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ABSTRACT: The n a t u r e  and i n t e r p r e t a t i o n  of  t h e  i n v a r i a n t  

q u a d r a t i c  forms a r e r ev i ewed  and means f o r  determin- 

ing  t h e  c o e f f i c i e n t s  a r e  o u t l i n e d .  Computation of 

such q u a d r a t i c  forms can be h e l p f u l  i n  fo l lowing  

t h e  s e c u l a r  growth of "ampli tude" i n  c e r t a i n  

ca se s  invo lv ing  coupl ing resonances .  
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I. The solutions of the linear equation (forced motion absent) 

x*+ ~ ( 0 )  x = 0 ,  

with F ( 0 )  periodic with period T, may be conveniently expressed 

Here A, B, C, D are periodic functions of 0 (period T) such that 

(constancy of the Wronskin) 

dA = BF + C a3 dB = D - A  
Te 

% = (D - A)F dD = -(BF + C) 
Te 

(Appendix A) 

1/2 Trace 1/2 (A + D) = cos W , an invariant. 
I-- 

Solutions at homologous points may be related by 

a', 4% n, 

I the solution at an any 6 may moreover be expressed in terms of - 

the inftlal calues xo and x I 
0 

- 
where 

2 .  The quantity 
2 / I = -Cx + ( A - D ) * X  + B X  I 2 

constitutes an invariant of the motion. (Appendix B) 

In partfcuiar it is of interest to construct from this the two 

quant~lies 
A- o / - C 2 - + - A '> 8 an invariant 8". - 

&c if +-0- 
&b 3 

t h d t  the 

mot iosl , 



and 

r: - e b  ( A - P ) B  8" 
% %  +r an invariant 

A:, =L- 0- Au- at homologous 

points, 
L 

The frrst of These gives the iniariant R which is 1 4  times 

the are? ot the ellipse described by the phase-point ( x , x  ' ) 
plotted at homoLogous points; the second gives the quantity K 

representing the maximum displacement for the particular set of 

homologous points chosen. 

3. Writ i n g  

and 

t.he coefficients may be expressed in terms of the parameters of 
I 

the ellipse described by the phase-point ( % ,  X = y) 

(~ppendix C ) :  

r i  = Ern? * 
b =  t 2 

c -  - 
- C 

be positive if the 

rr,*:cr 3 x i s  lies in the 75 quadrants, and conversely, 



4. A l t e r n a t i v e l y ,  of c o u r s e ,  t h e  c o e f f i c i e n t s  a , b , c i  Fpr 9 . J  - 
may be computed from t h e  m a t r i x  e l e m e n t s  A,B,C,D by a i d  of 

two o n e - s e c t o r  r u n s  between s u c c e s s i v e  homologous p o i n t s  o f  t h e  

t y p e  o f  i n t e r e s t ,  
f 

Thus, most  s i m p l y ,  i f  a  r u n  i s  commenced w i t h  y  = 0 ,  

and a r u n  commenced w i t h  y = 0 ,  

(If ~ ( 6 )  p o s s e s s e s  symmetry a b o u t  t h e  r e f e r e n c e  p o i n t ,  

A = D = c o s r  8 - C =  Z;- ; The m a t r i x  e l e m e n t s  and c o s r  
-3- 

may t h e n  be o b t a i n e d ,  i f  d e s i r e d ,  t h r o u g h  t h e  u s e  o f  f o r m u l a s  

p e r t a i n i n g  t o  two r u n s  each  o f  l e n g t h  T/2,) 

5. The s q u a r e  r o o t  o f  a  q u a d r a t i c  form, such  a s  R ,  may be  e v a l u a t e d  

by a c o n v e n i e n t  c o n s t r u c t i o n :  





APPENDIX A -- Proof of t h e  d i f f e r e n t i a l  r e l a t i o n s  f o r  A, B, C, D: 

To f i r s t  o r d e r  we expand 

&fib 16 gde~))) (A)  = @%+4?)) ((/N .D/5 +~BI) )  



APPENDlX B -.. Proof of the invariance of L: 
2 

Differentiation of the expression given for I leads to: 

The terms ( A  - D) x and B ' z-c '* cancel by vfrtue of the 
I // 

relatlon B = D - A. Employing the reiation x = - F X ,  

which .,anfshes by virtue of the relation 

/ / 
A = - D  = B F  + C  



2 2 
APPENDLX C The interpretation of R and K : 

in the ellipse 

'P) r 

M 

&'L& - =MN= , 

2 mo-x 
2, The quantlty K is - f a  and hence is invariant for any 

Po 
par~icular set of homologous points. 

~ m a l  occurs wher, 3p= - 7 m/ 
2 7  * 

2 
= % M A X  - 

3. "he maximum amplitude at point along a given orbit may be 

expressed nn .terms of K at some reference point, or in terms of 


