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Developments in the art of designing high-energy particle acceler- 

ators may be of interest not only to nuclear physicists, but also to 

those working in chemical and engineering fields, to biologists, and 

to workers engaged in medical research. For the physicist the possib- 

ility of studying particle reactions at increasingly hiqh enerqies may 

be the most exciting aspect of such developments, although a substant- 

ial increase of intensity, at energies presently available, would make 

possible definitive experiments now difficult to perform. For prod- 

uction of sadfation effects on matter en qross, as in the production 

of cross-linkages in polymers or in various radiation damage invest- 

igations, intensity may be the more important characteristic of an 

paccelerator. In the present article we attempt to outline a potential 

new development in the accelerator art which appears to offer not only 

the prospect of certain engineering advantages, but also the promis6 



n of a substantial increase of intensity or of the energy available for 

the study of particle reactions. Analysis of the particle orbits to 

be expected in the proposed structures affords a number of important 

and challenging mathematical problems concerning which it may be hoped 

an improved analytic understanding will be built up to supplement 

results obtained by digital computation. 

The developments discussed here are the result of study by a 

group of Midwestern physicists (1) who were stimulated by the broad 

class of new accelerators apparently made possible by the use of the 

alternating-gradient principle, first announced from the Brookhaven 

National Laboratory (2). Specifically, in contrast to the present 

Brookhaven efforts, the Midwestern group has concentrated on a class 

of cyclic accelerators employing magnetic fields which are constant 

" in time. . 
In any cyclic accelerator, as the cyclotron, bekatron, or 

synchrotron, a charged particle makes a great number of revolutions 

within the structure, gaining a relatively small amount of energy on 

each turn, and the provision of suitable focusing forces is essential, 

It may be of interest to note in this connection that, in a number 

of typical accelerators-now in use, the distance covered by the 

particle during the acceleration process ranges from one-third the 

distance across the United States to some six or eight times around 

the earth. Since partic.les with energies that are at least slightly 

different will be simultaneously present, a related property of an 

annular accelerator of importance in its effect on the cost of the 

structure is the ability to accomodate particles with various 

energies within an annular region of limited radial extent. 

If, as is customary, the particles are guided by a magnetic 

field as they follow their orbits around the accelerator, it is 





maccelerator if a rapid radial increase of the guide field is permitted 

by introduction of alternating-gradient. focusing to maintain orbit 

stability. The field may then be capable of accomodating simultaneous- 

ly particles of a wEde range of energy'and the field strength could be 

independent of time. Such a modification, although introducing 

complications associated with the significantly non-linear character 

of the differential equations governing the particle motion, evident- 

ly promises a number of significant advantages: 

1 Direct-current magnet construction and excitation may 

be employed; 
\ 

2. The magnetic field need only be adjusted for operation 

at a single level of excitation, thus avoidin'g the difficulties 

associated with remanence, saturation, and eddy-currents in a pulsed 

f i  accelerator; 

3. There is greater freedom in the choice of injection 

energy and the time-schedule for the acceleration process is flexible; 

and 

4, High intensity appears possible, due to the permiss- 

ible flexibility in planning the means of particle acceleration. 

Azimuthal variation of field in a cyclotron, with the associated 

alternating-gradient focusing effects, can also be advantageous in 

allowing higher energies to be reached than otherwise would be 

pexmitted by the relativistic increase of mass with energy. 

We discuss below a number of specific types of structures in 

which fixed-field alternating-gradient focusing is present (31, (41, 

( 5 ) .  The structures are of two general types, one employing radial 

nsectors and the other a spiral sector pattern. The first-mentioned 

type is in some ways simpler and easier to construct, while the second 

appears to permit a smaller accelerator for a given energy. In all of 



f i  the structures, particles with a wide range of energies can be 

simultaneously accommodated by virtue of a magnetic field whose 

average value around the machine varies with radius as rk and focusing 

forces leading to stable motion are obtained by a suitable spatial var- 

iation of the field. 

Reversed-field Desfqn 

In the reversed-field type of FFAG accelerator, the direction 

of the field is reversed from one sector to.the next. The sector 

boundaries are usually supposed to be formed by geometrical planes 

which extend radially from the axis of the accelerator. The strength 

of the field in the reversed-field sectors, or the length of the 

reversed-field sectors, musk of course be less than for the sectors 

I? 
of positive field in order that the particle-orbits will ulthately 

be bent around through 360° and permit a closed equilibrium orbit 

to be drawn (~ig. 1). 

The magnitude of the field in the reversed-field accelerator 

varies at every azimuth as rk , where r is the radius from the 

central axis of the machine. If k is positive there is axial 

defocusing in the positive field sectors and axial focusing in the 

reversed field sectors. The alternating-gradient action is found 

to yield reasonable stability for small-amplitude oscillations in 

both the radial and axial directions, provided the combined circum- 

ference of the forward and reversed field magnets is some five times 

that required by an azimuthally-constant magnetic field of the same 

maximum field strength. The ratio of the combined circumference to 

f i  that required for a constant magnetic field is termed the "circum- 

ference factor", C. 

Within the individual sectors the- fields would normally be such 

that the complete equilibrium orbit would be formed from a series 



n of circular arcs with their centers displaced from the axis of the 

machine. Denoting the radius of curvature of the orbit b y p  , the 
local focusing index is n=knP/r and, if the same magnitude of field 

strength prevails in the positive and negative sectors,p= r/C . In 

linear appkoximation the radial and axial osc4llations in such struct- 

ures can then be expressed reasonably accurately, when the number of 

sectors is large, by the equations 

d2z $ kc I = 0 , 
d ( s/r12 

where s denotes arc-length along a reference circle of radius r, 

/4( 
the upper and lower signs refer respectively to the sectors of 

positive and negative field, and where centrifugal effects have been 

neglected since we assume k C s  1- These equations may be solved 

by aid of the matrix methods customarily employed in analysis of 

alternating-gradient focusing. If the phase change per sector for 

the radial oscillations and the corresponding phase change for the 

axial oscillations are permitted to assume widely different values, 

lyfng near the upper and lower limits of the stable range, a design 

with C as low as 5 may be feasible. A more accurate calculation 

must, of course, take account of the edge effects which arise at the 

sector boundaries and would involve an expansion about an equilibrium 

orbit which accordingly must be determined first. For a complete 

account of the motion the effect of non-linear terms would also have to 

n be included. 
Attention is directed to the important scaling property of the 

orbits in this accelerator. Possible orbits of particles of different 



n energies, or moments, are scaled replicas of each other. In conseq- 

uence, the frequencies of 'he oscillations will be independent of 

energy and harmful resonances may be avoided at all energies by a 

consistent design. The momentum content is represented by p N  r k+l P 

so that the mornent.um compaction factor d. is given bv 

01 + k + l  

and can be either positfve or negative in a reversed-Field accelerat.or. 

A small working model of a reversed-field FFAG accelerator has 

been put into operation (6), This model, shown in Fig. 2, employs 

eight sectors of positive field and eight shorter s'ectors of negative 

field. Electrons are accelerated, at present by bet.atron action, 

from 25 Kev to 400 Kev, Tuning controls have been provided for the 

model, so that various oscillation frequencies can be produced. These 

r\ frequencies can be measured accurately by a radio-frequency knock-out 

technique (7) and the effect of certain resonances on the beam noted. 

The model affords an opportunity to study operation with a high duty- 

factor, as is possible in FFAG accelerators employing betatron accel- 

eration: Radio-frequency acceleration methods will also be investigated. 

Possible parameters for a large-scale reversed-field FFAG accel- 

erator for the production of 10 Bev protons have been examined. 

Although such a machkne would be expected to have many desirable 

characteristics, thB large magnet mass and power requirements direct 

interest to other FFAG designs of smaller circumference factor. By 

virtue of its essential simplicity, however, the reversed-field type 

may remain of-Lnteresk for accelerators of :low or int.ermediate energy, 

especially if a high duty-factor can be efficiently realized with 

bet.atr0.n acceleration. 



rn ,Spiral-Sector Desiqn 

To avoid the considerable circumference required for a reversed- 

field FFAG accelerator, an alternative arrangement has been suggested 

by Dr. Kerst and others of the MURA group in which the a'lternating- 

gradient action is provided by a smaller but more raoid spatial 

variation of the field, the field being alternatively high and low 

along spiral curves which all particles must cross. Illustrative of 

the type of field present in the median plane of such a structure, one 

may take 

Bz o = 7 r { 1 + f sin (Rncr/rn) w - .dl - 
From this expression it is seen that N is the number of spiralling 

ridges passed over by a particle in going around the machine once, 

A The coefficient f is the fractional flutter in the magnetic field 

' due to the ridges. Finally, if the radial width of the annulus is 

small in comparison to the outer radius, ro A = 271 row is sub- 

stantially the radial separation of the ridges, The exponent k is 

taken to be posit.ive, 

In the spiral-sector design, as in the radial-sector case, the 

fields and the orbits satisfy the scaling condition. In passing from 

one energy to another there is, however, a rotation of the geometrical- 

ly similar orbits, which presents complications if one wishes to intro- 

duce straight-sections (field-free regions) whose boundaries extend 

radially from the central axis of the machine. 

The equilibrium orbit in the spiral-sector machine departs from 

a circle by an amount which affects significantly the character of 

f i  the small-amplitude oscillations. For analytic work (8a,b,c9d) it is 

most appropriate to expand the equations of motion about the scalloped 

equillbrium orbit. In terms of cylindrical coordinates (r,z9 fl) we 



* 

n introduce the notation 

and choose r so that the dimensionless variable x will he smaSL, 
4 

The forced motion which produces the-non-circular equilibrium orbit. 

is found to be quite well represented by 

xf = - f sin MQ 

2 -  ( k + q  
and the linearized equations describing small-amplitude oscillations 

are represented by Hill equations of substantially the following form: 

where 

Non-linear terms in the equations of motion can also be obtained. 

The frequencies and other characteristics of the oscillations 

characterized by the foregoing linear equations can be obtained by 

use of tables prepared with the aid of the electronic digital 

computer of the Graduate College of the University of Illinois 

(ILLIAC). Useful orientation is provided, however, by writing 
n frequencies which are given by a simple approximate solution ( 9 ) ,  

ignorfng the relatively small effect of'the terms involving cos 2NQ 



/? and t a k i n g  ~ ~ ) ) k  + 1$ 

It is t h u s  s e e n t h a t  t h e  f requency  of  t h e  free- r a d i a l  o s c i l l a t i o n s  

i s  s u b s t a n t i a l l y  det-emined by t h e  exponent k ~ h e ~ a c t e r i z i n g  t h e  

r a d i a l  i n c r e a s e ~ o f  average  f i e l d  s t r e n g t h ,  s o  t h a t  k  + I must be 

posit isce,  and t h a t  a x i a l  s t a b 4 l i t y  may be ob ta ined  i f  t h e  tern 
wN 1 

i s  s u f f i c i e n t l y  l a r g e  t o  dominate -k. The s t a b i l i t y  r eg ion  f o r  t h e  

small-ampli tude o s c i l l a t i o n s  r e p r e s e n t e d  by t h e  H i l l  equa t ions  c i t e d  

above has  been impped by a i d  of  t h e  ILLIAC t a b l e s  and i s  d e p i c t e d  i n  

Fig ,  3. 

n The n o n - l i n e a r i t i e s  a s s o c i a t e d  w i th  l a rge-ampl i tude  motion i n  

t h e  s p i r a l - s e c t o r  a c c e l e r a t o r  make t h e  u se  of  au tomat ic  d i g i t a l  

computat ion p a r t i c u l a r l y  h e l p f u l  i n  t r a j e c t o r y  s t u d i e s .  R e s u l t s  

p e r t a i n i n g  t o  motion wLth one deg ree  of  freedom a r e  a p p r o p r i a t e l y  and 

conven ien t ly  r e p r e s e n t e d  by phase  p l o t s  which d e p i c t  t h e  p o s i t i o n  

and a s s o c i a t e d  momentum of a  p a r t i c l e  a s  i t  p r o g r e s s e s  through 

succes s ive  n s e c t o r s w  {pe r iods  of t h e  s t r u c t u r e )  from one homologous 

p o i n t  t o  a n o t h e r  (Fig .  4 ) .  For small-ampli tude motion t h e  p a r t i c l e  

i s  r ep re sen t ed  by a p o i n t  which moves around an e l l i p t i c a l  cu rve  i n  

phase  space ,  wh i l e  w i t h  l a r g e r  ampl i tudes  curves  d e p a r t i n g  from e l l f p t -  

i c a l  shape may. be fol lowed,  A t  s t i l l  l a r g e r  ampl i tudes ,  u n s t a b l e  

f i x e d  p o h t s  -- r e p r e s e n t i n g  a n  u n s t a b l e  e q u i l i b r i u m  o r b i t  -- make 

t h e i r  appearance. Assoc ia ted  w i th  t h e  u n s t a b l e  f i x e d  p o i n t s  one 

f- 
f i n d s  a  s e p a r a t r i x ,  c o n s t i t u t i n g  an e f f e c t i v e  s t a b i l i t y  l i m f t  t o  t h e  

motion, which i n  t h e  m a j o r i t y  of  c a s e s  t h e  ILLIAC r e s u l t s  d e p i c t  a s  a  

s h a r p  boundary and o u t s i d e  of which Lt i s  f r e q u e n t l y  posdble  t o  draw 



r\ t h e  i n i t i a l  p o r t i o n  of  u n s t a b l e  phase  curves .  

Due t o  t h e  non - l i nea r  c h a r a c t e r  of t h e  o s c i l l a t i o n s ,  it i s  n o t  

s u r p r i s i t x -  (10) (11) (12) t h a t  t h e  p e r m i s s i b l e  ampl i tude of o s c i l -  

l a t f a n  is .much c u r t a i l e d  if-, t h e  phase  chaage p e r  s e c t o r ,  l i e s  n e a r  

2-/3 o r  2 fl/44. It has ,  i n  f a c t ,  a l s o  been found (13) t h a t  t h e  

ampl i tude l l m i t  i s  reduced,  a l t hough  n o t  t o  z e r o ,  f o r b z  2%/5. For 

c a s e s  i n  which Q i s  n e a r  29'C/3, t h e  l i m i t  o f  r a d i a l  s t a b i l i t y  i s  
X 

c h a r a c t e r i z e d  by t h e  appearance o f  t h r e e  u n s t a b l e  f i x e d  p o i n t s .  I n  

t h i s  c a s e  an examination of t h e  non - l i nea r  d i f f e r e n t i a l  equa t ion  f o r  t h e  

t r a j e c t o r y  pe rmi t s  a  rough e s t i m a t e  t o  be made of  t h e  l i m i t i n g  ampl i tude 

It may be-no ted  t h a t ,  s i n c e  t h e  o s c i l l a t i o n  f r equenc i e s  a r e  e s e n t i a l l y  

d e t e d n e d  by k and f/wM, t h i s  formula s u g g e s t s  a  d e s i r a b l e  in-  

c r e a s e - o f  s t a b l e  .ampli tude might be expected i f  f  and w were each 

inc rea sed  -by t h e  same f a c t o r .  

I n t r o d u c t i o n  of a x i a l  motion i n t o  a  s t u d y  of s p i r a l - s e c t o r  

a c c e l e r a t o r s  produces compl ica t ions  f o r  a l l  bu t  t h e  s m a l l e s t  ampl i tude 

o s c i l l a t i o n s ,  s i n c e  t h e r e  i s  coupl ing  between t h i s  motfon and t h a t  

occu r r ing  i n  t h e  r a d i a l  d i r e c t i o n .  Surveys can b e  made, however, t o  

determine i n i t  i a l  c o n d i t b s  which appear  t o  e x h i b i t  shor t - t ime s t a b i l -  

i t y ,  I n  t y p i c a l  c a s e s  t h e  p e r m i s s i b l e  ampl i tude f o r  a x i a l  motion 

appears  t o  be m a t e r i a l l y  s m a l l e r ,  p o s s i b l y  by a  f a c t o r d  f i v e ,  t h a n  

i s  a l l owab le  f o r  t h e  r a d i a l  motion. When o s c i l l a t i o n s  i n  two deg rees  

of freedom a r e  t r e a t e d ,  t h e  c h a r a c t e r i s t i c s  o f  t h e  a x i a l  motion and 

A i n f e r e n c e s  concerning s t a b i l i t y  l i m i t s  a r e  m a t e r i a l l y  a f f e c t e d  by 
. 

proximi ty  t o  c e r t a i n  coupl i f ig  resonances ,  n o t a b l y  t h o s e  f o r  which 



Near such resonances  t h e  ampl i tude of a x i a l  motion e x h i b i t s  an  

exponen t i a l  i n c r e a s e ,  ove r  a  

of growth being t ' a t e r  t h  

.e ampl i t ude  range ,  t h e  r a t e  

r a d i a l  ampl i tude exceeds a  

c e ~ t a i n  t h r e s h o l d  v a l u e  and t h e  c l o s e r  one i s  t o  t h e  resonance i n  

ques t i on .  Some q u a n t i t a t i v e  succes s  i n  account ing  f o r  t h e  growth of 

a x i a l  ampl i tude can  be ob ta ined  by t r e a t i n g  t h e  d i f f e r e n t i a l  equa t ion  

r and f o r  t h e  a x i a l  motion a s  l i n e a  i n g  a  p r e s c r i b e d  exp re s s ion  

f o r  t h e  r a d i a l  o s c i l l a t i o n s  i n t o  c e r t a i n  coupl ing  terms which a r e  

l i n e a r  i n  t h e  a x i a l  coord ina te .  

c I n  a n  a c t u a l  a c c e l e r a t o r ,  t h e  N i n d i v i d u a l  s e c t o r s  w i l l  no t  

be -exac t ly  i d e n t i c a l ,  due t o  t h e  presence of unavoidable  smal l  

d i f f e r e n c e s  i n  c o n s t r u c t i o n ,  e x c i t a t i o n ,  o r  al ignment.  The b a s i c  

pe r iod  of t h e  s t r u c t u r e  w i l l  t h u s  be  s t r i c t l y  N s e c t o r s ,  r e p r e s -  

e n t i n g  t h e  machine a s  a  whole, and a d d i t i o n a l  resonances  based on 

va lues  of N b  may be  of' importance.  Computational  s t u d y  of t h e  

e f f e c t  of r e a l i s t i c  misal ignments can  be  v e r y  i n f o r m a t i v e  p r i o r  t o  

f i x i n g  t h e  s p e c i f i c a t i o n s  of a  proposed machine. By way of example, 

s t u d i e s  of a  proposed f i v e - s e c t o r  model ( 3 ,  = 1.41,  3 = 0.871 
Y 

i n d i c a t e d  t h a t  an  a x i a l  d i sp lacement  of one s e c t o r  by 1/300 of t h e  

r a d i u s  e f f e c t e d  a  r e d u c t i o n  of t h e  s t a b l e  r a d i a l  and a x i a l  ampl i tudes  

by f a c t o r s  of  about  2 and 3, r e s p e c t i v e l y .  

n Separated-Sector  Mod i f i ca t i on  

I n  t h e  s p i r a  .o r  a c c e l e r a t o r  d i s cus sed  i n  t h e  fo regoing  

paragraphs ,  an ur ; a ry  and probably  u n d e s i r a b l e  l i m i t a t i o n  was 
I 
I in t roduced  by r e q u l r l n g  t h a t  t h e  f i e l d  i n  t h e  M i a n  p l a n e  have a  
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mean square field flutter, and a c o ~ ~ = ~ ~ u n d i n g  increase of the spiral 

angle. In this design it would be important to retain the scaling 

feature of the field and to take note of the high-order Fourier 

components which some pole omfigurations may introduce into the field. 

Retention of the scaling requirement makes it possible to solve the 

magnetostatic problem, whick 

n a t  

L is defined by a specified pole contour, 

by relaxation methods 0.. . ;wo-dfmensional grid which represents 

variables conveniently takdn 

+ (wN)~ Y 
2*C w l + x .  

The result of such computations may then be stored, again on a two- 

dimensional grid, for use in trajectory computatfons (lba,b). 

Plans are being completed for construction, at the University of 

Illinois, of electron models which will provide experience pertain- 

ing to spiral-sector and separated-sector FFAG accelerators. These 

models will be similar in size to the reversed-field model mentioned 

earlier end likewise will employ betatron acceleration in the initial 

tests. Provisional designs of a large-scale machine have been 
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s a t i s f y  t h e  

r e l a t i o n  
2 - k -61 = ( E D o )  9 

where E and Eo a r e  r e s p e c t i v e l y  t h e  t o t a l  and r e s t  e n e r g i e s  of t h e  

p a r t i c l e .  I n  a  c y c l o t r o n ,  t h e r e f o r e ,  k  nus st i n c r e a s e  w i th  energy,  

ess  mu! 
- 1  !4 

t h e  o s c i l l a t i o n s  w i l l  n o t  s a t i s f y  t h e  s c a l i n g  requ i rement ,  and t h e  

p o s s i b i l i t y &  encounte r ing  dangerous resonances  du r ing  t h e  a c c e l e r -  
f i  

a t i o n  p r o c ~  l l y  considered.  I t h e  r e l a t i o n  / 

< = [k + IJ a s  s u t t i c i e n t l y  a c c u r a t e  f o r  t he  p r  purpose,  
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I n  smal l  s i z e  annulap a c c e l e r a t o r s  employing t h e  FFAG p r i n c i p l e  

r a c t i v  t h e  u se  of b e t a t r o n  a c c e l e r a t i o n  i s  h i g h l y  a t t  e  from t h e  s tand-  

* p o i n t  of i n t e n s i t y .  If charged p a r t i c l e s  a r e  i n j e c t e d  i n t o  t h e  gap 

of t h e  f i x e d - f i e l d  magnet durincr a  s u b s t a n t i a l  p o r t i o n  of t h e  t ime  t h e  

c e n t r a l  f l u x  is r i s i n g  e  a c c e l e r a t e d  and a r r i v e  a t  t h e  

t a r g e t  wi th  f u l l  energy  s o  long a s  t h e  f l u x  conthues  t o  r i s e  (Fig .6) .  

I f  t h e  t o t a l  cha f l u x  w i t h i n  t h e ' c o r e  i s  t w i c e  t.hat r e q u i r e d  

t o  a c c e l e r a t e  t h  from t h e  l o  he h igh  magnetic f i e l d  r eg ion ,  

t h e  d u t y  cyc l e  woura a ~ ~ r o a c h  25%. 

For l a r g e r  a c c e l e r a t i o n  methods would 

appear  t o  be more p r a c t i c a b l e .  The l a c k  pendence on a  f i x e d  

magnet e x c i t a t i o n  c y c l e  may permi t  i n  t h  a c c e l e r a t o r s  a more 

r a p i d  r e c y c l i n g  o f  t h e  radio-f requency program and a  d e s i r a b l e  f l e x -  

i b i l i t y  i n  t h e  d e s i g n  of t h i s  program. I n  ana lyz inq  t h e  synch ro t ron  

motion it i eworthy t h a t ,  i n  d i s t i n c  hknes, t h e  

o r b i t  r a d i u s  ana r e v o l u t i o n  f requency  a r e  a  runcz lon  on ly  of t h e  

L p a r t i c l e  e r a t h e r  t h a n  of energy  and time. To s tudy  i n  d e t a i l  

t h e  e f f e c t s  o f  radio-f requency handl ing  systems it i s  h e l p f u l  t o  
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employ a H heory f o r  t h  ~n o s c i l l a t i o n s ,  i n  o rder  
n 

t h a t  g e n e r a l  theorems such a+  + h a +  of L i o u v i l l e  may be brought t o  

bear  on t h e  prob With deno t ing  2 d  t imes  t h e  r e v o l u t i o n  

f requency  of t h e  p a r t i  s u i t a b l e  canonica l  

coo rd ina t e s  a r e  t h e  e l e c ~ r i c d i  ~ n a s e - a n a  w i t h  which rhe p a r t i c l e  

c l e  an 

_ _ L - 9  - 

c r o s s e s  t h e  acce  l e r a t i  and t w ,  r e l a t e d  t o  energy,  

de f ined  a s  

For a  s i n g l e  c a v i t y  of peak v f requency  2//2.72 , and 
t h  

o p e r a t i n g  a t  t h e  h  harmonic of t h e  nominal p a r t i c l e  f requency,  

t h e  equa t ions  c h a r a c t e r i z i n g  t h e  synchro t ron  motion can t hen  be de r ived  

from t h e  Hamiltonian 

i n  which V and -3 a r e  s p e c i f  i e d  f u n c t i o n s  of t ime.  

To avoid t h e  l a r g e  f requency  swing -., perhaps  a s  g r e a t  a s  a  

which 

2 - - ,  - 
f a c t o r  of 11 -- would be r e q u i r e d  t o  c a r r y  a  p ro ton  from i t s  

i n i t i a l  t o  i t s  f s l r a s  r n e r a v  i n  a  s i n a l e  modulat ion c y c l e ,  i t  i s  

a t t r a c t i v e  t o  t h i n k  of c l e  energy i n  a  s e r i e s  of 

- - 
r a i  s i  ng t h e  

s t e p s  each  invo lv ing  a  compara t ive ly  sma l l  amount of f requency modu- 

l a t i o n .  Such a n  arrangement p rov ides  a  s o r t  of * b u c k e t - l i f t u  process  

whereby groups of p a r t i c l e s  mul taneously  and p r o g r e s s i v e l y  

a c c e l e r a t e d  by means of a  s i l lyrr  ~ a d i o - f r e q u e n c y  source  whose f requency  

i s  s u c c e s s i v e l y  a  sma l l e r  m u l t i p l e  of t h e  i n c r e a s i n g  r e v o l u t i o n  

f requency  of t h e  p a r t i c l e .  I f  one commences w i t h  an o s c i l l a t o r  

f requency which i s  sopM t imes  t h e  r o t a t i o n  f requency of t h e  i n j e c t e d  
n 

p a r t i c l e  and modulates by a  f a c t o r  p/q, t h e  p a r t i c l e  f requency i s  

r a i s e d  by t h i s  f a c t o r  and t h e  p a r t i c l e  may be f u r t h e r  a c c e l e r a t e d  
Me- 1 

i n  t h e  s . q . p  harmonic du r ing  t h e  nex t  f requency.modulat ion c y c l e .  . 



a y  thu  

s t o  h 

The modulat ion c s ~e employed by t some M + 1 

t imes ,  a s  it p rog re s se  i g h e r  e n e r g i e s ,  be fo re  synchronism i s  

l o s t .  The modulat ion f a c t o r ,  p/q, could be 3/2 f o r  example and a 

f a c t o r  2/1 might be p a r t i c u l a r l v  s u i t a b l e .  

I f  one th ink!  t process  t o  s t a c k  p a r t i c l e s  

a t  some i n t e r m e d i a t e  energy p r i o r  t o  a f i n a l  a c c e l e r a t i o n  of t h e  

u s ing  

e-spac 

L.  -.. 

a buck 

he par  

accumulated group by a second rad io- f requency  system, conse rva t ion  

of a r e a  i n  ( 9  , w )  phas e t e l l s  us t h a t  t h e  p a r t i c l e s  i n  suc- 

c e s s i v e  buckets  cannot w e  suoerobsed e x a c t l y ,  P h y s i c a l l y  speaking,  . . 
bed an one group i s  s l i g h t l y  I d  d i s p l a c e d  by t h e  o s c i l l a t o r  when 

it b r i n g s  up a l a t e r  group.  T h i s  d i sp lacement  has  been s t u d i e d  

computa t iona l ly  and i s  n o t  s u f f i c i e n t  t o  p r ec lude  t h e  p r a c t i c a l i t y  

of s t a c k i n g  a number of groups i n  a r e g i o n &  synch ro t ron  phase- 

space  s u f f i c i e n t l y  l f m i t e d  t h a t  a  second rad io- f requency  system could 

t hen  accomodate them a l l ,  

For e f f i c i e n t  s t a c k i n g ,  it i s  of i n t e r e s t  t o  a s c e r t a i n  t h e  

number of buckets  which may be brought up  ehp ty  a t  t h e  end of t h e  

p rocess .  I f  q = 1 and p = 2 and i f  p a r t i c l e s  a r e ' i n j e c t e d  on ly  

once per  frequency-modulat ion c y c l e ,  t h e  number of such empty 

bucke ts  may r e a d i l y  be shown t o  be s ,  b u t  t h e s e  e x t r a  buckets  

can presumably be used w i t h  equent  i n c r e a s e  of  i n t e n s i t y  by 

more f r e q u e n t  i n j e c t i o n .  

There a r e  s e v e r a l  v a r i a n t s  of t h i s  b u c k e t - l i f t  arrangement,  

which may p r e s e n t  advantages c h i e f l y  of convenience.  W i t h  an - un- 

scheduled bucket  l i f t ,  p a r t i c l e s  no t  caught  i n  a bucket  a t  t h e  o n s e t  

of a  p a r t i c u l a r  frequency-modulat ion c y c l e  w i l l  u s u a l l y  be d i s p l a c e d  

downward i n  energy  by a pa s s ing  bucket ,  bu t  w i l l  be caught  on 

o c c a s i o n a l  f r e q u ~  

n.. T '  

ency-modulation c y c l e s  and i n  t h e  end may be c a r r i e d  

up i n  e n e r g y ,  L h e  use  o f  a  complete ly  s t o c h a s t i c  a c c e l e r a t f o n  method 

has  been d i s c u s s e d  i n  a S o v i e t  paper (18) and shown t o  l e a d  t o  



a c c e l e r a t i o n  of ) a r t i c l e s  by a  s o r t  of random-walk process .  

n It appears  c l e a r  t h a t  t h e  f l e x i b i l i t y  which f i x e d - f f e l d  a c c e l e r a -  

A grou 

t o r s  permit  i n  r ega rd  t o  d e s i g n  o f  ---" . c le -handl ing  methods o f f e r s  

many promising p o s s i b i l i t i e s  "'yse p o s s i b i l i t i e s  axe being f u r t h e r  

s t u d i e d  w i t h i n  t e f l y  by Drs. A.  M. S e s s l e r  and K. R ,  

Symon, both a n a l  l y  and w i t h  t h e  a i d  of d i g i t a l  computation, 

A s  a  r e l a t e d  end,,.,,, t h e  c h a r a c t e r i s t i c s  of mechanically-modulated 

rad io- f requency  c a v i t i e s  a r e  .ed by D r .  Za f f a r ano  and h i s  

a s s o c i a t e s  a t  Igwa S t a t e  Cbl rege ,  i n e  accumulat ion of  i n t e n s e  beams, 

w i t h i n  an a c c e l e r a t o r  o r  i n  a d j a c e n t  s t o r a g e  r i n g s  (19)  (201,  by a  

s u i t a b l e  s t a c k i n g  p roces s  may open t h e  d O ~ r  t o  s tudy  of a new f i e l d  

of high-energy phys i c s .  

IV. INTERSECTING-BEAM ACCELERATORS 

With t h e  p o s s i b i l i t y  i n  s i g h t  of a t t a i n i n g  beam i n t e n s i t i e s  

h igher  t h a n  have been p o s s i b l e  h e r e t o f o r e ,  t h e  o p p o r t u n i t y  a r i s e s  

(21) of s tudying  high-energy p a r t i c l e  i n t e r a c t i o n s  by d i r e c t i n g  

one beam a g a i n s t  ano the r  ( ~ i g ,  7 ) .  The ou t s t and ing  advantage of  such 

a  system would b large i n c r e a s e  of  e f f e c t i v e  center-of-mass 

energy which cou ld  be reached i n  t h i s  way.. I f  two beams, each  of 

energy El,  a r e  d i r e c t ~ d  a g a i n s t  each o t h e r ,  t h e  t o t a l  energy i s ,  

of cou r se ,  ECM = 2E1- ., a  s i n g l e  beam of energy E l "  

(measured i n  u n i t s  of ~ r t s  E W D L  ri.iiergy) d i r e c t e d  a g a i n s t  a  s t a t i a n a r y  

t a r g e t  makes a v a i l a b l e  a  center-of-mass energy  which i s  approximately  

\ ECM = ( 2 ~ ~ ~ ) '  f o r  E l t 7 7 1 .  Thus two 15 Bev pro ton  beams, o p p o s i t e l y  

d i r e c t e d ,  a r e  e q u i v a l e n t  t o  a  s i n g l e  beam of 500 Bev d i r e c t e d  a g a i n s t  

a  s t a t i o n a r y  t a r g e t  and two 21.6 Bev a c c e l e r a t o r s  would be equiva- 
1 2  l e n t  t o  one machine of l Tev (10 ev) !  

n I n  e s t i m a t i n g  t h e  p r a c t i c a l i t y  of in te r sec t ing-beam a c c e l e r a -  

t o r s  one must ,  of  cou r se ,  judge whether  it i s  f e a s i b l e  t o  produce 

beam i n t e n s i t i e s  which w i l l  r e s u l t  i n  a  s u f f i c i e n t l y  l a r g e  r e a c t i o n  
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d i e d  i 

i d u a l  

r a t e .  The a c t i o n s  of i n t e r e s t  must 

" t h e  p resen-_  _ _  background r a d i a t i o n  proaucea ~y  m e  l n a l v  beams 

- and w i l l  b ea r  a  ckgrou g r e a t e r  

t h e  y  of i I n  t h i s  r e g a r d ,  however, it 

avorab  

c t i n g  

backgr 

" - .  

l e s  . 
a d i a t i  

d e n s i t  

be no t  

n t e r s e  

t t h e  ma Y ed t h a  

t i o n s  d i f f e r i n g  

11 be conf ined t o  d i r e c -  

e t h e  r e a c t i o n s  t h e  be 
- -  . 

, w h i l  

he l a h  

l i t t l e  am d i r e c t i o n  

of i n t e r e s t  w i l l  be e s s e n t i a l l y  I s o t r o p i c  i n  t..-  oratory system. 

The background a  d i r e c t l y  dependent on t h e  t nd bea i v a l  w 

can b 

e a l i z a  

deg ree  of vacuum which t a i n e d  i n  t h e  system s o  t h a t  r e c e n t  

t h e  r developments f o r  f h igh pumping speeds  (22) and the  

of i m p  
- 

measurement of hi1 ~ o r t a n c e .  The a d d i t i o n a l  cuua ( 

focus ing  o r  defocus ing  - C f - r t s  which a r i s e  from space-charge f o r c e s ,  -A. -.. 
he e f f  e c t  of any e  p o s s i b l y  modif ie  l e c t r o n s  which may be captured 

by t h e  beam, and t h e  d i f f i c u l t i e s  of handl ing  s a f e l y  a  concen t ra ted  
P 

beam which may possess  an energy  of 1 megajoule w i l l  a l s o  r e q u i r e  

c a r e f u l  a t t e n t i o n .  

The i n t e n s i t i e s  which one may be a b l e  t o  b u i l d  up w i l l  c e r t a i n l y  

depend on t h e  e f  :ing and on t h e  i n g e n u i t y  employed 

i n  t h e  i n j e c t i o n  process .  Although t h e s e  t echniques  may be developed 

s tack 

and improved a s  exper ience  i s  gained w i t h  completed FFAG a c c e l e r a t o r s ,  

an  upper l i m i t  t beam i s  imposed 

by L i o u v i l l e T s  t.,,,,,..~, I n  r e g a r d  t o  th,, ,,..~itatiOn we may e s t i m a t e .  

o t h e  

hnnrnn 

. l e  de r  .n a  s t  

, i c  l i n  

t h e  number of i n j e c t e d  p u l s e s  whic luld be assembled, 

a f t e r  a c c e l e r a t i o n ,  i n  a r e g i o n  of r ea sonab ly  sma l l  c r o s s - s e c t i o n a l  

a r ea .  W i t  jpect  t o  t h e  energy-spread a s s o c i a t e d  w i t h  t h e  motion 

i n  synchro t ron  phase-space, we may cons ide r  t h e  f a t e  of p a r t i c l e s  

i n j e c t e d  w i t h  an energy  spread  A E l ,  assuming f o r  s i m p l i c i t y  t h a t  
'\ 

synch ro t ron  and b e t a t r o n  phase-space a r e  s e p a r a t e l y  conserved,  I f  

t h e  most e f f i c i e n t  p a r t i c l e  handl ing  system i s  used ,  t h e  number of 

p u l s e s  which can be con ta ined  w i t h  a  r e g i o n  A E2 i n  energy a t  t h e  

.h re :  



c o m p l e t i o n  of  t h e  a c c e l e r a t i o n  p r o c e s s  i s  

4 . ~  /CII = h  O $  A E , / ~ .  f o r  A$ c o n s t a n t ,  s i n c e  t h e  a r e a  i n  phase-space  isaf2 JL p 
A E2 i n  t u r n  may be e x p r e s s e d  c o n v e n i e n t l y  i n  t e r m s  of  t h e  a s s o c i a t e d  . 

r a d i a l  s p r e a d  of  t h e  beam 

( k  + 1 )  E2 ( ~ r ~ / r ~ )  , u l t r a - r e l a t i v i s t i c a l l y .  
9 Thus ,  i f  k + 1 = 100,  E2 = 15 x  1 0  e v ,  A r2 = 0 . 5  cm, 

4 3 
r2 = 1 0  cm, tW2/Cd1 = 11, and A E l  = 4 x 1 0  e v ,  we f i n d  

4 E2 = 7,5 x  l o 7  e v  and 

"P = 1700 p a r t i c l e  p u l s e s .  

S i m i l a r l y ,  i n  r e g a r d  t o  t h e  phase - space  f o r  b e t a t r o n  o s c i l l a t i o n s ,  
n 

i f  t h e  i n j e c t o r  i s  imagined  t o  s c a n  t h e  a p e r t u r e ,  t h e  number of h o r i -  

z o n t a l  and v e r t i c a l  s c a n s  which t h e o r e t i c a l l y  c o u l d  be accommodiated 

can  be w r i t t e n  

- 
= p ,  r % B , ~ a r ~  X 

where Px, By d e n o t e  t h e  a n g u l a r  s p r e a d  of  t h e  i n j e c t e d  beam. 

,b ., ,& r e l a t e  t h e  a n g u l a r  and l i n e a r  d i s p l a c e m e n t s  e x p e r i e n c e d  

d u r i n g  t h e  c o u r s e  of  a  b e t a t r o n  o s c i l l a t i o n  ( A  r2 = r2B x p x , )  * 

and t h e  momentum r a t i o  p2/p1 a c c o u n t s  f o r  t h e  a d i a b a t i c  damplng of  

t h e  o s c i l l a t i o n s .  A c c o r d i n g l y ,  a p p r o x i m a t i n g  ,dxsy by 2/ d x 9  y, 



- I f  we now st ~ t e  p2/p1 = 100, d = l( 

P Y  4 r2 = A z2 - " 0 2  cm, and px A r1 =pE 
cm, w& f i n d  

nxny = 12-" 

Th i s  l a r g e  value  f o r  t h e  the01 

!3U. 

: e t i  c a l  

.- ---- 

4 3 cm, 
3 - . . >a  - 

. ly admis s ib l e  number of scans  

i m p l i e s  a  very  con iggests  t h a t .  an i n -  

j e c t o r  w i t h  a  much l a r g e r  beam spread  and cor responding ly  h ighe r  

c u r r e n t  would be desirable (241, 

Based upon t h e  c o n s i d e r a t i o n s  c* +ha preced ing  paragraphs ,  one 

would e s t i m a t e  tha  t a l  ma. i n j e c t 0 1  1 permit  t h e  accumulation of 

2 
w i t h i n  a t ube  of about  1 cm c r o s s - s e c t i o n a l  a r ea .  I f  we e s t i m a t e  t h a t  

* we a c t u a l l y  may have 11600 as l a r g e  a  beam a s  t h i s ,  o r  5 x 10 
14 

7 
p a r t i c l e s  c i r c u l a t i n g  i n  each machine, some 10 i n t e r a c t i o n s  per  

2 
second ( p r o p o r t i o n a l  t o  N ) may be expected t o  be produced i n  an 

3 P  
i n t e r a c t i o n  r eg ion  which i s  one meter  i n  l e n g t h  ( 2 1 ) ,  With a  vacuum 

-6 
of t h e  o rde r  of 1 0  mm Hg of n i t r o g e n  gas ,  t h e  background produced 

i n  t h i s  t a r g e t  volume may be expected t o  be l a r g e r  by about  one order  

of magnitude, b u t ,  a s  po in t ed  ou t  p r e v i o u s l y ,  t h e  background r a d i a -  

t i o n s  w i l l  be conf ined  p r i m a r i l y  t o  t h e  median p lane .  I n t e r a c t i o n  wi th  

t h e  r e s i d u a l  ga s  a l s o  has  t h e  e f f e c t  of l i m i t i n g  t h e  beam l i f e ,  p o s s i b l y  

t o  a  time no t  much longe r  t h a n  1000 seconds i n  t h e  p r e s e n t  example, 

s o  t h a t  groups of p a r t i c l e s  must be i n j e c t e d  t o  r e p l e n i s h  t h e  beam a t  

a  r a t e  no t  l e s s  t han  t h e  r ea sonab le  va lue  of one group per  second, 

f*. It i s  t h e  hope of t h e  MURA group t h a t  f u r t h e r  t h e o r e t i c a l  and 

exper imenta l  work w i l l  l e a d  t o  t h e  d e s i g n  and c o n s t r u c t i o n  of models 

whlch w i l l  permit  t e s t i n g  means f o r  e f f i c i e n t  p a r t i c l e  a c c e l e r a t i o n ,  



and pe: 
* , 9  ,., 

t h e  i n v e s t i g a t i o n  3h-current  bc n t u a l  

r e a l i z a t i o n  of a r e s e a r c h  machine wnlcn WILL raKe r u l l  aavantage of 

t h e  b e n e f i t s  t o  be 3m t h e  FFAG p r i n c i ]  It i s  imposs ib le  

here  t o  g i v e  expl:  c ed f t  t o  t h e  p h y s i c i s t s  who have con- 

p le .  : 

Eci t  c: 

2velOpl 

many I 

e i dea  t r i b u t e d  t o  t h e  dc nent o. 

i n d i c a t e  our s p e c i a l  app rec i a .  

it i s  f i t t i n g  t o  

r s i t y  Unive: 

I TAT: 

f t h e  c o u r t e s y  which t h e  

of I l l i n o i s  has extended t o  t h e  MUHA group i n  making t h e  IL--..- 

a v a i l a b l e  f a r  numerous computat ional  s t u d i e s  and our indeb tedness  t o  

Dr. S. N. Snyder f o r  d i r e c t i n g  of t h e  program. The w r i t e r  

wishes a l s o  t o  exp re s s  h i s  a p p ~  o D r .  D, W. K e r s t ,  D r .  K.  R .  

Symon, and D r ,  A.  M a  S e s s l e r  f o r  a s t  ce i n  t h e  p r e p a r a t i o n  of 

t h i s  a r t i c l e  and t o  D r .  K. Lark-Horovitz f o r  h i s  c o u r t e s y  i n  r ead ing  

t h i s  

rec ia .  

phase 

t i o n  tl 

d r a f t  t h e  manuscr ipt  i n  form. 
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