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An RF system which i s  frequency modulating i t s  synchronous pa r t i c l e s  to 

t he  posi t ion of a previously deposited coasting o r  "stacked" beam has the Ukeli- 

hood of exci t ing betatron osc i l l a t i ons  in t h i s  stacked beam. RF exci ta t ion 

of betatron osc i l l a t ions  has been observed experimentally i n  the 14ichigan 

synchrotron, t he  Berkeley 18f+nsynchrocyclotron, and the Michigan model FFAG 

betatron, and must be considered i n  any beam stacking program. The following 

?aport glves the  RF knockout frequencies f o r  one o r  more RF cav i t i e s ,  f inds  the 

number of equivalent i n  phase kicks which the RF system imparts t o  t he  pa r t i c l e  

a s  the RF passes through a KO resonance, determines the amplitude resu l t ing  

F from a s ing le  kick by r a d i a l  and slanted cav i t i e s ,  and discusses some numerical 

examples. 

1. Frequencies of RF KO by one cavity. 

The RF frequencies, a m ,  from a s ing le  narrow cavity,  which 'drive 

betatron o s c i l b t i o n s  i n  a beam of going around frequency do have been 

calculated by a number of people. The simplest method i s  duo t o  X. R. Symon. 

The force ac t ing  on a pa r t i c l e  a s  a function of time due t o  a single 

de l t a  function RF cavity can be expressed a s  

The dependence of the force on the x and y betatron displacements i s  due to 

P 9 gradients i n  the  RF f ie ld .  Lat f(x,y) = x y p, q, integers,  x = s i n  xt, J 
y = s i n  0 yt, 0 and 0 the  betatron o s c i l l a t i o n  frequencies. So f(x,p) 

X 

P has terms l i k e '  s i n  p Oxt and s i n  q & =t. &( t ) ,  due to t h e  narrow RF 

cavity,  has terms cos(n ( Jo t ) ,  n an integer,. 



P The force then has resu l tan t  terms as:  

If this term i n  the force has frequency Ox it can drive the x betatron 

osci l la t ion.  

*LIRp; ( l + p )  ? ( f q $ l n  m e r e  W = JX 

u d  
and p, q, and n a re  

integers. 

The r e s u l t  that an RF cavity with a l inea r  r ad ia l  gradient can drive 

r' the  x betatron osci l la t ions of synchronous par t ic les  has been found by a number 

of people and i s  again apparent from the above derivation ( 1  '1. p = o, q = 0). 

2. Frequencies of RF KO by a number of cavities.  

If there a re  a number of cavi t ies  accelerating synchronous par t ic les  

y l th  harmonic number 4 and the "Bh" such cavity is at  a machine angle '& 
from the "0 th"  cavity, then, a t  one instant ,  the RF phase of the l t h  cavity 

i s  h d i f fe rent  than the o th  (for  each cavity t o  be a t  the same phase a t  

the a r r i v a l  of a synchronous part ic le) .  The t o t a l  force on a stacked par t ic le  

i s  the sum from tho separate cavi t ies  and equals, 

~ ( t )  = I(X*Y) C s i n  (uwt - h 9 &(#@ t - @A 
R 

- f ( x , y ) E  - s i n ( W R F t - h 8 ~ )  c o s ( n l d o t - n 6 )  

b--;"d a 
- l / 2 f ( x r y ) Z  t s i n  ( O W  + n W g ) t 7 ( h + n )  31 - C 

P 



The force w i l l  be zero when 
\ 

which r e s t r i c t s  the in t eg ra l  values of n f o r  KO. The KO frequencies are: 

= f ( l z p )  4 k ' q d j - n  - (n having res t r ic ted  in tegra l  
d o  values bet~reen - 4- .no ) 

Consider two examples. F i r s t ,  the case where there a re  e equally spaced 

cavi t ies  around the mchine. Then 

- which equals zero unless 

h+n - m an integer  - - 
s 

So KO w i l l  occur only when 

u o  
The larger  s the fewer KO frequencies., 

Second, consider ju s t  two cavi t ies  spaced &'apar t .  There w i l l  be 

KO when 

So f o r  two cavi t ies  feuest  n can causo KO when @ = 71. 



f l  
It i s  c lear  that par t icu la r  frequencies can bo leg is la ted  away. To 

design out a l l  re levant  one3 becomes d i f f i c u l t  a s  the  frequency modulation range 

increas'es. 

3. Buildup of betatron osc i l l a t i on  amplitudes go!-ng through a resonance. 

Let a betatron o s c i l l a t i o n  of frequency ax be driven by an impulsive kick 

of frequency L;) where 

n l inear  modulation of the  r e l a t i v e  frequency. Let the amplitude of betatron 

osc i l l ? t ion  generated by a s ing le  lriclr be a, a constant. The r e l a t i v e  phase of 

a betatron osc i l l a t i on  excited by a kick at  time t t o  one which was excited a t  

t = o i s  

Lett ing the vector --jr represent the amplitude and phase a t  t i n e  . 



P + 
The n u p i t u l e  of A (a) can be round sna ly t ics l ly ,  assumlng differen- 

t i a l  icicl<s, 

the  betatron osc i l l a t ion  vector 'from one kick a t  t, and f i s  the number of kicks/ 

secoild. 

--r 
dA - f a e  i $ t . t )  fae i d t 2  
d t  I 7 

I A ( ~ ) (  = fa. *= --- fa where d is the r e l a t i v e  

frequency i n  cycles/sec. 

. 
I understand thst F. T. Cole and D. 1.1. !:erst have made similar calculat ions  

i n  connection with the bui.ldup' of betatron osc i l l a t i ons  going through a magnetic 

f i e l d  bump resonance. 

I n  RF dr iving of a stacked beam osc i l l a t i on ,  the driving frequency i s  t b a t  seen 

by the particle8,obtained i n  sections 1 & 2 t o  be 

wliere & goes through x. Only a s ingle  value of n i s  considered here. 

The e f fec t s  of any other resonJnces a r e  assumed calculable by 'mul t iplying 

p by the square roo t  of the nwlber pa:sed tJ!ough, i . e ,  assuming random phases. 



So the equivalent number of i n  phase ldclts obtained going through the resonance, 

wllere f i s  the number of 

kicks/second 
, 

and ddRF i s  the frequency modulation r a t e  of the  RF i n  cycles/sec. - The 
d t  

RF cavity of course does not give constant magnitude kicks but  s inuso ida l  

ones, the peak of the s i n e  wave occuring a t  t h e  r e l a t i v e  phase #= At2 . 
2 - 

The average value of a group of 1.i~.  s is a l s o  a t  phase 9 and has a value ~ ~ d - 4  
of the peak ldclt. T h i s  assumes t h a t  the phase @ i s  slowly varjdng compared t o  

other frequencies involved, cer ta in ly  correct  over the region of in te res t .  

4 Betatron osc i l l a t i on  from a s ing le  t r ave r sa l  of an W cavity. n 
a )  Radial (standard) cavit ies.  

A pa r t i c l e  passing through an acce le ra t ing  c n v i t j  has a fast 

change i n  the  posit ion of i ts equilibrium o rb i t ;  since i t s  ac tua l  r a d i a l  posit ion 

has not changed a betatron osc i l l a t i on  i s  excited whose anpli tude equals the  

clwnge i n  posi t ion of the  equilibrium orbi t .  So s ince 
t( 

P = P 0 ( 5 ) >  % = r  4% where Op is  the azimuthal 
PO i ; P  

momentum gained i n  crossing t h e  cavity. 

Where . VanJ Llotol, 
awe j h  tAc s r m c  
energy units.  . 



r' 
b) Non r ad ia l  cavity. 

I n  t h i s  case, i n  addi t ion  t o  the amplitude generated by a change i n  

the  equilibrium orb i t ,  there  i s  a transverse kick resu l t ing  i n  an angle change 

A PL A 8 =  - t h e r e  A PA is the 

transverse momentun gained. 
' P 



f l  5. Numerical examples. 

To plug i n  some nmbcrn, consider a system l i k e  t h a t  of the proposal 

i n  which beam i s  stacked at- 1 Bev. Going around frequency f o r  the  

d l l l p ~  - J~ X / O  4 eydes/sc=, 2. staclced beam i s  500 KC and - - 
di 

going *om 5.5 --;$ Ll mc three  :times/sec. dx= /D . f. Resomnces a r e  

crossed when 

Resonances occur a t  n r 1-7 11, 22 32- 22 resomnces/srreep 

= d &  resonances/sec - 8 i n  phase resomnces/sec. 
-F - L - . a / o  /6 0 

The equivalent nwnber of  i n  phase kicks/resomnce = ~ R F '  -8' 

So the nmbor of i n  phase lticlts/sec I 9 x /- = 800. 
F 

If the  cavi ty  io r a d i a l  

a p e a ~  = 7 x 0  * n c J  

= 003 ern /K;.CK 
a '=  G3z&lY = .  oo/g  c*/&cl< 

a, 
Total  amplitude = ~f~ / , z w  f o r  a one second stack. Seens ju s t  

to lerable  for  a beam .to be 2: /Lz cm a t  15 Rev. 

If t he  cavi ty  i s  slanted a t  /= $. $ 

a m r i l i t d  = 800 2 /. 3 & -/ 
If one is going t o  keep staclced pa r t i c l e s  around, the system must be designed 

so that betat ron osc i l l a t ions  a r e  not excited by tho RF f i e l d  of a slanted oavity.  


