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ABSTRACT:� Algorisms are developed for use in computations, 

on a two-dimensional grid, to determine the magnetic 

scalar potential characterizing the scaling field of 

a sprially-ridged FFAG accelerator and the resultant 
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lar mesh is permissible, rather than one in which 

the vertical and horizontal mesh dimensions are 

necessarily equal. 
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10 The Algorism for ~, to be Solved £l Relaxation: 

The differential equation for ~ is taken to be [CL MURA­

LJL-8 (Revised), 21 February 1956] : 

:!-~ (12.;£ +.1L 11)+ '1(~~~ ~?. J2 
8 H ~A 11� 

r ..f2f 1 + 7(..J..J('Iw)1~ .12J� 
(l );Z ,()o 

where,4 denotes ~/'+ /'17 ~'=~ +--1, and ."t is taken to 

represent the mesh interval in the;? direction. In practice 

the two terms.f2 f f +JJ..'Yi'" strongly dominate and an algoxism 

for this quantity may appropriately be developed in a manner 

which takes advantage of the fact that ..12 f f +.11 'Y'Y is very 

close to zero. 

We now perform Taylor expansions for Jl/~ ..fl_/()/ .12ell,.f2o-fJ 

JZ1t.-J J2 -I/.J AI-I and -'2. -/_/ in terms of hand 

~ (the f and~ mesh-dimensions 9 respectively), continuing the 

series through fourth order terms. The first two of these ex­

pansions are then each multiplied by S...t. !l_ ~ ~ ,the next two 

by s-lt.2._~'4 , the last four by~;:",e:;.. 6 and the results 
Z I~ 

9 

summed. We obtain� 

S..t.~,t ~/fl +-...I2._/f» _.i- ('..i,~..t~)'-fl. +- .s:~:-!~(f2. 0/4-.fl.. 0-1)�
Z; (- /0 ~ 00 &:, . 

+ ..I.2.+"l" in, +-1l.11 +.121-1 -I-Jl..,.) := --["L"{!2If f-..I27 -y)� 
IL� 

f- .4. Y ->- fl 'J-/a JI j 5of- .f2Jf 'Y'Y)+-./ :I.{t1ft §"t"lr.i277 '17)]. 
l'k 
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- Since~ as mentioned above, ~ is nearly harmonic (in the Cartesian 

sense), we may with good accuracy ignore the fourth-order derivatives 

on the right and takeJ25) + ..t211t o be well represent ed by the 

algorisms 

JL fJ «r: "'J "1 ~ il~ :i~ €/S.l":. ..l ;) (.Il ID l- -fL,D) 

- 2{) (i, ~+..e~..f2..oo -I- 2(s,l, ~_~1 ) oi: +flo-I) 

I- (4')....;...1/-) (ri, «a -1/ +- 11 I-I <a -I-I)J 

;:; J?v'-e'L f3. (sn. .... ,)rA'D +-£L,.) - ~o (IL~+-') A." 

f- .2. (S_/7. zj.ll.,+fL•.),... ~ ~I) (./I1/ .J-.f2-II +.!l. 1-1'-1-fl. -1-1)] 

with,/z,=.L/~ • 

For the remaining, smaller, terms simple algorisms should suffice: 

.-11.. ...!.../l 0' + fL 0 -, -1. ..J2 00 

II'}"1 - --t a.. 

.a ~1":" 12.,,+fL_,_,-.Il,_,-ll _II :: ..!!:- .f2./r t-.fl_,_I-fl ,-, :fl _II
'1,.il tf .e :Iw� 

..fL £ =. .12.11> - .fL -It> - /l.. ..f2. /e -.12 .. I~
) --~.....- -2
:J--A;, ~ 

-fl.i === ..12.. 1>' - ..f2 ,,-I
1-..e 

.i2:.../2
Of­

With these algorisms substituted into the differential equation 

(1), we obtain the working relation to be used in the iteraUon process: 

[..i- 'rv3.+J) + 11 ~ 'Y):/,_ 11 ~/ ~:;.).12 .... 
:1"/ V ~o ( z."&o J 00­

{S-/1,,~ + 71 "'- "1 '1. _ 1(3;&..l'_I)./~ }.t2.1>1 . 
f51'Z.-;t , 1/g~" 1';Bo· / I . 

-I-t~ 1/8 - - ~ ?/,lI(Vw).RtJl_ID +[5/l;~ !J 111.T!w1t7/\ 
I A"J '/t' '+" A ].J.'/0 

r r~ ~ 1r'J. '1--/- /fryal'-J~ } /) 0 

r~?+ I l: '" :J-J!! "1 LfA 1 J l. 1>-1
ti: 9" + t '1r (Vu.J /U ~ fn--II +.Il'-IJ + ~(;,.'41 _L!. r{(w)/I) gI"~f}-I_~ 

itl6 'J £. sr: 8 -;g;; /J • 
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In this last expression, the coefficients of .f2. 00 1 .i2 0/ J'2_/b '1 

.J1/P ,.J2 0-/ .ia.; + .J2/-tJ , and [a/I +.Jl_ 1-' ] have been 

/\/ N N /II N _II a..-v..t. Nil •Itermed, respectively, ~. / vol) -/ o } 10 ; C -I , 

II. The Algorism fO~: 

In developing an algorism forJ2~ , to be used in forming the 

reduced fields required for the dynamical equations, we invoke a 

relation obtained by ,r - differentiation of the differential 

equation forJ2 (equation (1». This relation is of the form 

! .a5 + '" .2-;:: fl-j5 + ~1~ J2 § "J + r -tJ .J1 f ~ 5 
+!::.. ..f2 JS''1 + e1: .12 f"1~ =: 0) 

(2) 

where ~ ~ /: 
0\. = ~/L. 1/11..1./(Ku) ~ _ .2 /J., ~"Y ( '/~ )~ 

.L~ AJo :::er /60 

~= -.1~ 'I'1I".? {.2.~- I ):y { :.J; (/+ '17f ~ ") 
o ~o 

s= '1?r:.£,/~ 

~o • 
Again Taylor s,eri'E~s, for Jl.'o ,..f2 _Io , ../2. _I ,..12. o - / ,..f2 II ' 

.fl_1I , .11,,,/, and ..fl_I_1 are formed and the weighted sum constructed: 

(~ - f;J IJ\. -+" I-!:. f (tll(; .../2(;0)-+- (t -~)~ - " i .,.6 €(a_It>-..fLo o )� 
a I~
 

.L -chtr:~ - 1,/ (.11 - 11 ) -I- - tA.;" 'J..+ (PI' I /J _ /1 )� 
T 01 06 - l J L. 0- / -' t." () 

+- A.J1. i + 

J~

~j3 -J- 6/+ 'e (n _Jl. 
~ 

') J..:j;;- &,;S.J-~ tf-' G(a-lI-..I2~c) 
.. ..! I-JJ 00 + :1'1..2.9 

+- >tr;1.-Io;5-l.d+-~! ~_,-.f2",)+ tIfr"--J-b~-tJ-te (tz,_,-A..
o 

)

:lY,,/ ~ r 
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accordingly, neglecting the fourth derivative terms on the right 

(which will be especially small when /t ~ I) and employing (2), 

3) 
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III.� The Algorisms for-(.l~:
 

Similarly s in developing an, algorism for J2... "7 9 we make use of� 

a� result obtained by 'i - differerentiation of (1) ~ '.1 
JJ.. .L~ /3 f9 /l 1 J1. -of.ll, rt/ 2: .12,~ +~ -;;:-il;1 +-e.T J1,~" rcl;j;;:: -'1./17 oJ ~~ f1"1- ) 

with . a = .g'1f~~.J.-I)~ d = _ !''It(l/W)/r;1 (4) 

~~~ ~S~D 
b =� J/1I-J. (I/lt;) n., e = :2/V~ 

- .£ .f2! .....e 3 It. 

C = j. f +- f';~ / f = '1'ff ~ J 

A� IJ I ,(Jo0 

withA =~-I -and (as before) ~ ~(I/W)~+N~
 

Taylor's series for JI./CJS A_ H> s A #I ' ..121/-1 9 ./1-11 s ../)._" s ..Il 1_, ,� 

and ~_~I 9 are again employed and the weighted sum constructed~
 

I'. /)) - a. 
2a. 

-I-~J / . /J )�
_;z,~e::t.-&d t'.f2./()- ..IJ- tJ e> +- I~ (..I2_ 16 - ...I LtJ O� 

I,.� 

-f {fo- /1;~)a.	 -J ~ - (~ (.Il0 / .Il~) -Ia (t,~ ~)o. - ''''~ Ie (A-()_,-..I2 0 (J )-

I~	 I~ 

R..� I/J /J+te/.I1 _ )-1- ~i_,j-h/+-te 0_,,-..f2.o fJ),II+t> ~ ..,. ok""" o~ (JLII JL o o 

~Y ~r
 

~~4,- t,/.+ l,d- te. 0/-1 -.../lOt) + /l; ~I- t.L -(p ~- t e.h-, -..f2.oo )� 
..;- -� ~'I 

:2'/ 
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neglecting the combinations of fourth-derivative terms and employ­

ing (4) we now obtain 

/L ~ct- (,~ - 6"+ 6e .;-(6-iLa.k +b,c, - be. + a: 'i4 tJ. f td.J.(Pe 
~ 'I ..12. -1/ I ~ :Il 41 :21'-..12/1 

I 
..IL11f =;cL-f 

f '1( :J. (;;.--l-I )1 /l;"!,(_ 1'(1, Ww,h/ ~ :J.1( (/jw )/),1 -I- /Z. a ) 
3 A90 ~" ;!), --;: J -12_ /I 

J 
[-11~.-A. -';r~ -w:J. &o~.I_ :<1;"(ij,..u~1f ~ -1 J) fill 

"3 ..t7. ~o A2" 

+P'1TQpL I h ~ -/I' '}..f.. 3 (H- 'hi" ~'o/")- ....,1..1l .. , 
3 ,<J0 ,,-(P(> 

:J/ff :< ~.J.._I)"1 ~ ~ - ~'iI{t/,p~}..IL _I' 
3A 100 

+{'I'il' '>.~J.,-1)1(r. -/I.,~ U ]-.11-60 
.3 A'o 

+ r~ 1f 2. r;. .i-I)~ "- 'J.-I r '1'71 (1/,-,,),. 'If } A,. 
l s ;J~ - ~Q 

http:td.J.(Pe
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7- f- 217' YfI,.IL I)rv; {t. -11-"U - 3 (t -I- ¥;"'~ Q.) I-n. ~J.tl.. _I 

3~o 6 

+-(-1f %.i-I)"t fl-~-I f- 7fJ. r/w h~ :1.11' (14) '"1''-'%F,-I 
3AJo 4 ~ 

-J-f 1f~ 6"- -I)-rn.-~- 11'1 ClwJ,..I_ ;;.... &,;)-.,~ -flfl,t-l 
g t46 tIP~ A 

(5)
----' 

IV. ~ in the Median Plane, and its Average Value: 

For normalization of the scaled fields we require the average 

value ofJ1, evaluated in the median plane. Making use of the 

fact that../1.. is an odd f unc t Lon, eq, (5) reduces, when ~ = 0, to: 
c-: A"71 A (i/w) Il- ..e 1 /') .. ~_~n..:;':2r/l u: /J.7/~(v'W)IV.LJ-r/l - L' ~r '...fl' '-II L" ..ll. 0 I l./L .;- JIJ 1-,'J1 - ex, J 

,~ 

IVj I_ ~ rt - '11( (J.~ t2;£~J • 
~-~ ~ Ll ~o 

With ?V ~ V-I" intervals in the period ~1 = J ~ the average value of this 
n>! n~

quantity is ~ ~ -r2 
. J" t=. Ali - i=o il«.Il.1 11?:o4 ., = /1,{[- ~1f€la:lp.J /1;fi- ';''1f~ 4J1. 7 "� 

3'&0 L' ~A~ J� 
It may prove convenient to employ this constant as a scaling factor~ 

to form JL r: '3'7f ~~~J 
.12. L1 

:3;&0 _ JL 
n-I 

s: Ail 
(6) 

lo;. ~ 

for the values at the individual points of the mesh. In this same 

vein 
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_ 

-
n: r;_~_7f_:'_2,;_:£_~_]

e" :i,&o 
f{J fI;:' ~1t~/:l..,L 'l-] • -:--: _ 

"&0 (7 ) 

(Note that.1' and j,=.1'-I are to be distinguished here, in that the 

latter quantity is used in the factor {i- ~1/~ ~J) 
. 3~ 

dan 
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"'-; _ 11'.J...(i/w)1"-£. +:>71'(1wA,/1f _ '11' '1P. .J., -/)'2/1-":/}:/l.
{ A ~o 3~6. -II 

+p~+'lfAfJ/w)/V.1 _ ~1t (,Jtu)/V~ _ 7f fl/tJ. -1)~/V:tJ ./L" 
(:2. A A}6 3~D 

r r;~+ Y'1f~ ~)-/l,~- :Z7(~,l-I)~-~'J)AjJl~ 
t j� J\9o 3 ~ ) 01 

+-fL/1fr'tu)IVYf ~1I~.i -1),,,, ~'}'..fl '1'7(a.~i-l)t-4~),?J 
A� 340 -II} ~A Y2fJl> 

I-['I'itGI"')Il"j to ~ 'If ~r;J. -J7 /Va.j J..f2." 
~o	 $A 

. f3t;'t-'I'II Y~).L:J.. Qd'r;~ -I)~ -A'.2)nlJ2
t- {17 A/o jr/l, - 3~. 'J' 0-1 

+-(~+ 'If.l(~)/>.f f '?f(,/",p-",?_ ff :l.(~-I)"J/C'jJ 
r~ ~ ~	 ~ 

Po� l'fJo· c1~ -I-I 

[ /l.1.� _ '1!:.1.. (i/",,}..(:> '11'(tit",)" "1- 1(fl.?.L -,h 4.;-Il.Ill_I 

[7 ~ A� ~~ J 

(8) 

Vo The Scaled Fields: 
o e.� ..21(

For use in the dynamical equa t Loris , wi.thAt ~~,,?Jt> '/ we make 

use of the scaled quantities ("fields") formed from expressions (6), 

(7)� and (8) ~ 

~ .:«r: (9)~i=T 
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-1.~ + ..iw../J.~-L.I2., 
Yblw)~/V2. L-JL" 1

7 > (10)0 

~e AI A{
(I J. ~ )l == -I-1(J/,p)Q f II Q. 

(11) 

Of these quantities 9 ~r will be an even function of 7 and both..it'" 

and 1& will be odd 0 
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