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ABSTRACT: C a l c u l a t i o n s  of f r equenc i e s  of l i n e a r  b e t a t r o n  

o s c i l l a t i o n s  i n  t h e  Michigan Model u s ing  measured 

p, f i e l d  va lues  are desc r ibed .  The d i s c r e p a n c i e s  
- between des ign  and measured va lues  a r e  reso lved .  

These d i s c r e p a n c i e s  a r e  due t o  t h e  d i f f e r e n c e  i n  

f i e l d  shape a s  a  f u n c t i o n  of azimuth caused by 

t h e  f i n i t e  c r o s s - s e c t i o n a l  a rea  of t h e  po le  f a c e  

c u r r e n t  r e t u r n  windings.  

n 

t Supported by Con t r ac t  AEC # ~ ~ ( l l - 1 ) - 3 8 4  
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Introduction 
(1 1 

When the design calculations for the Michigan Model were 

performed, (*'("magnetic field measurements were not available. 

Various conformal mappings for individual two-dimensional magnets 

were combined to give a field plot. This plot was used to find 

the pole geometry which gave the frequencies of linear betatron 

oscillations considered desirable. Table I shows these design 

frequencies and the frequencies measured experimentally(')by two 

different methods, static (sigma-testing) and dynamic (R. F. 

knockout ) . 
TABLE I 

The static experimental measurements are only accurate to 

approximately 2%, while the dynamic values are accurate to within 

. Desiqn Static Dynamic 

1% so that the two methods of measurement are consistent, but there 

P 

9 
;i 

is clearly a disagreement of the order of 15% between design and 

measured values of 3 . The present note describes in detail the 

2.80 

1.80 

calculations done to understand this discrepancy. 

I. Magnetic Field Measurements 

Figure I shows in graphical form measurements performed by 

2.87 

2.12 

C. H. Prubtt and R. 0. HaxbyPs Purdue Group of the vertical component 

2.85 

2.18 

of magnetic field in the median plane as a function of azimuthal 
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ang le  a t  c o n s t a n t  r a d i u s  f o r  t h r e e  d i f f e r e n t  rad i i* .  The f i e l d  i s  

symmetric about  t h e  c e n t e r s  of magnets. (The peak n e a r  t h e  edge of 

t h e  wide magnet occurs  because t h e  e q u i l i b r i u m  o r b i t  does n o t  l i e  on 

a  curve of c o n s t a n t  r a d i u s  and t h e  f i e l d  was des igned t o  be cons t an t  

along an e q u i l i b r i u m  o r b i t . )  The f i e l d  may be w r i t t e n  i n  t h e  form 

/ 
which i s  t h e  same form a s  t h e  s p i r a l  s e c t o r  f i e l d  wi th  i;;= 0 .  

The parameter  k can be computed e a s i l y  from any two p o i n t s  a t  

d i f f e r e n t  r a d i i  and t h e  same azimuth. Table I1 g i v e s  v a l u e s  of  k 

averaged s e p a r a t e l y  over  t h e  wide and narrow magnets. P o i n t s  of low 

f i e l d  n e a r  t h e  c e n t e r  of  t h e  s t r a i g h t  s e c t i o n  a r e  very  i n a c c u r a t e  and 

a r e  n o t  included.  
P TABLE I1 

The va lue  a t  sma l l  r a d i i  i n  t h e  wide magnet i s  conspicuously  

d i f f e r e n t ,  which i s  due 

Design 
Value 

3.36 

3.36 

, d e t a i l s  of po le - face  windings,  s i n c e  

k  between 
r = 44.6 cm 
and r = 49.7 cm 
curves  

3.371 

3.346 

Wlde 

Magnet 
Narrow 

Magnet 

t h i s  r eg lon  i n c l u d e s  t h e  r d U l L I S  where t h e  second l a y e r  of p o l e  f ace  

k between 
r = 39.5 cm 
and r = 44.6 cm 
curves  

3.254 

3.346 

winding beg ins ,  where f l u c t u a t i o n s  of k had been noted exper imenta l ly .  

Th is  d i f f e r e n c e  probably  has  a  ve ry  smal l  e f f e c t  on f r e q u e n c i e s ,  s i n c e  

* The measurements have been c a r r i e d  through on1 h a l f  of one wide 
C magnet and h a l f  of t h e  a d j a c e n t  narrow magnet r with  o t h e r  magnets i n  

p l a c e )  l e av ing  some doubt about  whether t h i s  i s  a  r e p r e s e n t a t i v e  
h a l f - s e c t o r .  
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fl does n o t  depend s t r o n g l y  on k, whi le  V> d 1/= and t h e  r a t i o  3 - 
of V: . w i t h  minimum and maximum k (supposing t h e y  extend ove r  t h e  

whole s e c t o r )  i s  

= 1.014, 

which might be masked by e r r o r s  of  measurement. 

It i s  i n t e r e s t i n g  f o r  purposes  of  comparison wi th  t h e  s p i r a l  

s e c t o r  machine t o  Four ie r -ana lyze  fie)', From t h e  curve a t  r = 49.5 

cm.we f i n d  

g3 = 0.024 910 0.001 

g4 = 0.473 

The f l u t t e r  ( = , n e g l e c t i n g  o r b i t  s c a l l o p i n g )  i s  

4.933, i n  c o n t r a s t  t o  t h e  v a l u e s  1/4 i n  t h e  s i n u s o i d a l  and 2 1 i n  

t h e  s epa ra t ed  s e c t o r  s p i r a l  s e c t o r  machines. For ou r  purposes ,  it 

might be remarked t h a t  t h e  u s u a l  a n a l y t i c a l  methods of  approximating 

t h e  equ i l i b r ium o r b i t  converge r a t h e r  s lowly f o r  such l a r g e  f l u t t e r s .  

I n  a d d i t i o n ,  h i g h e r  approximat ions  become l a b o r i o u s  because of t h e  

l a r g e  number of  F o u r i e r  c o e f f i c i e n t s .  Because of t h e s e  d i f f i c u l -  

t i e s ,  we have done t h e  whole c a l c u l a t i o n  numerical ly .  

11. Methods of C a l c u l a t i o n  

The equa t ions  of motion can be de r ived  from t h e  v a r i a t i o n a l  

p r i n c i p l e  
sJrp+ ~4 )- dr = o  

path 



s o  t h a t  i f  8 i s  used a s  independent  v a r i a b l e ,  t h e  LaGrangian i s  

I n  t h e  median p l ane ,  

ds 
and re has  a  8-component equa l  t o  r. S ince  t h e  f i e l d  has  on ly  

a 3 -component, t h e  v e c t o r  p o t e n t i a l  has  on ly  a  Q - component 

- 4. PO -iit / 
A @ -  x T -  ) # ( e )  ( 6 )  

so  t h a t  e H o  r,' 

r - c H ,  o r ,  i n t roduc ing  fl = - and Po - - 
r, 

( 7 )  

which i s  

$ f = ~ ' % ~ ~ ~ -  ( 8  1 

The equa t ions  of motion a r e ,  from (8) 

The equa t ions  ( 9 )  a r e  e q u i v a l e n t  t o  equa t ions  (11)  of r e f e r e n c e  

3 wi th  j' = s i n  @ We pu t  ( 9 )  i n  a  more convenient  form f o r  

numerical  i n t eg ra t . i on  by t h e  (non-canonical)  t r ans fo rma t ion  

I = d  L+/ Then we have - 

j r ' =  5 y f re )  - 
P. 

&-T= 

We have i n t e g r a t e d  (10)  numer ica l ly ,  f i r s t  by hand us ing  
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M i l n e t s  Method and l a t e r  by a  program prepared  by one of  u s  

(H.K.M.) f o r  t h e  I.B.M. 650 of  t h e  U n i v e r s i t y  of  Wisconsin, u s ing  

t h e  Runge-Kutta Method. ( 4 )  One may t a k e  advantage of symmetry; t h e  

equ i l i b r ium o r b i t  i s  even about  t h e  c e n t e r s  of magnets. Thus we 

i n t e g r a t e  through h a l f  a  s e c t o r  and t h e  equ i l i b r ium o r b i t  i s  t h a t  

s o l u t i o n  which has  ze ro  s l o p e  ( 5  = 0 )  a t  bo th  magnet c e n t e r s .  

We have used e i t h e r  4 0  o r  100 s t e p s  p e r  ha l f - s ec to r .  The va lues  

of F ( e )  f o r  each s t e p  were ob ta ined  by A i t k e n t s  Method of I n t e r p o l a -  

t i o n  (4 from t h e  measurements of l a r g e s t  r a d i u s .  S ince  t h e  machine 
r 

s c a l e s ,  one may vary  e i t h e r  -' ( t h e  c i rcumference f a c t o r )  o r y t o )  
P. 

on d i f f e r e n t  t r i a l s .  

The e q u i l i b r i u m  o r b i t  ob t a ined  from (10) i s  used t o  f i n d  va lues  

f o r  t h e  q u a n t i t i e s  i n  t h e  b e t a t r o n  o s c i l l a t i o n  equa t ions  
(2) 

5 ~ ~ # c ~ ) + ~ d - F b  PO ds 1.0 fl (11) 
s 0 

o r  t h e i r  e q u i v a l e n t  

"(@SCC#,&j$ = (2 S" + )  , ' ? I  ( 1 2 )  [ 2z+p-~@li re 

where no and ro a r e  t h e  va lues  of  n  = + and r a t  t h e  c e n t e r  

of  t h e  p o s i t i v e  magnet, r,re)=$fsJis t h e  r a d i u s  of  t h e  e q u i l i b r i u m  o r b i t  

and 
4 

Fr.1 = = (a) f {el i s  t h e  f i e l d  a long  t h e  e q u i l i b r i u m  

o r b i t  normalized t o  F(0) = 1. 

Equat ions  (11)  o r  (12) were i n t e g r a t e d  numer ica l ly  by t h e  

(3  1 nColes la@ program on I l l i a c ,  which i s  desc r ibed  elsewhere . 
r - -- ------------------ 

( 4 )  See n I n t r o d u c t i o n  t o  Numerical Analysis ' ,  F. B. Hildebrand,  
McGraw H i l l  (1956) 

(5)  The MURA Programs f o r  I l l i a c  - J.N. Snyder, p. 85 



Both (11) and (12) have been used, with identical results. (12) 

is easier to use because the equilibrium orbit data are given in 

terms of 0 

111 Results 

The results are very sensitive to certain errors in the field 

measurements.* If the measurements in Figure I had been carried 

through a complete sector, it would have been possible to measure 

the azimuthal angle more accurately from the symmetry. As it is, 

there is an experimental uncertainty of 0.1 degree in the position 

of the center of the straight section. This changes the magnetic 

length of the sector and therefore changes the scalloping of the 

equilibrium orbit, which affects the vertical focusing. Table 

I11 below gives values of for maximum shift of 6 in both 

directions and for zero shift, all relative to the experimental 

data. 

TABLE I11 

The best calculated values may be taken as 

Shift of 8 

- 0.1 
0 

+ 0.1 

* Lack of realization of this sensitivity on the part of both 
experimenters and theoreticians concerned has been responsible 
for the beclouded situation in recent months with regard to t.he 
betatron frequencies in the Michigan Model. 

% 

2.94 

2.88 

2.84 

Q- 
b 

2.22 

2.12 

2.02 
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which a r e  i n  agreement wi th  t h e  measured va lues .  - 

The agreement between d e s i g n  and measured va lues  of  t h e  r a d i a l  

f requency i s  cons idered  good, s i n c e  t h e  f i e l d  shape,  which i s  n o t  

w e l l  known f o r  t h e  des ign  v a l u e s ,  a f f e c t s  t h e  r a d i a l  frequency.  

The reason  f o r  t h e  l a r g e  d i s c r epancy  i n  4 becomes ev iden t  when 

one p l o t s  ~ ( s ) ,  a s  i s  done i n  F igure  11. The measured f i e l d  f a l l s  

o f f  much more s t e e p l y  i n  t h e  s t r a i g h t  s e c t i o n  t han  t h e  des ign  f i e l d .  
d F 

This  makes t h e  ;T; terms of (11) l a r g e r  by about  20%, averag ing  

over  t h e  r e g i o n  where AF+O . This  edge-focusing term dominates 

t h e  v e r t i c a l  f ocus ing ,  so  t h a t  one would expec t  t h i s  same o r d e r  of 

magnitude i n c r e a s e  i n  t h e  v e r t i c a l  f requency,  which i s  what i s  found. 

It may a l s o  be po in t ed  o u t  t h a t  t h e  g r e a t e r  magnetic l e n g t h  of  each 

magnet i n  t h e  measured f i e l d  g i v e s  g r e a t e r  g r a d i e n t  l e n g t h ,  s o  
P 

t h a t  t h e  r a d i a l  f requency  should  be l a r g e r  t h a n  t h e  des ign  va lue ,  

a s  it is.  

It appears  t h a t  t h e  f i e l d  f a l l s  o f f  d i f f e r e n t l y  from t h e  de- 

s i g n  f i e l d  because of t h e  f i n i t e  s i z e  of  t h e  po l e  f a c e  c u r r e n t  

r e t u r n  windings. I n  t h e  des ign ,  t h e s e  c u r r e n t s  were assumed 

concen t ra ted  a t  t h e  magnet edges ,  whereas t h e y  t a k e  up about  h a l f  

of  t h e  s t r a i g h t  s e c t i o n ,  t h u s  making t h e  f i e l d  f a l l  o f f  l e s s  

s t e e p l y  n e a r  t h e  magnets and t h e n  more r a p i d l y  a t  t h e  c e n t e r .  

We can e s t i m a t e  roughly  t h e  e f f e c t  on of  d i f f e r e n c e s  

among t h e  magnets. The most impor tan t  e f f e c t  should be t h e  

v a r i a t i o n  i n  t h i c k n e s s  of the. r e t u r n  winding bundles  a t  magnet 

edges ,  which a r e  about  5/8" i n  d i ame te r  a t  t h e  maximum r a d i u s ,  

P w i t h  a  v a r i a t i o n  of about 1/8" among them. Changing a l l  t h e  

bundles  from 0 ( t h e  d e s i g n  v a l u e )  t o  5 / E n  changes fl from 3- 



. 
1.80 to 2.12. We might then estimate by interpolating linearly 

that the maximum error in fig due to variation in thickness is 
about 15 0.07. The r.m.s. error is certainly no larger than this 

and has a small effect when added to the greater error due to 

uncertainty in azimuthal angle. 

We would like to thank ROO. Haxby, L. W. Jones, C. H. Pruett 

and K. M. Terwilliger for many helpful discussions during the 

course of this work. 


