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Hon-L1Jlear Resonances in the Radial lIotion 

Introduotion 

!he following is. description of a lIethad tor treat1Dg tbe 

re.onanoe in the radial aotion, 

Section n giy.. the aener.l treat••nt and the general fiDal reaults 

are given b;y eqa. (11) ~ (19). 

Section III contains examples .pp11iD1 the tcnaulae and a.. 

lIimplU1ed reault. obtained tAroup them. 10 n\11l8rical re.ults 

are given, 
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II Description ot the Ge.ral.etbod 

Write the eq_tion tor the radial.otion in the tOl'll 

(1) 

• 

•ero. 

Betore pre.entiacov procedure tor .01"illl .q. (1), .. would liD 

to re"i_ the propertie. ot the liDear equation. In the 11Dear' theOl7 

.1J. l~ ) obeys the equation 

)'.f:-. + Eo - , (e) 7. ~ ;- () . (2) rd91. . ~ . 

For our purpOle., w. wUl'di.cu.. the .01utioDl ot the .lipt17 aON 

general equation 

~ ~+ E" - ) (9) 1 .M ::::::' 0 
t 4&" • ) 

am conaider the .olution. ot eq.(3) tor all value. ot E • 

It 1. knOllll that eq. (3) ha••tabl- .olut101"onl,. tor certain ...1•• 

of E • Forthl.e "allowed" Tal•• ot E , the .oluticna haw t,J1­

torm 

. l'V9 fJ )Mv (Q) == e ..-f\ v {e (4), 

corre.pondiDg to the Dlue of J:, EjI • .,A l (;) 1, per1odi., 1D' S. 

w1th the period ;liT /~ • 

I� 
L� 
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In Fig. 1 the allonel l-values, E'v, 

ia plotted against V • Gape appear t 
at V= () ) oJ: NJ N,t N... etc. 10 il rV 

the operating value of I, and tor the motion 

to be stable in t he linear theor,:, 10 aut 

not. fall inlide the gaJ)8. In the linear· 

theory', the 1II0tion il given b7 

N• 

\ . ,� 
Now let us return to the Don-linear eq. (1). w. will Itart b7� 

conaidering a Ilightlr mor. general eq_tioa 

(S)[£-... + w- ~ /~) 10/ ::: 8(&) 9'~ 

and let us ask for what valu.s of W doe. eq. (S) haTe .table 100utiOll8. 

. . . 
We will lolve eq. (S) by using a pert;urbation procedure sailar 

. 

to 

that uled in quanta _cbaDie.. !ve1'7 lolution ...u 1I ,~) of th. 

liaear equation (3) corresponding to ~ I-value I V ..Ul, becaWie 

of the perturbation B (&) "' .... , go crver into the lelution 'f.,tS) of 

sq. <S> corresponding to the W-Valu., Wll ..... will lb. hCIIf 

;i:~t::e lAter. We call"'" 4_ a c_ at tbe a~W-ft1 •• U1Jl./" 

~y 
We will Ihaw that a new gap / 

appears at 'J -:.:. tN. How....r. 

the li.e of thie gap 11'111 depend on the 

amplitude of the 1IotionJ and it ..Ul be larger 
1/4 jtJ

for larger amplitude•• . Fig. 2 



.-. .... 
3 

'!'he question ot stability is answered by where 10 talll in Fig. 2, 

since our particle motion il given bT solving eq. (5) with W:=. F 0 • 
If Eo does not tall in the gap at Y =' t IV , the aot1cm is stable. 

HOIifever, as the amplitude ot the tIlotion increases, the gap becClDes larger 

and Eo will eventual17 lie inaide the gap and the motion becOllles unstable. 

This will determine the stability liDlit .,.plitude, 

'1'0 solve eq. (5) tor 'f we will expand 'f in teral ot the 

solutions )A V l &') of SQ.. (:n. The lolutions .uy ,,) are a complete 

orthogonal set. '!'he,. are a continuouscODlplete set!' It i8 Dlore 

convenient to make them a di8crete .et, w'bich we can do by imposing the 

boundary condition on My I Q) that it be periodic betnen (;} =0 

and 9- '= T where'!' i. sCIlla arbitrary larae anele which ... rill 

eventually let become 1ntinite. 

The lolutions ot the linear equation en can then be written .e 

. 'V9 (6)...u v (&) ... -t:r e' J)I (~) 

where ))::~ ~ J ~ -:: D , t' I J to " • ± J etc..... •...... 

The values ot V are now di8crete and the .M 11 IgJ tora an 

orthonormal set, ,..
(7)ld F7 ;.(v~ (/;) Av (f,» 

u 

it ~ l 6)) 18 so n01'll&1is.d that it. average Talue oyer the period 
~ 

:t 'T('" / N il one, 

1L (1# d ~ J ,.A)I I '1. = I (8) 
'). '7f J() 

Now expand \P in jA II It;» I , 

\J) :=: 2- all' .Ltv. (g) (9)
1 Y,,' " , J 

http:etc.....�


and by putting this expansion in eq. (S), we get an equation tor the d y". 

(10) 
J 

where 

• (11) 

NOif W8 will solve eq. (10) tor the av using a perturbatiOil 

procedmoe which is verT .ilDilar to the "weak binding apprcmimation" ill 

solid state theor,r. 

Coneider the partic\llar real solution ot the 1i..ar equation 

C\ "uvs + a* 'u-V$ , which oorNsponds to the I-value E'J)- • 

Through the perturbation B(,,) ,thi••olution will go over into a 

Ii' solutionot eq. (S) with a value or W which ditten slightly tr. 

E)/J • 'rhus to tiDd the .olution otothe non...l1neal' eq. (S> which 

correspond. to the .olution aM~" + aIf ..u-"!1 of tbe linear equation, 

we.ll tirst ..sume that in the expaD8ion .q. (9) tor W, only a\!,. 
Q...y are large and all the otber. a)l are _11. We will .e. 

J thif 
later that,,1. not al.~ true. 

Thus to the tint approxiaation, .q. (10) bec... 

CW-fc.·) tii :: e~J as). + ~ Bi, s; q{ 4.; + 13~ $-; 4; (12)S$ 

where we have written , and -~ =~ tor 

the ake of brevity. 

Let us notice that the _trix element 8..', a-I< will vani.h unle•• 

(13)\J. _ 
VI. ­



where W", -= n fA} ,£.0 = N , and n .1s all7 positive or negati~ integer:.• 

'!'b1a t~llowl it one qpandll 8(9) ,which is periodic, al 8/8) = f s"e' "'" 9­

and puts. the expansion into eq. eU). 

Thus the matrix ele.nt. E? (' , ss gi s; B~ ~ T J riU 
/ , I J 

vanish unlesl Y., = 't ';l ~ .,.. W ~ yo )I,. -= W..,
I1 

We will lee 11011' that the levels I. do not get.h1tted unlesl \{s "'-:to! W.., • 

'lbe two levels corre,pondlngto ~ -::-'± t W.. rill get Iplit apart and 
\ 

a gap appearI in the allQlr~d I _1\181 of the non-linear eq. (S) 

around ))J = :t. -t U4, .. 
. \, 

'bOll1l in 11&.2. 

. 
'!'he Ihitt in the le".ll, i. given \)7 eq. (12) b7 puttinl z. ,::.s • 

since BsJ'i' ~Bf.J$S: 0 by eq. (U) unle,. ~ =- W." whicb 

we alsume il not 10• 
. 

Allo tor l =- S we get 

- (15) 
-

Now 8s: S 6" ::: 6 unle., v.s = t WI) by sq. (13). So it� 

)I" #: t w~ ,W= t;. J tbatia,thereia no le...l abitt.� 

Por ~:: '±' t WIJ' B s... S5 I and·'* 0 

we get a .plittiDi ot the.e levell Which we can tind by aultip111D1 eq. (U) 

by eq, (1$) and tind that 

(16)( VI-Eo» := -+ I f3$.:, S i" I I 4jJ I 
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For Y,s IV t 1Nt? but lis -:;: t WI? weal.opt ••� 

shitt in the 18Y811 which i. Dot .hown by .q. (12) a1ftCe 110, turna eNt that� 

tor ~,.., j W., but v.~ * t ~ eq. (12) 111. not ._114 ...... 

other a~ beside. a. II! and q,- caD cet ·laree .....amed. W. will 
"" 5� 

not demonstrate thi' point here.� 

B7 eq. (16), the gap shown in rig. 2 ha. the Width ~'8s~ s; 1JQs' , 
y.

S 
-.". W 

• It .0' the operating polnt, talle out.ide the cap,-"3 ., 

the motion 1••table. Suppose Eo 11•• b4t1ow the gap. !ben by bcr...1DC 

C{S we can bring the gap dwn until Eo 11e. 1n.1de the gap alld the 

motion beCOlllllS l1D8table. Thi' Will happen when JCis I bec01lle. 80 lares 

that 
E ­ 181" s; II qs} :: E" Gj 

or IQs , I E.s - 6'., I-
when • I 8s" 3" s I}Is -:: J Wtt 

Iq. (11) clve, the atabilit11111i\ amplitude; that i. the larle.t 

permissible amplitude f Qs I betore the aotlon beCOI8. _table. 

The pha.e "fas 1, also cSetel'lll1ned b.r eel. (14)

phase <1 =..l. 5 pbue B sf - pha" (1i.1-I;;;

I 

J1 (18)ss 3 l I 

It might be noticedthat one can add ± ."'7; 13 to the abOY. ""e. 
!his 1s because there are three ,tabilit1 limit orbit. which cUtter oDq 

by a ahitt along e • 

Final11, let 118 notice that the equation ot the ,tabUit1·1iait 

orbit 18 given b7 

(19) 

))6 - t W I1 • 
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Equations (17), (18) aDd (19) p.e.ll the genet"a1relultl about the� 

stabilit.1' limit orbit. In the next lection .e will live applications� 

or the above general relults.� 

"]I� SE!cial1sedrol"tlw.ae and 1za!!21e. 

For a 8ine .Ye epiral.eotbr "'oll1ae, 8t.; to a tairapprGX~tion 
.. .1­

is given b7� 

(20) 

'1'0 determine the stability limit orbit, we ue equatiOns (17) - (19). 

We caleulate ~ SJ f' $- , 

(21)~ s, n- :::- f ~ ~e·- <' W,9- ..4$"")".,A.. 8 (lJ- ) 

In eq. (21) we bave 8peO1&1ileclto V. t w, =; !VreIODaDOe.II 

w·. get a ver'f 8i1lple &ad fairl, aco,,",_ .r••ut V ••••1111 J"~ ;, r ~ , 
:tn (21). 

So that 

8s. S"� S - f?, Cd) 

Where g, il det:tnecl b7 B(9) = :2 8 e c' tv" 9
11

'" 
'or 8 (0) = (f 1:l.IrJ ~ 1V9 ). £3, -= - i f / S'k 1. 

The ..plitude of .tbe I..biltt,. 1~t. orbit 111 ginn b,. eq. (11), tha, 

(23) 

the limplelt poalible anner iB gotten b7 aB.sing tbat tor the� 

solutio~c>t tbe ltaear equation f}i ~ V 1.. • 'huB f!~ .::V "" ;::: t N'J. J�J 

and the operatiDg point E'"..;:::. y" 'l.­ • 

Then 

.(24) 

-�
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The actual stability 1111it orbit can DOW be calc~t.d UlinI eq. (19) and 

the t\ s calculated aboye. One aut DOlI' the 110cquet tllllOtions )105 (Gt» to 

use eq. (19). 

I am indebted to Drs. Su.ler, Laalett, Oole aDd Chka. tor much diac.aion 

ot their results tor the radialllOtlon c.... 
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