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An RF system which is frequency modulating its synchronous particles to
the position of a previously deposited coasting or "stacked" beam has the likeli-
hood of exeiting betatron oscillations in this stacked beam, RF excitation
of betatron oscillations has been observed experimentally in the Michigan
synchrotron, the Berkeley 184"synchrocyclotron, and the Michigan model FFAG
betatron, and must be considered in any beam stacking program. The following
réport gives the RF knockout frequencies for one or more RF cavities, finﬁs the
number of equivalent in phase kicks which the RF system imparts to the partilcle
as the RF passes through a KO resonance, determines the amplitude resultiné
from a single kick by radial and slanted cavities, and discusses some numerical
examples. |
1, Frequenciés of RF KO by one cavity.
The RF frequencies, &)RF’ from a single narrow cavity, which drive
betatron oscillations in a beam of going around frequency &), have been
calculated by a number of people, The simplest method is duc to K. R. Symon.

The force acting on a particle as a function of time due to a single

delta function RF cavity can be expressed as
F(t) = £(x,5) J(w, t) sin G/ ppt

The dependence of the force on the x and y betatron displacements is due to
gradients in the RF field, Let f(x,y) - xpyq,p, g, integers, x = sin Q) yxt,
y=s8in &) yt, A - and ¢U|y the betatron oscillation frequencies. So f(x,y)

has terms like sin p &4/, t and sin q&)y‘h. J.( ¢, t), due to the narrow RF

cavity, has terms cos(n dJot), n an integer.
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The force then has resultant terms as:
F(t) = sin (£p @y 2qQ Wy £0 &, 2 L)t

If this term in the force has frequency (4 it can drive the x betatron

oscillation.
Lz :_th)x.thy_tn,wo_-f; QRF’
or LUr 2 (120) Wytql 2k,
tWrpp - (1tp) Y, ZTqryzn Where &)y =V, &)

and p, q, and n are.
int;gers.

The result that an RF cavity with a linear radial gradient can drive
the x betatron oscillations of synchronous particles has been found by a number
of people and is again apparent from the above derivation (1+ p = 0, q = 0).

. | Frequencies of RF KO by a number of cavities,

If there are a number of cavities accelerating synchronous particles
with harmonic number h, and the nfth" such cavity is at a machine angle ée
from the "o th" caviiy, then, at one instant, the RF phase of the .f th cavity
is h Qe different than the gth (for each cavity to be at ‘the same phase at
the arrival of a synchronous particle). The total force on a stacked particle

is the sum from the separate cavities and equals.
F®) = 2y) 3T otn Qe =1 Gp) S, -6y

=f(x!y)z DY sin (Wgpt - h Op) coe (n&)ot-nf?g)
n L
o0~y o2
1/2 £(x,y) %: % sin E&)RF -+ nwo)t .- (h*n) 0}]
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' The force will be zero when

£

which restricts the integral values of n for KO. The KO frequencies are:

Wep = Z(1tp) ‘l{t £Laq \)y -n (n having restricted integral

UWo - values between — =—7 o= )

Consider two examples. First, the case where there are 8 equally spaced

cavities around the machine. Then
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and - =412 (h+ n)
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which equals zero unless

h#n - 7 m an integer
8

So Ko will occur only when

n=-Xmns~h
or Wypp = (12 p) VpLq Yy Zns +n
Wo

The larger s the fewer KO frequencies.-
Second, consider Jjust two cavities spaced ﬁ'apart. There will be no

KO when
(h*+n) g = 2.(2m = 1)

or n=z *(2n-1)7%7 -h
é

So for two cavities fewest n can cause Ko when & :7]’ ¢
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It is clear that particular frequencies can be legislated away., To
design out all relevant ones becomes difficult as the frequency modulation range
iﬁéraases.
3. Buildup of betatron osc_:illation amplitudes going through a resonance.
Let a betatron oscillation of frequency &)x be driven by an impulsive kick

of freguency QJ where
- W, = yol By

a linear modulation of the relative frequency. ILet the amplitude of betatron
~oscillation generated by a single kick be a, a constant., The relative phase of
a betatron oscillation excited by a kick at time i to one which was excited at

t =zois
%
@ (1) = J; @ - wy)at - 5_;2

Letting the vector ——» represent the amplitude and phase at time

t of the oscillation excited at ¥ = o, and/1.1¢ = _ég'z that at t, the result-

ing betatron oscillation at any time can be found by vecizy addition. The re-

sult is a Cornu spiral.
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The magnitude of A (<) can be found analytically, assuming differen-

tial kicks,

-
-~ - 1
_%%_ = fa(t) where a(t) = aelqb(t),

the betatron oscillation vector from one kick at t, and £ is the number of kicks/

sccond,

dh 1@(t) 3 G2
= fae ¢ s fae —

dt

d
o i (="
Ale) = fa f e1 .822

oo
fa mf‘:‘i@ du
' R
fa 1{2&25 l};:igz:_'f- i iiﬁz i:J
o M) 22 /20B=

dt frequency in cycles/sec.

i

where v/is the relative

~

I understand that F. T. Cole and D. VW, Kerst have made similar calculations
in connection with the buildup  of betatron oscillations going through a magnetic
field bump resonance.

In RF driving of a stacked bean oscillation, the driving frequency is that seen

by the particles,obtained in sections 1 & 2 to be
Ci} = 2 (1zp) CZJX N Q‘2§, 5 (CZ{RF #n ng)

where &/ goes through W 5 Only a single value of n is considered here,
The effects of any other resonances . are assumed calculable by multiplying

by the square root of the number passed through, i.e, assuming random phases.




-6 -

So V. = 1 d (w_wx) = d\/RF
at 2 d% i

So the equivalent number of in phase lkicks obtained going through the resonance .
is - £

o2

dt

where £ is the number of

kiclks/second

and d¥gy 1s the frequency modulation rate of the RF in cycles/sec.2 . The

dt
RF cavity of course does not glve constant magnitude kicks but sinusoidal

ones, the peak of the sine wave occuring at the relative phase -¢= 431‘.2 .
‘The average value of a group of kicls is also at phase 9?5 and has a valz.ue Cod,‘i'az/'-z
of the peak kick, This assumes that the phase ¢ is slowly varying compared to
other frequencies involved, certainly correct over the region of interest,

4L+ Betatron oscillation from a single traversa.llof an RF cavity.

a) Radial (standard) cavitles,
"~ A particle passing through an accelerating cavity has a fast

chayge in the position of its equilibrium orbit; since its actual radial position
has not changed a betatron oscillation is excited whose amplitude equals the

change in position of the equilibrium orbit. So since

K

e ]

4p. where Op is the azimuthal
P

[>]
momentum gained in crossing the cavity.

Op = ev_ V= Caviéy voltage

B 45___%:
9_!’_.—: eV
r L% Ettal

Where Va-na’ £T‘,t$]

SO ' a-x _"_2 % ”
K =~ £Ta't'a—, aAre /h tlnc. S e
energy units, .



b) Non radial cavity.
In this case, in addition to the amplitude generated by a change in

the equilibrium orbit, there is a transverse kick resulting in an angle change

Where A #) 1is the

A-@:_A.‘_P;’:_
-

transverse momentun gained,
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5, Numerical exapples.

To plug in some numbers, consider a system llke that of the proposal

in which beanm is stacked at ~— 1 Bev. Going around frequency for the

stacked beam is 500 KC and d Vg >~ 3o X/ﬂ“ c’-ye./e.s/Se.c;, %

Pt :
going from 5.5 —2 1l mec three _times/sec. 7/)(-—- /0 .f. Resonances are
crossed when

CWRE = £ Vg tpn,  ASSuming onc cavity,
¥ Ho gra Srents

//— 22 = £ (0.8 £ n
Resonances occur at n w 1 —7 11, 22 —=732= 22 resomnces/sweep

= &( resonances/sec —~ 8 in phase resonances/sec.

...i LEX/o 6 g /0 0
The equivalent number of in phase kicks/resonance = y"VRF “ Y3oxs0¢

So the number of in phase kicks/sec =
F

3 X 7100 = ¥00.
If the cavity is radial

Gannk s o M. . 75X /03 x.05 meV
4 K B8% Erital

30 X. 75 ‘(IQ—X/OBIJ)CU

a = a'Eg-’a.K = o OIS CM/I‘FI'C./(

Total amplitude = g x goo = /. 2e# for a one second stack. Seens Just

tolerable for a beam to be # /4

cn at 15 Bav.

If the cavity is slanted at /= ¥.5 @

Gpeak = 22 (L2 ) |/

o RX‘ZSX_fagx Zay, 08
=.3Y¢n BRE rutar 08 X .75 KX AX 03

. . - a-.: =9 ./’)C/r)«v

Total amplitude =

fo0 a= /) B ppelona 7
If one is going to keep stacled particles around, the system must be designed

so that betatron oscillations are not excited by the RF field of a slanted cavity.




