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The x - S t a b i l i t y  L i m i t  i n  Large f  S t r u c t u r e s  

Andrew M. S e s s l e r  

P re l imina ry  d i g i t a l  computer s t u d i e s  on l a r g e  f  
s t r u c t u r e s  seemed t o  i n d i c a t e  a  d isagreement  w i th  t h e  
"handy form&"@ f o r  t h e  x  s t a b i l i t y  l i m i t .  I n  view of 
t h i s  t h e  p re sen t  s t u d y  was under taken ,  a l though  be fo re  
i t s  completion t h e  d ' g i t a l  computer s t u d i e s  were shown 
t o  be good agreemen d w i t h  t h e  handy formula .  The 
s l i g h t l y  d i f f e r e n t  r e s u l t s  p r e sen t ed  h e r e  a r e  a l s o  i n  
agreement w i th  t h e  r e l a t i v e l y  i n a c c u r a t e  d a t a .  It i s  
n e v e r t h e l e s s  i n s t r u c t i v e  t o  s e e  t h a t  a  c a r e f u l  d e r i v a t i o n  
can be e a s ' l y  c a r r i e d  through y i e l d i n g  a  more exac t  
formula .  4 The methods used p r e v i o u s l y  1 could  be 
employed, u t  would be more t e d i o u s  t h a n  t (2 e  more power- 
f u l  t echn ique  adopted he re .  This  t e chn ique  has  been 
developed by D r .  G .  Pa rzen ,  3 t o  whom I am i n d e b t e d  f o r  
many hours of c a r e f u l  explana ? i o n  and adv i se .  

I .  D i f f e r e n t i a l  Eaua t ions  

m The "handy formula" f o r  t h e  x s t a b i l i t y  l i m i t  i s  
d e r i v e d  from t h e  d i f f e r e n t i a l  equa t ion :  

Th i s  e  u a t i o n  has  t h e  p r o p e r t y  t h a t  i f  f  i s  changed, but  
A = f9w i s  h e l d  c o n s t a n t ,  t hen  t h e  s t a b i l i t y  l i m i t  

i n c r e a s e d  p r o p o r t i o n a l l y  t o  l / f ,  o r  w .  Th is  may be 
r e a d i l y  seen  by an a p p r o p r i a t e  cho ice  of s c a l e ,  f a  
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l e t  a= & p i .  Then Eq. 1 becomes: 

which i s  an equa t ion  independent of w. Whatever s t a b i l i t y  
l i m i t  Eq. 2  has  f o r  a  p a r t i c u l a r  v a l u e  of ; a s  l / w  i s  
v a r i e d ,  t h e  s t a b i l i t y  l i m i t  changes p r o p o r t i o n a l l y  t o  w. 

Any d i f f e r e n c e  between t h e  s t a b i l i t y  l i m i t  i n  
s t r u c t u r e s  w i th  a  l a r g e  f ,  and s t r u c t u r e s  w i th  a  smal l  f  
must a r i s e  from terms no t  i nc luded  i n  Eq. 1. o r  model 
s i r e  parameters  Cole has  r e p e a t e d l y  emphased 6 t h e  
p resence  of a d d i t i o n a l  l a r g e  terms which a r e  neg l ec t ed  
i n  Eq .  1. I f  i n  t h e  f a c e  of t h i s  we c o n c e n t r a t e  ou r  
a t t e n t i o n  on l a r g e  s c a l e  machines, we observe t h a t  f o r  
l a r g e  f  t h e r e  a r e  o t h e r  terms which should  be inc luded  
i n  E q .  1. An examinat ion of C o l e ' s  work i n d i c a t e s  t h a t  
f o r  parameters  k e 100, f  & 1, N e 4 0 ,  1 / ~ =  512 t h e  

f i  l a r g e s t  terms i n  t h e  r a d i a l  motion a r e :  

@ F .  T. Cole  P u b l i c  communication 



We may t o  f i r s t  approximat ion i g n o r e  t h e  cos 2 N 6 i n  a  
but  must t a k e  t h e  phase s h i f t e d  te rm i n t o  account correECly.  

Thus i f  we l e t ;  

t h e n  Eq .  3 becomes: 

If we now change v a r i a b l e s  t o :  

2 
and i g n o r e  terms i n  ( k w )  compared t o  1, we o b t a i n :  

It should  be n o t i c e d  t h a t  t h e  non-scal ing term i n  Eq. 8 i s  of 
t h e  o r d e r  of magnitude of 1/5 of t h e  l e a d i n g  non - l i nea r  term. 
It i s  fu r thermore  worth no t ing  t h a t  n e g l e c t  of t h e  phase s h i f t e d  
te rm i n  al would have over-emphasized t h i s  t e rm by j u s t  a  f a c t o r  
o r  two. 
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I1 Approximate  S o l u t i o n s  

P a r z e n  h a s  o b s e r v e d  t h a t  t h e  s o l u t i o n  t o  a n o n - l i n e a r  
e q u a t i o n  such  a s  Eq. 8, can  a t  a  s t a b i l i t y  l i m i t  b e  e x p r e s s e d  
i n  t e r m s  of t h e  s o l u t i o n  t o  t h e  l i n e a r i z e d  e q u a t i o n .  A s  h e  
h a s  deve loped  t h e  method one  can  u s e  a c c u r a t e  n u m e r i c a l  
s o l u t i o n s  t o  t h e  l i n e a r i z e d  e q u a t i o n s .  I n  o r d e r  t o  compare 
t h i s  method w i t h  t h e  method of harmonic  b a l a n c e ,  and a l s o  
i n  o r d e r  t o  o b t a i n  a n a l y t i c  e x p r e s s i o n s  f o r  t h e  s t a b i l i t y  
l i m i t ,  we w i l l  f o r e g o  a c c u r a c y  i n  t h e  s o l u t i o n  t o  t h e  l i n e a r  
problem and u s e  i n s t e a d  an  a p p r o x i m a t e  a n a l y t i c  s o l u t i o n .  
T h i s  s o l u t i o n  may b e  most e a s i l y  o b t a i n e d  by a  v a r i a t i o n a l  
p r i n c i p l e ,  @ and  i s  a p p r o x i m a t e l y ,  f o r  6 = 2 7 / / 3 :  

where : 

A, = A" 
2A'q 1 -  ~ - s L & - + ~ k ~ P L  4N!F 

3 6 f la  3 A' 3 

F o l l o w i n g  P a r z e n ,  we assume t h e  s o l u t i o n  of  Eq. 8 t o  be  of  
t h e  form of  Eq.  9.  I n s e r t i n g  t h i s  i n t o  Eq.  8 ,  one  o b t a i n s :  
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/ 2 f Z  
where a C vx - 

2 u . V ' -  

- 
so  t h a t :  & -saw - s yx2 - /Y' 

3 9 
Observing t h a t :  

we may from Eq. 11 o b t a i n  two a l g e b r a i c  equa t ions  f o r  A and B: 
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where: 

Although i t  i s  s imple  enough t o  e x a c t l y  e v a l u a t e  In, we s h a l l  
on ly  use  t h e  f i r s t  term i n  ,& and p2.  T h i s  y i e l d s :  

The equa t ions  f o r  A 8 B ( ~ q .  1 4 )  becomes: 
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These equa t ions  a r e  e x a c t l y  t h e  equa t ions  one would 
o b t a i n  from Eq. 8 by harmonic ba lance  a s s u m i n g A =  A s i n  N 8 / 3  
+ B cos  NB/3. The advantage of P a r z e n ' s  method i s  t h a t  t h e  
c o e f f i c i e n t s  A & B may be used w i th  t h e  f u n c t i o n s  &A2 of Eq. 10 ,  t o  a  f i r s t  approximation.  To o b t a i n  a  s o i u t i o n  of 
t h i s  accuracy by means of harmonic ba lance  one would have t o  
u se  a  t r i a l  f u n c t i o n  w i t h  s i x  terms.  Thus i n  t h i s  c o n t e x t ,  
t h e  advantage of P a r z e n ' s  method i s  i t  r e l a t e s  t h e s e  c o e f f i c i e n t s  
i n i t i a l l y  (by t h e  l i n e a r  s o l u t i o n ) ,  r educ ing  a  s i x  parameter  
problem t o  a  two parameter  problem. Of c o u r s e ,  i f  one used 
numerical  f u n c t i o n s  f o r  M and 4 2 P a r z e n t s  t echnique  would 
y i e l d  a  very  a c c u r a t e  r e s u l 4 ,  a l though  i t  w i l l  always y i e l d  
t h e  same r e s u l t  a s  ob ta ined  by harmonic ba lance ,  i f  enough 
terms a r e  kep t  i n  t h e  l a t t e r  method. 

Equat ions  1 7  can be r e a d i l y  so lved  i n  powers of k w w  .2. 
To f i r s t  approximation one ob t a in s :  

2 
where terms of o rde r  (kw) a r e  ignored  compared t o  one. 
These c o e f f i c i e n t s  may be v a l i d l y  used w i t h  Eqs, 9 8 10 ,  even 
though In was eva lua t ed  u s ing  on ly  t h e  f i r s t  terms i n k l  & A  2. 
I f  we keep only  t h e  f i r s t  terms i n  ,tX 1 & & 2  we o b t a i n  t h e  
r e s u l t  ( i d e n t i c a l  w i t h  what one o b t a i n s  by harmonic balance w i t h  
two terms)  

where: 
42- / +  16 rw 

3 K  
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Neglect ing t h e  sma l l  d i f f e r e n c e  between and & , one o b t a i n s  
f o r  t h e  u n s t a b l e  p e r i o d i c  p o i n t s  a t  hT8 = 0: 

where: 

A= ,f 

P The e f f e c t  of t h e  6 term i s  i n d i c a t e d  i n  F ig .  1, where t h e  
p e r i o d i c  p o i n t s  a t  N 8  a r e  p l o t t e d ,  a s  w e l l  a s  arrows i n d i c a t i n g  
t h e  d i r e c t i o n  & r e l a t i v e  amount by which t h e y  move a s  6 i n -  
c r e a s e s .  
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F i g u r e  1 P e r i o d i c  P o i n t s  a t  N 6  = 0. 


