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I n  smal l  r a d i a l  s e c t o r  a c c e . l e r a l o r s ,  such a s  t h e  Michigan 

Model, o r  i n  any separat ,ed  s p i r a l  s e c t o r  a c c e l e r a t o r  t h e  ampl i tude 

of t h e  c losed e q u i l i b r i u m  o r b i t  may be es t imated  u s ing  s imple  

impulse methods i nc lud ing  t h e   effect.^ of edges. Assuming t h e  wave- 

l e n g t h  of  b e t a t r o n  o s c i l l a t i o n  i s  long compared t o  t h e  az imutha l  

e x t e n t  of t h e  bump ( h e r e  assumed t o  be one magnet) ,  t h e  new c losed  

o r b i t  w i l l  be a  curve which resembles a  b e t a t r o n  o s c i l l a t i o n  

(about  t h e  unper turbed e q u i l i b r i u m  o r b i t )  c l o s i n g  on i t s e l f  at  

t h e  bump with  an ang le  

Determinat ion of 

)I) We may f i n d  A @  f o r  t h e  e f f e c t  of  a  r a d i a l l y  d i s p l a c e d  

sec t -o r  on r a d i a l  o s c i l l a t i o n s  a s  fo l l ows ,  I n  t h e  unperturbed 

/4 machine t h e  o r b i t  i s  S wt th  r a d i u s  of  c u r v a t u r e  i n  an average 

f i e l d  H subtending an ang le  I n  t h e  per tu rbed  machine t h e  ' 

same n o t a t i o n  wi th  p r imes i s  used.  Consider  a  s c a l i n g  s e c t o r  

moved r a d i a l l y  inward. 
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This  exp re s s ion  i s  independent of magnet s p i r a l i n g  and 
r\ 

of s c a l l o p i n g  of t h e  equ i l i b r ium o r b i t ;  i . e , ,  a s  long a s  t h e  

s e c t o r  s c a l e s ,  t h e r e  a r e  no e x p l i c i t  edge e f f e c t s .  The 

+ 1 i n  t h e  b racke t  i s  due t o  t h e  e x t r a  a r c  l e n g t h  i n  t h e  magnet 

and i s  important  i n  machines wi th  model- l ike  parameters .  

The e f f e c t  of  a  v e r t i c a l  magnet displacement on t h e  v e r t i -  

c a l  o s c i l l a t i o n s  may be found by adding 'hree c o n t r i b u t i o n s  t o  

A e ; t h e  c o n t r i b u t i o n s  due t o  t h e  two edges and t o  t h e  g r a d i e n t .  

I f  t h e  magnet. i s  d i s p l a c e d  by z v e r t i c a l l y  and t h e  o r b i t  e n t e r s  t h e  

magnet a t  an  ang le  from t h e  normal t o  t h e  magnet edge,  86 due 

t o  t h a t  edge i s  g iven  by 

s i n c e  A@= z 
'T 

and 1 = t a n 4 3  

P 
i s  nega t ive  i f  t h e  edge i s  v e r t i c a l l y  focus ing  and p o s i t i v e  

i f  it. i s  defocusing.  Due t o  t h e  g r a d i e n t  i n  t h e  magnet, t h e r e  

w i l l  be t h e  u s u a l  c o n t r i b u t i o n  t o  de from t h e  r a d i a l  component 

of  f i e l d  
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when H = 0 i n  t h e  median p l ane ,  
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The same s i g n  assignment ho lds  f o r  t .his  a@ . Therefore  i n  

t r a v e r s f n g  a  complete v e r t i c a l l y  d i s p l a c e d  s e c t o r  a  p a r t i c l e  

exper iences  = t a n  d k i t t a n $  ] 
? R 2 .  



For a r a d i a l  s e c t o r  magnet t a n  (P = t a n  Q)* and both  a r e  nega- 

t i v e  q u a n t i t i e s .  For a  magnet of  a  s epa ra t ed  s e c t o r  s p i r a l  machine 

t h e  sma l l e r  t angen t  t e rm and t h e  k t e rm a r e  p o s i t i v e  whi le  t h e  

l a r g e r  t angen t  t e rm  i s  nega t ive .  

Amplitude due t o  A@ 

I f  t h e r e  i s  o n l y  one bump p r e s e n t ,  the  e q u i l i b r i u m  o r b i t  

w i l l  be symmetric about it and t h e  ampl i tude,  A ,  of t h e  

equ i l i b r ium o r b i t  w i l l  be g iven ,  assuming s i n u s o i d a l  o s c i l l a t i o n s ,  

by 

I f  t h e r e  a r e  p o i n t s  of  symmetry i n  s e c t o r s  a s  i n  r a d i a l  

F s e c t o r  machines, t h e  maximum ampli tude measured a t  p o i n t s  of 

symmetry when t h e  bump i s  a l s o  a t  a  p o i n t  of symmetry i s  

where i s  t h e  c o e f f i c i e n t  i n  t h e  one s e c t o r  t r a n s f e r  mat r ix  

s i n c e  a t  p o i n t s  of  symmetry a - 0'. The independant v a r i a b l e  

i n  t h i s  fo rmula t ion  i s  l e n g t h  i n  u n i t s  of t h e  r a d i u s  of c u r v a t u r e ,  

and p i s  d imens ion less .  

I n  t h e  o r d i n a r y  A.G. o r  t h e  r a d i a l  s e c t o r  ca se ,  t h e  two 

p o i n t s  of symmetry correspond t o  maximum and minimum va lues  of 

hence t h e r e  a r e  f o u r  s p e c i a l  c a se s  of i n t e r e s t :  
rn 

1. This  i s  a  p a r t i c u l a r  ca se  of t h e  more g e n e r a l  t r ea tmen t  g iven  
by L a s l e t t  (Brookhaven r e p o r t  LJL  7 ) ,  



f- L'r A= Rnc - R,, 
R bump and d e t e c t o r  a t  p o i n t  of ,& m a x D  

a t  p o i n t  o f B  and d e t e c t o r  a t  

o f /  

bump a t  p o i n t  of  min and d e t e c t o r  a t  

bump and d e t e c t o r  a t  p o i n t  of ,d mins 

I n  s p i r a l  s ec to r  a c c e l e r a t o r s  t h e r e  a r e  no p o i n t s  of  symmetry. 

Examples 

i n  t h e  Michigan r a d i a l  s e c t o r  model t h e  d e t e c t o r  i s  i n  a  

s t r a i g h t  s e c t i o n .  S ince  n e g a t i v e  magnets a r e  q u i t e  narrow we 

P w i l l  assume t h e  e s c i l l a t i o n  ampl i tude i s  t h e  same a s  would be 

observed by a  d e t e c t o r  i n  a  n e g a t i v e  magnet, We a l s o  assume 

t h e  bumps a s  impuls ive  and a t  t h e  c e n t e r s  of magnets. The 

working exp re s s ions  a r e  summarized below: 

V e r t i c a l :  wide magnet d i  

narrow magnet d i sp laced : ]  

e @+I)., 

Radia l :  wide magnet d i s p l a c e d :  "=]ex. atff- 7dh 

narrow magnet displaced- / =% A& d / P p k  V'L* J 

P, where s u b s c r i p t s  1 and 2 r e f e r  t o  wide and narrow magnets. Cole 

has  found "hard-edge" parameters  which c l o s e l y  r e p r e s e n t  t h e  



r 
c h a r a c t e r i s t i c s  of  t h e  Michigan r a d i a l  s e c t o r  FFAG n r v u ~ l  and from 

which ma t r ix  c a l c u l a t i o n s  of t h e  e f f e c t s  of  misal ignments were 
2 

made. These r e s u l t s  ag ree  w e l l  when p l o t t e d  a g a i n s t  t h e  expe r i -  

mental  p o i n t s ,  The maximum ampli tudes  computed from t h i s  ma t r ix  

c a l c u l a t i o n  may be  compared w i t h  t h e  va lues  from t h e  above ex- 

p r e s s i o n s ,  a s  a  t e s t &  t h i s  approximate theory .  

iven b ~  - 2 The equ iva l en t  hard edge parameters  a r e  g. 

k = 3.36 P,g/h = 2 . 4 0 ~  

= 1.20 PJIL = 0.45 

q = -415 @,/ = 0.95 

4, g 2.45 ( ave rage ]  @ad= 2.75 
0 $ 19  ( ave rage )  dm = 2.712 

The r e s u l t s  a r e  compared wi th  t h e  m a t r i x  c a l c u l a t i o n s  i n  t h e  

fo l lowing  t a b l e .  

3. The va lue  of P were found by Cole f o r  t h e s e  hard edge 
parameter ,  a l though  t h e y  do n o t  appear  i n  MURA 203 o r  e a r l i e r  
r e f e r e n c e s .  



P Consider ing t h e  n a t u r e  of  t h e  approximat ions  and t h e  f a c t  t h a t  

t h i s  c a l c u l a t i o n  i s  f o r  t h e  c e n t e r  of nega t ive  magnets whi le  t h a t  

i n  r e f e r e n c e  2 i s  f o r  c e n t e r s  of  s t r a i g h t  s e c t i o n s ,  t h e  agreement 

seems good. 

Applying t h i s  method t o  t h e  parameters  f o r  a  38 s e c t o r  15 

Bev sepa ra t ed  s e c t o r  machine ( c o n s i d e r i n g  on ly  c e n t e r s  of magne ts ) ,  

- - 
t K* 'vdE 
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"fiZ - A- I/!& Y F ? ,  ( b + / ) S  

A n  - 7 2 f.', ,A2 d* 
where 

It i s  worth n o t i n g  t h a t  t h e  n e t  e f f e c t  of a  v e r t i c a l  

d isplacement  i s  s m a l l e r  t han  any of i t s  t h r e e  components, and 

t h i s  seems t o  be a  d e f i n i t e  a s s e t  t o  t h e  s epa ra t ed  s e c t o r  

s t r u c t u r e ,  This  i s  analogous t o  t h e  r e d u c t i o n  i n  s e n s i t i v i t y  

t o  p e r t u r b a t i o n s  i n  a  convent iona l  A. G. machine when focus ing  

and defocusfng magnets a r e  combined i n t o  s i n g l e  u n i t s .  


