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On the ﬁon-Liouvillian Character of Folls
A, M. Sessler

July 11, 1956

Comments

I was unable to see Lichtenberg on my visit of July
10, B8ymon says Lichtenberg's results do not agree in
detail with those presented here, but it is not clesr to me
that we are ceslculating the same quantity. Simply to form
a basis for discussion during future visits to Madlson I
have written this material up. With the technical group in
two locations, preliminary drafts with a high probebility of
included errors, seem unfortunately to be essentisl,

Lichtenberg has constructed an Ingenlous proof()

" that thin folls ere almost Liovillian in cheracter. He

has shown by general srguments that the chsnge in total
phase spsce on psssage through a foll 1is negligibly small,
This suthor felt the need for a specific calculation in
order to confirm the general result; ss well es to obtain
explicit formulss for the change in hetstron, synchrotron,
and total phase space on traversal of a foll. The results
of these calculstions have been outlined here,

I, Derivstion

The starting point is a mathematicel characterization
of a foll end its effect on the betatron oscilletion
coordinates x end p, snd on the energy of a partig%e. The
transformation 1s given in a previous memorandumi® , but will
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<:> xura lecture of July 2, 1956, soon to be published,
GD "A Proposed Digital Computer Progream to Study Folls,

etc.” -- Memorandum to J. N. Snyder of May lg 1656,
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be repeasted here for convenience.

Lets R redius of psrticle
Rg(E) ® equilibrium orbit radius
E 8 energy of perticle

R & Rg(E) (1+ x)

U(R) energy loass incured by psrticle et radiua R on
traversing foil. This energy loss 1s assumed
independent of the particle momentum. Extension

to more realistic foills should not be difficult.

P:g_g_ El+x)2+(g;£_)2_]- @

Note that x and p ere cancnically conjugete In the absence
of folls., The traversal of a foll then csuses Initial end
final values to be related by:

r 1
dR|= dR \
da% de
f 1
6 =@
r 1
Bp "By =T @

Which becomes in terms of betatron snd synchrotron coordinates:

x & Re(Eg) (14 x3) - Re(Ey - U)
Re{ky - U)

P =P,
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The demping or undsrping of phsse spsce is readily
evalusted by computing the Jacobians:

2.« . ), D (xpE8) .
%—(;I%%) %_égt:g?) ) ii)p§'?1:
Qi:um’ - [g%g%”{) \1.+(1+x1) %% ’

Re (Ey) 'aRe(Ei-U)

Re(E1-UJa (E4-0)

2 (E,8) =1-(14x)22U R, (Eq)

2 (E4,04) 2 %Ei

2 éx.glE.OZ z [ Re (E 1) :]

'2 X§,Pqsbk1494 ® 1“U @

It cen be seen that the total phsse spasce is only
slightly changed, and this change i1s independent of the
taper of the foils -- & result in agreement with Lichtenberg's
generegl theorem, The relative damping or undamping of
betatron or synchrotron phase space 1s a sensitive function
of the taper of the foll, reversing cheracter with the sign

of the taper,

II Numerical Evalustion for Typical Cases

For purposes of orlentstion as to the msgnitude of
the demping or undamping we have evalusted in Table II the
Jacoblans for two cases. Case I 1s charecteristic of a
full size FPAG accelerator, end Case Il has psrameters
cheracteristic of a storage ring for the Princeton machine.
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We have taken:

- - 52 2
Re (E) = R_ L_E - E, -]
1 = an

d Re (E) = Re E
aE (k +1) C;Z - EO?j

BR) 20, [1+ A (R - R)

Parameters are listed in Table It

K Roo Ey Re(E;) X4 X v,
Case I 83 | 76 M. | 16 Bev. [ 76 M. {1072 | 10 w-1 | 10 wev.
Case 1T | 1| 9m.| L Bev.| 9w, {1072 | 10 w2| 10 wev.
Table I . Parameters
x ) (E,9) 2 (x,p,E ij——’—’FTactional ene#gy
2 (xg40pq 23 (B, 1) 2 (X1,P1,E;,0¢) loss per traverssl
Case Y | 1,006268 | .G9L3360 | TY.000007L 6;6 x 10'h
case IT} 1.121949 | .879763 | 1.001325 | 2.5 x 1073
Table II Jacobisns

It should be noted that the devist
first two Jacobiens is proportional to

characteristics we have taken of & change in vidtg of

on from unity of the
end U The foll
a factor

of ten in one meter, and an energy loss of the order of 10 Mev,
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seem typlcel.

I am endebted to members of the Mura Technical Group
for helpful discussions. The calculations were performed
by Mr, G. T, Condo of the C.H.W.G.

c Y i
a’ I’Q.h"’f"‘,&h'?‘;v
P’ ¥y oA o4
;);7)

;Q”L

AMSt] Im




