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1. The solutions of the linear equation {forced motion absent)
x" + F(B) x = o,

with F(©@ )} periodic with period T, may be conveniently expressed

o ) /43)(7)
;ZIt9+—7' ¢D 7 6 -

Here A, B, C, D are periodic functions of & (period T) such that

} é g }; ! (constancy of the Wronskin)
dA = dB _ _
15 BF + C = D A
d¢ = - dD = _(BF + C Appendix A
% = (D-a)F e ( ) (App )

1/2 Trace = 1/2 (A + D) = cos © , an invariant,

‘Solutions at homologous points may be related by

(;T29¢417‘ J@w‘na- /&“ n
-
Sm‘"'E”d_* a" sm ol Coe natd 6. sin rr é”g

Aoy I~
the solution at an any 6 may moreover be expressed in terms of

the initial wvalues Xq and x

o) /W{[M i gl fl o

where (;4“,0”)
— 46’
2. The quantity
= e o) wx +p xS 2
constitutes an invariant of the motion, (Appendix B)

In particular it i1s of interest to construct from this the two

quantities
A - C ?(2' A-D 7/%’./- —-—é— a4 an invariant
R e O  n T Aen g ) L
throughout the

motion,
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~and

)

j"?“ -—Cﬁ /\'2 @ D)B ZZ}'I' ga x,ﬁ' an invariant
A ;Zznw g ‘&“‘0— J at homologous

points,

The first of these gives the invariant R2 which 1is léf times
the area of the ellipse described by the phase-point (x,x /)
plotted at homologous points; the second gives the quantity K
representing the maximum displacement for the particular set of
‘homologous points chosen.

3. Writing

/
R2 = az2 +,&xz + . x

2 2 7 %4
K :.f X +y/xx + X s

the coefficients may be expressed in terms of the parameters of

I

and

7
the eilipse described by the phase~point ( =, x = y)
‘e
{Appendix C): | ol
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with the sigrn of the square root selected to be positive if the

n th
maicr axis lies in the T ; piA quadrants, and conversely.

X m o Kopax,



MURA-206
(4)

4, Alternativelyglof'course, the coefficients a,b,05JE ,j’ t}f
may be computed from the matrix elements A,B,C,D by aid of

two one-sector runs between successive homologous points of the
type of interest,

i a ) - o ,
Thus, most simply, if a run is commenced with y = 0O,

N

/7
C = fj’/éjo )
and a run commenced with y = Oy
/
. B = _7//[10
1/ 7
D:_y//gc ’

(If F(€) possesses symmetry about the reference point,
.oa
A=D=cos T & -C= %2i§f:7 ; The matrix elements and coso™
may then be obtained, if desired, through the use of formulas

pertaining to two runs each of length T/2.)

5. The square root of a quadratic form, such as R, may be evaluated

by a convenient construction:
,GJB: /63 R

:4&_ﬂ

A0

| 2
/C;KQ;. /{_’,‘QX? -+ QC’CZ (’L—‘nd\-‘)%f ""vt'—:)_,df ’
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~ APPENDIX A -- Proof of the differential relations for A, B, C, D:

To first order we expand

(Wé/e s161) )= CHedm) (f W [2/ +58])

w D)) S e T)

(ﬂ" + (L8 B+ Dfé) A+ dA-BESO BusBiAse
(-AFS6  D-EF/8 C+{C-DFBE  Defp+Cs# )

JA=(8r+c) 16 Sb-(0-1) 56
S (p-A)r 6 S D(BFrC)i6
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APPENDIX B =~ Proof of the invariance of I:

2
Differentiation of the expression given for I leads to:
2L / > Y 7/ 4
/ = 2 By
a/.i i -2l xx f—@_ﬂxx + A'C?)‘f"
v
d _clx? f-ﬂi D)xx + B

/2 . .
The terms (A - D) x and B = % cancel by virtue of the

.
Employing the relation x =-/:7

2z [zw/ bl abf)xx’ - [ F(D-D Jx

which wvanishes by virtue of the relation
q 7 /
A=-pb = BF +C
/
C'= (D=4) F,

re1a+lon B = D - A,
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2
APPENDIX C -- The interpretation of R2 and K :

ey, (g o

“s T +('““)J"’
£l ()T
Ko = M,

Pnaxz /Xs

. We form Z'M,Llf 8
f 2= Imax /gmx 7% zf'm"x f”"‘-/-]:rf # 7
. X £

M [ (s s fw*ﬁ/ '

-t *&s [ %[/__._.),L awﬂ)]fj
< ([P i i g o5 ) 7
# 2 ) () “Jr?

W
=My= =
7Zf P

' 2 X mo.x
2, The quantity K 1is

o

particular set of homologous points,

Xmaf OCCUrS whey ?9-; 7
2¥

pas (f.._;_si Ve = X2

3. The maximum amplitude at any point along a given orbit may be

}?2’ and hence is invariant for any

X aﬂcl

expressed in terms of K at some reference point, or in terms of

N,

R or I Jy%vaas/nﬂwg = ,4;44( = é%wmA’ /ﬁ/’iﬁff
:7/ 5/?’4‘&4‘" /34%
S G
./ é»uu\" I,

See. g




