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ABSTRACT: Experiments and calculations are described 

which test the effects of misalignments in 

A the Michigan radial sector FFAG betatron. 

In the experiments, one magnet is moved and 

the equilibrium orbit deviation meastlred. 

The calculations are done in the "hard-edge" 

approximation, where the effects of magnet 

edges are approximated by impulsive lenses. 

Agreement between theory and experiment is 

considered good, 
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- I. I n t r o d u c t i o n .  

Experiments have been performed t o  tes t  t h e  e f f e c t s  of 

misal ignments i n  t h e  Michigan r a d i a l  s e c t o r  FFAG be t a t ron .  

The fo l lowing  i s  a  d e t a i l e d  r e p o r t  of t h e s e  experiments and 

c a i c u l a t i o n s  of t h e  same e f f e c t .  A s imPlar  problem was s t u d i e d  

(11 w i th  t h e  Brookhaven e l ec tpon  analogue . However i n  o u r  ca se  

e n t i r e  f i e l d  magnets wete p h y s i c a l l y  d i s p l a c e d  r a t h e r  than  

apolyihg an impuls ive  e l e c t r o s t a t i c  k ick.  

11. T h e o r e t i c a l  C a l c u l a t i o n s  

The e q u i l i b r i u m  o r b i t  i s  t h a t  o r b i t  which i s  p e r i o d i c  wi th  

t h e  per iod  o f  t h e  s t r u c t u r e .  With misal ignments ,  a s  i n  t h e  

p r e s e n t  c a l c u l a t i o n S ,  t h e  pe r iod  of t h e  s t r u c t u r e  i s  one revo lu-  

r t i o n .  We c a l c u l a t e  t h e  d i sp lacement  of t h e  equ i l i b r ium o r b i t  

from i t s  unper turbed form i n  t h e  l i n e a r  approximation.  

When a  magnet i s  moved a  d i s t a n c e  A y  r a d i a l l y  ( v e r t i c a l l y ) ,  

t h e n  t h e  i n i t i a l  and f i n a l  r a d i a l  ( v e r t i c a l )  o r b i t  d i s p l a c e -  

ments a t  t h e  boundar ies  of  t h i s  magnet yi and yf beome yi  - A y  

and yf - 4 y r e s p e c t i v e l y ,  whi le  t h e  d e r i v a t i v e s  y i  and y/f a r e  

unchanged. The t r a n s f o r m a t i o n  m a t r i x  through t h i s  magnet is ako 

unchanged. There i s  a  sma l l  e r r o r  i n  t h i s ,  b u t  it does n o t  occur  

i n  t h e  approximation we l a t e r  use .  

It should be noted a l s o  t h a t  i n  t h e  r a d i a l  exper iments ,  

t h e  magnet d i sp lacement  and o r b i t  d isplacement  a r e  measured 

r a d i a l l y  from t h e  c e n t e r  of t h e  machine and no t  p e r p e n d i c u l a r  

t o  t h e  e q u i l i b r i u m  o r b i t  which i s  n s c a l l o p e d v  even wi thou t  

P misalignments.  S ince  t h e  o r b i t  d i sp lacement  i s  p r o p o r t i o n a l  

1. Brookhaven Report  LJL-9 ( ~ a k a ,  Sp i ro ,  Smith,  and ~ a s l e t t )  



r- 
- t o  t h e  magne 

e r r o r  cance l  _ 
rlacement i n  t h e  l i n e a r  approximation,  t h e  

We c a l l  t h e  two magnets of a  s e c t o r  "an and "bn and d e f i n e  

t r ans fo rma t ion  ma t r i ce s  between t h e  centers of s t r a i g h t  s e c t i o n s  

between t h e  magnets. 

The t r ans fo rma t ion  m a t r i x  f o r  one s e c t o r  

M, = MgM- ( 1  1 

(2) h a s t h e  form , 

- M((r,&,P) = 4 - 
and it i s  well-known t h a t  

We d e f i n e  a l s o  t h e  v e c t o r  

x0 '= 

and choose i = 0 a t  t h e  c e n t e r  o f  t h e  s t r a i g h t  s e c t i o n  immedia- 

t e l y  a f t e r  t h e  bumped magnet. We choose b t o  be t h e  d i sp l aced  

magnet. Then 

where N is t h e  number of s e c t o r s  p e r  r e v o l u t i o n  and Yr i s  

t h e  displacement  v e c t o r  a t  t h e  c e n t e r  o f  t h e  s t r a i g h t  s e c t i o n  

immediately preceding t h e  bumped magnet. The equ i l i b r ium 

o r b i t  i s  t h e n  t h e  s o l u t i o n  o f  t h e  equa t ions  which fo l low from 

2. E. D. Courant and H. S. Snyder - Brookhaven Report EDC/HSS-1 



We d e f i n e  t h e  m a t r i x  e lements  by 

and t h e  combination OF (5)  and (6) g i v e s  t h e  s e t  of  l i n e a r  

inhomogeneous equa t ions  ( a h - / ) A #  

= b  A 3  (8 )  

Using ++dN= a-Nq we f i n d  f o r  t h e  s o l u t i o n  of  ( 8 )  
= I / + d p - a b - d ~ )  30 g l l - o o s ~ r j  

- A (C,,, ' c b - c , )  - 30 ~ ( 1 -  W S N ~ - >  
( 9 )  

Displacements a t  homologous p o i n t s  around t h e  machine may be 

found by app ly ing  t h e  t r a  i a t i on  ma t r ix  M1 t o  Yo. 

To f i n d  v a l u e s  f o r  t 

~ n s f o r n  

;he mat : r i x  elements i n  ( 9 )  we use  t h e  

"hard-edgen approximation,  where magnet edges a r e  rep laced  by 
P 

t h i n  l enses .  ( 3 )  

We choose a n  o r b i t  geometry which g i v e s  5 and cs c l o s e  

t o  t h o s e  f o r  which t h e  exper iments  were performed. The ma t r ix  

elements de r ived  i n  t h i s  way have been found i n  t h e  p a s t  t o  be 

f a i r l y  c l o s e  t o  t h e  r e a l  ( " sof t -edgen)  values .  

We l i s t  t h e  parameters  used below i n  t h e  n o t a t i o n  of  

r e f e r e n c e  3. 
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TABLE I 

These parameters give t he  following matrix elements f o r  t h e  magnets. 

Wide Magnet Narrow Magnet 
A L 

2," = d,,, Abd 6, '=, ' - 
Radial 

-0,20531 0.59396 -1.61265 1.26050 0.66395 0.88689 
Motion 
Ver t i ca l  

1.63586 1.96428 0.85325 0.64340 0.53631 -1.09273 

and the  following values f o r  t ransformatfbn parameters 

&so- rr' tr bC, P 
Radial 

-0,53076 1 2 2 . 0 5 ~  2.712 0.94246 0.12254 
Mot ion 
Ver t i ca l  

+0.20810 77.98' 1.733 + 1.33116 2.18906 

r 
where 6 i s  p o s i t i v e  f o r  t he  r a d i a l  motion and negative for  t h e  

v e r t i c a l  motion when t h e  wide magnet i s  b. Both s igns  change 

&hen t he  narrow magnet i s  b. ( i s  odd about centers  of magnets 

i n  a r a d i a l  s ec to r  FFAG.) 

Using these  numbers i n  (9) we ca l cu l a t e  t h e  following d i s -  

placements a t  homologous po in t s  around the  machine. A l l  d i sp lace-  

ments a r e  i n  u n i t s  of A yy. 

TABLE I1 

& 4 i , &  A 

Dvlde Magnet V 
- 

-0.304 +1.539 -1.330 -0.127 +1.465 -1.428 +0.051 +1.374 

Narrow Magnet 
+0.025 -0.268 +0.259 -0.007 -0.252 +0.274 -0.039 -0.232 

Moved Radial ly 
Wide Magnet 

P +0.141 -0.750 -0.453 +0.561 +0.687 -0.275 -0.801 -0.058 
Moved Ve r t i c a l l y  
Narrow Magnet 

-1.110 +1.328 +1.663 -0.636 -1.927 -0.167 +1.858 +0.940 
Moved Ve r t i c a l l y  
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n (6) 
(4 By F loque t ' s  Theorem . , 1 nents l i e  on a s i n e  

curve of  f requency  \I and a m p i l ~ u a e  

the d i :  

I r I ....- 
i s  i n v a r i a n t  ( independent  of  n ) .  Valdbs of  t h i s  i n v a r i a n t  a r e  

g iven  i n  Table  I11 below. 

TABLE I11 

A 
Wide Magnet Moved R a d i a l l y  1.6534 
Narrow Magnet Moved R a d i a l l y  0.3013 
Wide Magnet Moved V e r t i c a l l y  0.8089 
Narrow Maqnet Moved V e r t i c a l l y  1.9423 

These s i n e  curves  a r e  used i n  t h e  g r a p h i c a l  comparison of 

t heo ry  and experiment below. The r a d i a l  numerical  c a l c u l a t i o n s  

were done by H.K. Meier. 

111. Experimental  Procedure 

Two exper iments  were c a r r i e d  o u t ;  one f o r  r a d i a l  misa l ign-  
r 

ments and one f o r  v e r t i c a l  misal ignments.  For t h e  v e r t i c a l  bumps, 

a  probe was used c o n s i s t i n g  of a number 14 w i r e  mounted p a r a l l e l  

t o  bu t  about 1 cm o f f  t h e  a x i s  of  a  s h a f t  which extended r a d i a l l y  

i n t o  t h e  t ank  a t  t h e  c e n t e r  of a  s t r a i g h t  s e c t i o n  ( f i g u r e  1). 

The exper imenta l  f r e q u e n c i e s ,  3,=2.17, %= 1.77 were 

ve ry  c l o s e  t o  t h e  va lues  used i n  s e c t i o n  I1 (1?=2,7/ 3 =/,73). 
% 39 

PROBE 
SHAFI' 

-- 

4. Whit taker  and Watson, Modern Analys i s ,  p. 412 
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The probe could be- moved r a d i a l l y  t o  d e t e c t  t h e  beam a t  

d i f f e r e n t  e n e r g i e s  and by r o t a t i n g  t h e  probe t h e  v e r t i c a l  pos i -  

t i o n  of t h e  beam could be found. This  was done by observ ing  t h e  

x-ray y i e l d  v e r s u s  angu la r  r o t a t i o n  of t h e  probe wi th  a  s c i n t i l -  

l a t i o n  coun te r  p laced e i t h e r  n e a r  t h e  probe o r  n e a r  a  f i x e d  

broad t a r g e t  a t  a  d i f f e r e n t  azimuth and a t  a  r a d i u s  s l i g h t l y  

g r e a t e r  t han  t h a t  of t h e  probe t i p .  A t y p i c a l  i n t e n s i t y  v e r s u s  

probe v e r t i c a l  p o s i t i o n  f o r  t h e  two d e t e c t o r  p o s i t i o n s  i s  g iven  

i n  f i g u r e  2. 

t X-RAYS FROM X-RAYS FROM 
rARGET ---- 

BEAM 
INTENSITY 

PROBE VERTICAL 
POSITION *--+ 

FIGURE I1 

The width  of  t h e  v e r t i c a l  spread where no beam i s  observed 

from t h e  f i x e d  t a r g e t  corresponds  t o  t h e  wid th  of  t h e  probe. 

The c e n t e r  of  t h i s  r eg ion  corresponds  t o  t h e  equ i l i b r ium o r b i t  

a t  t h e  probe azimuth. To determine e f f e c t s  of  one d i s p l a c e d  

magnet on t h e  equ i l i b r ium o r b i t  around t h e  machine, t h e  i n v e r s e  

experiment,  f i n d i n g  t h e  change i n  p o s i t i o n  of  t h e  e q u i l i b r i u m  

o r b i t  a t  t h e  probe azimuth wh i l e  d i s p l a c i n g  each magnet 

v e r t i c a l l y  i n  t u r n  around t h e  machine, was done. Displacements 



- were .045 i nch  produced by  shimming. 

p l o t t e d  i n  Fi 

magnets coulc 
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, laced due t~ 

The I 

bed i n  

exper imental  polnxs  a r e  mi s s ina ,  1 

Radial l :  eterming t h e  r a d i a l  

s e p a r a t i o n  between t h e  probe and t h e  f i x e d  t g r g e t  ( l o c a t e d  i n  

'xperimental  r e s u l t s  a r e  

IPT (S ince  some 

i c a l  c o n s t r a i n t s ,  some 

d i a m e t r i c a l l y  o p p o s i t e  s t r a i g h t  s e c t i o n s )  when t h e  beam i s  

d iv ided  almo! 3 l l y  between t h e  two. (The probe was moved i n  

r a d i a l l y  u n t i l  t n e  beam d e t e c t e d  from t h e  t a r g e t  f e l l  about  i n  

h a l f . )  Th is  r a d i a l  s e p a r a t i o n  was found f o r  a g iven  r a d i a l  d i s -  

placement ( -062  inch.) of each magnet i n  t u r n  around t h e  machine. 

The r e s u l t s  a r e  g iven  i n  f i g u r e  5 and 6  and Table  V. These 

a r e  compared wi th  d i f f e r e n c e s  between c a l c u l a t e d  v a l u e s  i n  
P 

d i a m e t r i c a l l y  oppos i t e  s t r a i g h t  s e c t i o n s  from Table  11. 

The e r r o r  on experir  p o i n t s  v e r t i c a l l y  i s  due c h i e f l y  

t o  de t e rmina t ion  of t h e  probe angle .  The r ead ings  were t aken  t o  
0 

t h e  n e a r e s t  5 , corresponding t o  an e s t ima ted  e r r o r  of about  t -4 

i n  u n i t s  of t h e  v e r t i c a l  bump. A l l  p o i n t s  ag ree  w i th  c a l c u l a t i o n s  

t o  an 

Les anc 

sement! 

t o  b e t t e r  t han  ;f? excep t  13rge e r r o r  (y3  f o r  wide magnets). 

R a d i a l l y ,  t h e  L p o i n t s  a r e  averages  ove r  d a t a  

from outward z S. Occas iona l ly  t h e  d a t a  

were d i f f e r e n t  , A LY aue  t o  n o n - l i n e a r i t i e s  causing 

d i f f e r e n t  phase s h i f t s .  The o v e r a l l  accuracy  of  t h e  r a d i a l  p o i n t s  

i s  es t imated  t o  be + 1/64 of an  inch ,  corresponding t o  f .25 

i n  u n i t s  of  r a d i a l  d isplacement .  A l l  r a d i a l  p o i n t s  ag ree  w i th  

P c a l c u l a t i o n s  accuracy of  .5 o r  b e t t e r .  

The tab1 phs i n d i c a t e  good agreement between t h e  

hard edge thc ~d t h e  exper imenta l  r e s u l t s .  



Wide Magnet 
Moved 

V e r t i c a l l y  

TABLE IV V e r t i c a l  Misalignments 

Comparison of  Theory w i th  Experiment 

. 
TARlF. - V Rad ia l  Misalignments 

Narrow Magnet 
Moved 

V e r t i c a l l y  

F Corr 

- I 

804) 'doh$ I Y 'a%8 a = ~ ~  ahr jl/& - 
C t i o n  , 4 

I 
I663 -ckb36 -1.927 -0.167 +/,ssp&.?@ - - 

E lent , +/,Tu 1+/,58 - 6 1 3  cksP  

In- o f  Theory wi th  Experiment 

Wide Magnet 
Moved 1Wy.p Ad a$ u a  n3 a? 9 4  &id? 

R a d i a l l y  A Y  LL DY 

c l769 +J4967 -/*I81 -/,Sol # / d l 6 9  -3,967 4/,3f/ +/,so/ - 
E lxperin 

Narrow Magne 
Moved 

R a d i a l l y  










