7’20026 7 where %2, is the rest mass of
a proton.

v — £, ! xf Y
(6) gives //?é;kylzz éf,Aﬂnm 59‘ /A_ ‘z;i e (7)

(2

MA&W '7??0 6244 5 -
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/ ,
Then from (5) [7'-'-'- 0?)/2;' e aﬁéf %ﬂcy/ﬁi&&
T 2LVl ROy T Y T A
£ (8)
Y 2 /
%“‘?’4&6 A:ﬁ[é;'j £7’g1 ozé:&, {j&alfg

Graph I gives a plot of__{[ against & and Graph II a plot of /e
: [

E
against & for};: 20 BevTin both plots.
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GRAPH 2.

Vem = i
cm= Velocity of CM of protons

C = Velocity of light,
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Il. Angular Distributions of Mesons:
We have assumed three kinds of angular distributions¥* for
D
monoenergetic mesons in the CM system, namely: {a)loe & for high

/
energy mesons (e.g. mesons of energy around 2 Bev. say, (b)“ZT‘ag- also

; A for high energy mesons where ¢ refers to
- the angle a moving megon makes with the
Fig. 2 é; incident direction of one of the colliding
————————%9/ protons in the CM system, and (c) isotropic
COHHﬂ“j}é/ éy distribution for low energy mesons (e.g.
protsne
mesons of energy around 500 Mev). The
corresponding angular distributions of
CM system mesons in the Lab system for two cases of

proton-proton collisions
(i) oblique collisions of two protons of same incident energy and
(ii) head-on collisions of two protons of different incident energies
will be derived in the followingfsections.

Case (i) Oblique Collisions:
2=
(a)Cow & high-energy meson distribution.

Let the direction of a moving meason be specified

Lab system
Fig, 3

* The author is indebted to Dr. W. D. Walker, University of Wisconsin
for his comments on the assumed angular distributions of mesons.
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To find the corresponding angular distribution in the Lab

system, the direct way would be to use the relation between the

differential cross-sections G//ﬁ;_j;)) O"’@ @) in the

CM and the Lab systems, i.e.

T(2, F) einbdE Ay = TOG) L DADAD

where CJ“‘(&) 5?/) = Const. Cos 5 , and to get the Jacobian
) (Coe &
) (CoalliXy

act that the center of mass of the protons moves along the positive

(9)
I:]involved in the transformation. However, due to the

;Z: direction, this direct procedure seems to be mathematically
complicated. We shall proceed in an indirect way as follows:
first convert CJ’"((Q_, 379') fa J‘@;jﬁ ’) in the CM system,
using} axis as a new polar axis; then transform o-:é/’j;’/goo—(@//@J
in the Lab system with 22 axis as a polar axis; finally convert
0“@)’@) fag—@’ @) in the same Lab system with Y as a polar
daXx1is, :
first step: Referring to Fig. 3 one easily finds the relations
(ra§ = Lo &4 1o,
oo J = Tore &t F o
From U"@y‘)&wgﬁﬂéa‘/i: O"/éj ,?yjh gé/é 2‘/5‘? ’
(@, G )= (5 F) T/l & P) (12)
using relations {10) and (_ll), a)(d”-?‘ é‘;lﬁ?
j(a o &, ,_-)) -/
(s 8, 7Y
GG )= Conidt oy o den

second step: Referring again to Fig. 3, one has, for mesons

hence {13)

having same energy in CM system,

TABD, D)= (O, F ) T@L@—-”gf/) (14)
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To get the relations between —‘/ /M (@ @ ,. as usual,

one first finds the connections between the veloc:Lty components of -

_— ’ o 7
a meson in the CM and the Lab systems. Let ,{((égm@ &«u@

A Lo (59 A Cosll) Jard v v
4{%% . cwf é(&»bﬁj,,”ffﬂc‘m_be the velocity vectors in both

systems. Slnce the center of mass moves along positive Z

/ac,l;,b@as« Pl Lo & e Y Br

S AL &_, @9‘ "V oufvercyﬁz Yen

<
kit Pla B i e 4,-’_/7.7‘:.
Sl & Uy
'4f£3m/é§ / = A%’Cbuizbgzzf;;‘
/t U c&wm
From these, %%, @; A Lo @ yyly (15)
Zend v on (16)

t&»r-e.. @ /-_—' éwv ? ’

The relation (16) expresses the obvious fact that the azimuthal angle
is invariant since the CM system moves only along the Z axis.

Rewriting (15) in the form

- (D e B VAN
Al TTENET wen i gandf

and solving forCa@@ one obtains
trog o LI I TEI

T, el 2/ ()
In (17) lff(l ,1.e.,-}/c‘m< <t , the plus sign should
be used for@ 4 "7"0) and minus sign for@&?ﬂ e, Forj7/
. Ym 7, /  Wwill have a limiting value £ 72° , which is
given by éﬂ@{-‘ W and, moreover there will be two

- 4
values of (& in the CM system corresponding to one angle @ in

the Lab system. As the calculations reported here have been confined
to the first case of Gré/ , we shall essentially deal with this

% See Marshak "Meson Physiecs" Pp 299-300, McGraw-Hill Book Co, (1952}
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when J'A/ the Jacobian in (14) becomes -2

for 70! Jy %Jf//*g =1 )&t ,, (18)
Oz 1, _;‘) G BTl +f)2¢7—%'*4"7:a.7 -

tox@HN° T/ 8" ) -0 )T Ja)
dee @ '] Lo PO A 1)) 712 Na*
Through (13), (16), (17) and (18), (14) gives,

o Os0° @8)= Grt Ll GV W20 1) L i PG )3T) Vi

oo ?@ "@.‘*&/)9 / /_ 7’/;," ,;;,L:.u " (/7)
for@}fpjo_ )@)"‘ o 4‘/3 2 7 = -
@@"").//:g'i/)a."*

final step: As a final step, we shall convert(f@,l@),f, r@@)

in the same Lab system. The transformation here is an inverse of

the one involved in the first step. With the relations .

C&»ﬁ/@( ,&M@&w@ (20)

tan Pz Gt @ Coe @ |

one £inds w——w— J, J/ch,@ ‘))— / | ' (21)
d e @,(P)

tence  0(@,@)= o @G @) | o (22)

Because of the two different expressions for 0"@ @) in (19),

one has to be careful to get the right expression forO’,O @) . It
is seen from the relatlon (20) that for the whole range of @ when
@470 @4 79 and when @7?0) @ > Yo e . For the case

@ = 90° @ = 90 (as seen also clear from Fig. 3), Thus we have
obtained the following different expressions for G"@) @) correspond-

ing to different values of @

particularly % /-ﬁ-/)-c 2 Ry ) /i / 0‘_)_] {(3)
@‘?0,0&“@,@) /*&‘@Jm@ é &”)”.J/- 77 l;,c"

%6° o165 () * I POITTE ] lete ) ok 24023
@ > (@:@) ) G 2 @A @#3@,42‘”30@1‘,):/‘/}_—/-/—2-7;—5 _/

where %= J‘/éo *® b @_)

o e o O D O Ok e ol o oo Co G e g

* Constant coefficients in 0‘(@ ,@) are omitted
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(1) Fer =
016@ s)- )‘bﬁ?k,42?71?j137 [}; fg) (ﬁJQ +~¢Aﬂ72,12¢))_]
Lin I @ (L%41)7/ 7= 7] 22 s
F;v-@a=u/ﬂﬂ ”
o—@,go) &*[7,//-(/9-})4 37 Jld % )2 (2 g S (29)
3@@{“"4/}’1}/’ E )L
In both (24) and (25)
=pRCED. |
These two expressions (23) and (24) give the Q@ _distribution in
the YZ plane.
(3) For C@.. . .
o, vs) _-iié'_._;o L D jZlH) (fow,//-ﬁis)a.)jze

LB mm

(24)

) For @ /2¢°
G‘@ /35)_ %_1@ FL Al /)4_7[:/4/) CLE T2, ),2’ (27)
In bothﬁ26y and (27) ‘C”“BO@Q*’)"// zs e
z?.__ Q(@?&cé@-/) |
(26) and (27) give the @ -distribution in a plane which makes

an angle of

45° with the YZ plane,
yFor B=90°
o*d@ ?0_) (? J) £&¢a4Cj

6)#5 A-j‘ e—nerjj heSan distrtbotion.

(28)

The procedure in transforming this angular distribution in
CM system to the corresponding one in the Lab system is the same

as hefore,

We found the following expressions ford'®,@) in the Lab

system:
Z?of | 2
o-g &) / LA L [ (29)
/\/—?ZJ-W) S 1)el® jjc"“@j‘w@@ H)j//-? L/ )A*
(175 @ La. )03 )*




o-%@fj YN 7/ i
- L) Gl R W)Z C’f’vg@%«@ﬁ S
(1% 5B LD )0
where oL % J Ao P o D))

In particularg

G‘@O) )Ml/ﬁf/ /)«L‘a‘

/&“J@CJ +/) !—————J—aﬁ (30)
(2) @- /§0° el I 1L

o)/55)- P Ll ST .
A POQAHTZ i JFL2 frra i ] %

In both (30) and (31)

A= St @-

N@=75° 2

s WelTZ )2 ] (=)
0{@' ~ 7{»5* [ *"/"’/ S e, ) 2) ]A @(L%/)/mjz

)@ <y3s° A

ol 135%)- /5 ST
J{@ w-’&[au) (2= (72 A ey

In and l+&’t‘“‘2@
<L J’ ("Q Coc @-f)
(5)@: 906
/- =
@) [Fo e 5

(c) 1isotropic distribution for low-energy mesons. .

Since the distribution here is assumed isotropic in the CM
system, it is preferable to use the 3 -axis in the M system and the
)Z -axls in the Lab system as polar axes.

Then d"ﬁ;l._/ = Cprat in the CM system,

The corresponding angular distributions in the Lab system
will be by (16) and (18)

‘Fcr@é 75’ U—@) ygf// Cr I)sL ]2
@ L) 1072, )™ (35)
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—@)= — }27’//"//"" IR A
where a{—a"&@ol

and the constant coefficients have been omitted,

Numerical calculations have been made for the above various
differential cross-sections in the Lab system, all referring to
collisions of two proton beams of 20 Bev at an angle of 120°. The

corresponding plots are shown in graphs III, IV and V.
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GRAPH 3

Meson anguld'r distribution in the Lab system
corresponding to Cos®® distributimn in the CM

system for oblique collisions of two proton beams
of 20 Bev each at an angle 120° inthe Lab

system.
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Meson angular d:stribution in
the L ab system corresponding
’rog‘.':"—é‘ distribution in the
CM system for oblique

collisions of two proton beams
of 20Bev each, at an angle

120® inthe Lab system.
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"GRAPH 5.

Meson angular distribution in the Lab system
corresponding to the isotropic distribution in

the CM system for oblique collisions of two

proton beams of 208ev each at an angle of
(20' in the Lab system .
(The ®= O axis is in the direction of the CM velocity).
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Case (ii) Head-on Collisions:
We consider head-on coilisions of two high-energy proton beams

of different incident energies., E; and Ep in the Lab system.

£, £, S r/ The center of mass of two protons will

move along Y axis with a velocity,

Lab system

€ >
m = fofs 15 65 R mPC ey m 70T — 2mCY

In cases of interest heregmoc;)(( £
N —
then l/cm = _gﬁ__é‘_ '

As before. we assume three kinds of angular distributions for meson

/ and £?£b

(37)

production in the CM system: {altea & (b) 4@ both for high
energy mesons where & is indicated in the figure below, and (c)
isotropic distribution for low energy mesons.

=7 4
/{5 b /45 Y
7

il

CM system Lab system

The corresponding distributions in the Lab system are found, by use
of {17) and {18}, as follows:
for (“)Cowag A_c,t ribo tion

2
B 703 (@)= 22 L T )] [l - T2 /)ol-"]{b

C’M.z?@@i,‘//fy/_ t/fa—/)olfz’ (38)
@ Z 77 ). - L ST ST T
‘( (b) ' &“'3@ (/oZQJ-I)y/_(/'Q_‘//oLJ&, (39)

/&r}bg 4/;'5 ém’ bu{-‘a ",

@ <7 cr"(@): }QM‘//‘C/E/)"L{/Q - (40)
5B i T o o O T T

BZ 7] —f)- AL A TE )L E T
4@34361abéﬁLﬂ;“ihlfyﬁkﬁgﬁygélQ%ﬁ;azzzjzjg 2 (41)
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) MURA=207
£ 997 o) - )'Ql;/fo//?/‘i/)&‘_]a
Coo W (U 211) 2/ ZYPY: (42)

029 ;g). A ST J] " (43)
3@@ 2/)3 i 2 D=

In all these o‘*(@)/ A= )'E/p @
/_; /

V- HEm*
(Xr)
/= ko

L

where kg” is given by (37) and £ is the velocity of a meson in
the CM system,

Calculations have been done for two proton beams In head~on
collisions, one of energy E| = 20 Bev, and the other of energy

Ep, = 10 Bev in the Lab system, Graphs VI, VII and VIII give the
plots.
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GRAPH 8

Meson angular distribution in the Lab

system corresponding Yo the isotropic
distribution of mesons in the UM system

for head-on collisions of two proton beams.
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GRAPH 7.
Meson angular distribution in the Lab system
corrasponding to-—L__  distribution in the CM system

. Sind
for kzad-on collisions of two proton beams .
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In the case of oblique collisionsof two high energy proton
beams, 1f the incident energies of the two proton beams are slightly
different, there will be small deviations in the laboratory differential
cross-sections for mesons as given before by the expressions from
(23) to (35).
Let two protons with incident energies Ey =E, + A E and
Ey = E, colliding as showgﬁbelow in the Lab System
Z-’
W _ Lab system
EJ—AEQ o Eoﬁ g Y

/
The center of mass will move along the Z direction where V’

is slightly less than 90 and given by:

e Eo %y 2C Y
a"F"-"Eﬁ(ﬁﬁé/&’) ]’é”"@ (44)
The deviation in Yep is mo 3¢ ¥
e 4 £
AVem = Vem 2£,3 ORY2: £,) (45)

In describing megson angular distributions, the CM and the Lab

’ ’ I / 7/
coordinates will be designated by (7, ¥, o[, ) and (X, V, Z )

/
respectively: , Z
5 /
2 >y’ ® 2
' 1
£4 CM system X Lab system.

The deviations in the Lab angular distributions due tozﬁléﬂq read

as follows:

2 _ . .
(a)coe @ distribution

_ , (~ 7 )/ﬁf'?lzal. 4
A 6"@,@_ T@@) Jw)“’(/&* /a /a/a_) [’lfj‘/ e (46)

a,([ /)oz., 4
m {.,4. Q fc(,

YI(7%_ )3 ) At ;'f’_‘il_? L7 DIz A[]
""OCL .;,v>//d(f2 /)OL&, _fcl— -’-'.'_.// (.f /).La"

’w
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f20%) F 2 (3}
TR REC v m/““[ N

24 2 ) 2 A
"W*//{f‘* RDSGER*T (/ﬂ/)oa 3 fal? / :

where
Sl 3’,/\:4.@,& @-—/ A
4 4= f <Vem

Vo
AV =¢? wm A Vipy
_ upper sign is for éL Po ¢ and lower sign for @ 7 7"
/ .

(b)% z distribution dﬁ"
O e ol o b ST m-:ﬁ
M—@@/) &) { ~h 2.4t t@éwjf(&"*,h—(f"yf)a -
(- 4374 s
A )QL)(DL IW N
m’O,&,’@Q 44;)+/A?-+W

(47)
%L 2
oy R T%’l.g_._; ] »
(J* /f'?/)n). {9/&,

%}Z’ = EY A 4 ,f;Ln” J,
N e fr@z}é%éf—/& 1452)E e
LAy
where 4 2 AI and 4 )/ are given as before.
) isotropic dlstrlbutlon( ) ' o?;).q

pr@)-r6) [ 1= (JW)M—’ /wf‘“‘
e

j"z T—,)? 7§t /?‘» /—-'Dﬁ)m /mf

s me red from

where @D’ i
and

ax1s
A cf:= _££;~ A k£”7

.M
Ly Y5 s, 4 Vn

No numerical caliculations have been made. Tt is a pleasure to

appreciate discussions with Drs. K., R. Symon and P. M. Stehle.




