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We define an adiabatic acceleratof as one in which al l  accel- 

erating and guide fields vary slowly in t ime relative to the f~eguguenqy 

- of reyolution of the particles. We shall show that the momentum 

. gained by a particle in an adiabatic accelerator depends essentially 

only on the difference in total magnetic flux enclosed by the initial 

and final orbits. This result wi l l  apply in particular to  acceleration 

via sn  outward travelling flux wave; and to methods involving switching 

of particles in and out of orblts which link changing flux pathg, provided 

the switching is accomplished slowly. 

This investigation was suggested by a treatment given by 

1 
French for the case of cylmdrical symmetry, and by results  obtained 

2 by Fulbright for several  special cases  in~olvlng slow switching of 

- * Supported by AEC. 

P Park French. Letter to A. M. Sessler,  June  27, 1956. 

"Private communication. 



carbits. We first treat  the case of cylindrical symmetry along the lines 

indicated by French, but with conclusions which differ somewhat from 

his. We then generalize to the case of arbitrary orbit shape. 

I, Cylindrical Symmetry. 

The Lagrangian for a particle in an electromagnetic field is 

If the field6 have cylindrical symmetry, then L does not depend on 8 , 
and the canonical angular momentum 

i e  a constant of the motion, where p8 i s  the mechanical angular 

momentum, 
m r26 

pn ° J j - - V Z 7 c 2  ' 

It is easy to show that the total magnetic flux within a circle of 

radiue r is 

@ = 2 ~ r  A~ . 

Hence from Equation (2) we have for the change in mechanical 

angular momentum between times to and tl: 

where # @ a r e  the total f lux within c i rc les  of radii rl,  ro. 



The result (5) is correct,  no matter how the fields may changp 

with Pime, so  long a s  they a r e  cylindrically symmetriq. Jf now thq 

fields change adiabatically, then a particle moving initially on a cfrclq 

yvill continue to move on a circle witliaut betatron oscillation$, and 

hence 

- e 2 pa = r p  - - ~r B~ 89 

fa  a function only of r, when 

ie the magni t~~de of the linear momentum. We then have - - 

and 

1 - 0 = 

which is the betatron flux condition, 

U we neglect betatron oscillations, then the two te rms  on the 

sigM of Equation (2) a r e  functions of r alone, and aqy given particle 

must always l ie on a radius r which is a root of Equation (9) for a 

conrtant value of Pa , If the fields vary periodically in time, then 

the particle must return periodically to the same radius p, unless 

Equation (2) has multiple roots; in that case, the particle may move 

progressively from one root to another during a cycle, a s  i s  the case 

in travelling flux wave acceleration. This possibility appears to have 

been overlooked by French, probably because he assumeg a reference 



time during the cycle when no accelerating fields a r e  present, ~ a a d  no 

such %&me exist@ for travelling flux wave acceleration. At ~ Q T  ~ @ $ e ,  

if, Ae clear from Equation (8) o r  ( 9 )  that travelling flux wavp aceelssa- 

tian ia pic more efficient than ordinary betatron acceleration with p 

flux core ,  in the sense that,  f o r  a given guide field, the total flux 

which must be caused t o  link the orbit during acceleration is the aame 

in either caae. 

11. The General Case 

We now aaeume an arbitrary system of guiding and accelerating 

fiielde. In order  to  generalize the results  of Par t  I, we introduce a 

/. timv dependent coordinate system R,@, Z, defined a s  follows. The 

curve@ R s Const.,  @ - Z - 0  shall be at each instant t the closed 

equilibrium orbits for  the magnetic field configuration at time t .  \Ye 

wi l l  define R, @ , Z so that 

2 rl R ' length of equilibrium orbit R, (10) 

R 8 8 distance measured along the orbit R (11 ) 

a; distance measured along a curve R Z C O N S ~ . ,  @ C O N S C . ( ~ Z )  

Wa arrange that the curves R = const ., 6 - const. a r e  arthogonal to the 

~ ~ r f a c e r  &constant. This coordinate system is in general not ortho@nal, 

and @lowly changing with t ime.  The velocity 2 of a particle will be given by 

where ??(R,@z, t] is the position vector of the particle. 



Since by ~ q .  (11). 1 LZ/ ‘2 @ 2 R J 

* 
where A$ i s  the component of A along the equilibrium orbit, and 

where % is the component of velocity along the equilibrium orbit. 

The time rate of change of 6 i s  

We have, therefore, for the change of P6 during one revolution 

E we now aeeume that L varies alowly with t and neglect betatron 

oscillations, we can treat R, 2, t as constant during one revolution and - Equation (18) then gives 
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Hence 4 i s  8 periodic invariant under adiabatically changing fields; 

that lo, it has a constant value at  each point along the equilibrium orbit. - 
In particular, 4 averaged around the orbit is a constant of the 

motion. The generalized form of Equation (2) i s  then 

(All bare denote averages around the equilibrium orbit) 

Since 3- V X Z  (21) 

we have for the flux encircled by the orbit R 

- -. 
where AB) is the average component of A along the orbit, averaged 

@round the orbit. We can now generalize Equation (5): 

F o r  o particle moving along an equilibrium orbit, Equation (16) becomes 

f8* R J " .  (24) 

Venca we can generalize Equation (8): 

where f i s  the radius of curvature of the equiIibrium orbit at  the 
2 

point 8, 0 then we can show that 

!J 
8ymon. Kerat, Jones, Laslett and Terwilliger, "Fixed Field Alterpa- 

tlng Gradient Acceleration". To be published in Physical Review 
See Equation ( 4 . 4 )  



glroddedt go conetant around the orbit, i. e.  in the absence pf 

rlgctrortatic fields. We then have a generalized betatron flux 

are alectroetatic fields, then Equation (20) holds ~ Q F  somqr 

guitabty defined average field. 


