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I N T R O D U C T I O N  

During the  l a s t  3 /4  yea r  an  i n v e s t i g a t i o n  of the  

r a d i a l  motion of charged p a r t i c l e s  i n  t h e  median plane of l a r g e  

s c a l e  F.F.A.G. Mark V S p i r a l  Ridge a c c e l e r a t o r s  h e s  been pe r -  

formed u s i n e  t h e  f a s t  d i g i t a l  computer ( I l l i a c )  a t  t h e  U n i v e r s i t y  

of I l l i n o i s .  The I l l i a c  - program used i s  t h e  so-?elled "Ridge 

~ u n n e r ' l  which s o l v e s  t h e  e x a c t  e q u a t i o n s  of motion on t h e  

median plane i n  a  magne tos t a t i c  f i e l d  c h a r a c t e r i z e d  by the  

median p lane  v e r t i c a l  component of magnetic i nduc t ion  

= r a d i a l  and a n g u l a r  c o o r d i n a t e s  i n  median 
p lane  

= r a d i u s  of r e f e r e n c e  c i r c l e  

: f i e l d  index.  

r f l u t t e r  f a c t o r  

= s p i r a l  index 

= number of  magnetic f i e l d  p e r i o d s  per 
r e v o l u t i o n .  

- - p r o p o r t i o n a l i t y  c o n s t a n t .  

The computations a r e  e x a c t  i n  t he  sense  t h a t  they c o n t a i n  no 

approximat ions  o t h e r  t han  those  i n h e r e n t  i n  t he  I l l i e c  method 

of s o l u t i o n .  The i n v e s t i g ~ t i o n  i s  by no means claimed t o  be 

P See: J .  N .  Snyder: The HURA programs f o r  I l l i a c ,  p. 48. 
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very  ex t ens ive ;  n o r  can it be s a i d  t h a t  a l l  i n t e r e s t i n g  

f e a t u r e s  of t h e  motion has Seen s y s t e m a t i c a l l y  looked i n t o .  

I n  t h e  " ~ i d ~ e  Runnern program the q u a n t i t i e s  computed 

a r e  t he  canon ica l  con juga te  v a r i a b l e s  (x, p )  de f ined  by 

The numerical  r e s u l t s  may t h u s  be p r e s e n t e d  g r a p h i c a l l y  on s 

(x, p )  - phase p lane .  

n General Remarks 

The manner of g r a p h i c a l  p r e s e n t a t i o n  now g e n e r a l l y  

adopted f o r  non - l i nea r  motion of t h e  k ind  h e r e  s tud ied ,  l a  t o  

p l o t  t h e  p o s i t i o n s  of t h e  phase p o i n t  (x, p )  a t  angula r  

i n t e r v a l a  of  2 '17/ , 1.e. a t  homologous p o i n t s  i n  each p e r i o d  
-t?- - 

of t h e  magnetic f i e l d  s t r u c t u r e .  A s  d iscovered by J.L. s ow ell^, 

each s e t  of such phase p o i n t s  seems t o  de f ine  un ique ly  a  

cont inuous  c lo sed  i n v a r i a n t  curve i n  t h e  phase p l a n e ;  provided 

t h a t t h e  motion uncer  i n v e s t i g e t i o n  i s  a  s t a b l e  one. I n  f a c t ,  

f o r  the  i n t e r p r e t a t i o n  of numer ica l ly  ob ta ined  r e s u l t s  f o r  

non - l i nea r  motion,  t h i s  p r o p e r t y  of t he  homologous phase p o i n t s  

Is t h e  on ly  known c r i t e r i u m  f o r  a t a b i l l t y .  I f  t h e  r o t i o n  i s  

uns t ab l e  ( i n  t h i s  s e n s e )  t h e  phase p o i n t s  may a l s o  be s s c r l b e d  
r' 

2 
MAC - JLP -2, p.7. 



t o  a  curve ,  b u t  cu rves  of t h i s  ca t ego ry  w i l l  no t  be c lo sed ,  and 

the  v s r i s b l e s  ( x ,  p )  w i l l  qu i ck ly  assume v a l u e s  t o o  l a r g e  t o  be 

handled by t h e  I l l i a c -p rog ram used .  Also,  s i n c e  t h e  s e t  of 

homologous phase  p o l n t s  i n  an  u n s t a b l e  case  do n o t  dense ly  

cover  a n  u n s t a b l e  curve ,  t he se  cu rves  w i l l  no t  be un ique ly  

de f ined .  One may i n  f a c t  draw an i n f i n i t e  number of i n v a r i a n t  

cu rves  through an u n s t a b l e  s e t  of homologous phase p o i n t s .  The 

term H i n v e r l a n t "  occur ing  above r e f e r s  t o  t he  t r ans fo rma t ion  

t a k i n g  the  phase p o i n t  through one anpu la r  p e r i o d  2 On 
T 

f i g s .  2, 3, and 4 a r e  shown examples of s t a h l e  and u n s t a h l e  

i n v a r i a n t  curves .  The homologous phase p o i n t s  throuqh which 

t h e  curves  a r e  drawn a r e  no t  shown. The u n s t a 3 l e  curves  shown 

a r e  the  ones t h a t  smoothly cover  the  i n i t i a l  s e t  of phase p o i n t s .  

A 1 1  g raphs  a r e  p l o t t e d  a t  t h e  a n e l e s  €I . 0 ,  2e, ?, .. ... 
T 

When the  motion under c o n s i d e r a t i o n  happens t o  be a  

p e r i o d i c  one wi th  a  per iod  of some m u l t i p l e  q . 2'7f (q = i n t e g e r )  
T 

of t he  a n g u l a r  f i e l d  p e r i o d ,  the  s t a b l e  i n v e r i e n t  curve degen- 

e r a t e s  i n t o  a  s e t  of q p o i n t s .  The e q u i l i b r i u m  o r h i t  i n  t he  

a c c e l e r a t o r  h a s  t n l s  p r ~ p e r t g , w i t h  q  = 1, and i s  t h u s  r e p r e -  

s en t ed  by a  s i n g l e  p o i n t  ( t h e  " f i xed  p o i n t "  marked F1 on f i g s .  

2 ,  3 ,  and 4)  i n  the  phase p l ane .  An I n v a r i a n t  s e t  of  q  p o i n t s  

i s  i n  the  u s u a l  VURA t- .rminology termed a s e t  of  "qth o rder  

f i x e d  p o i n t s  n 3 ,  

The motion of a  p o i n t  w i th  i n i t i a l  c o n d i t i o n s  

The express ion :  "Pe r iod i c  p o i n t s  of o r d e r  q" in t roduced  by 
J.M. Jauch (M!JTRA/YKY/~, p . 7 )  seems more p r e c i s e .  
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a r b i t r a r i l y  c l o s e  t o  a  f i x e d  p o i n t  may be s t a b l e  o r  u n s t a b l e .  

If i t  i s  p o s s i b l e  t o  s e l e c t  a  neighbourhood of t h e  f i x e d  p o i n t  

such t h a t  a l l  i n i t i a l  p o i n t s  i n  t h i s  neighbourhood l ead  t o  

motions a r b i t r a r i l y  c l o s e  t o  t h a t  of  the  f i x e d  p o i n t  I t s e l f ,  

t he  f i x e d  p o i n t  i s  c a l l e d  " s t ab l e" .  If t h i s  c o n d i t i o n  i s  n o t  

f u l f i l l e d  we t a l k  about  an "uns tab le  f i x e d  oo ln tb4 .  S t a b l e  

f i x e d  p o i n t s  occur  o c c a s i o n a l l y  on the  graphs  a s  c e n t r e s  f o r  an 

i n v a r i a n t  s e t  of smal l  c lo sed  curves  ( " p e a r l s " ) .  On Fig.  4 a 

s e t  of 19 such a r e  shown. Each of t hese  enc lose  a  

1 9 t h  o rde r  s t a b l e  f i x e d  p o i n t .  

On t he  b a s i s  of t h e  obta ined phase p l o t s  d e s c r i b e d  

above i t  i s  p o s s i b l e  t o  ex tend  the  d e f i n i t i o n  of the  c o n s t a n t  

c, known from t h e  l i n e a r  F loque t  t heo ry ,  e l s o  t o  cover  the 

ca se  of non - l i nea r  s t s b l e  motion. may in both  c a s e s  be 

de f ined  a s  t he  phase advance of t h e  o s c i l l a t i o n  p e r  pe r iod  of 

the magnetic f l e l d  s t r u c t u r e .  To o b t a i n  f o r  a  p a r t i c u l a r  

s t a b l e  motion one has  t o  count  t he  number YL of f i e l d  p e r i o d s  

(homologous phase p o i n t s )  t h e  motion must go t h r o u ~ h  t o  complete 

orie r e v o l u t i o n  on the  c l o s e d  phase p lane  curve.  Then 

I f  n, i s  non- in teger  one w i l l  have t o  e s t i m a t e  t he  f r a c t f o n  i t  

c o n t a i n s ;  o r  b e t t e r :  count phase p o i n t s  n o t  on ly  through cne 

r e v o l u t i o n  of the  c loned cu rve ,  bu t  through a  l a r g e  number of 

4 nLabi le  f i x e d  p o i n t "  might perhaps  be a  h e t t e r  term, s1nr.e 
t h e s e  p o i n t s  may p e r f e c t l y  wel l  be s t a b l e  i n  the sense  thut,  
any a r b i t r a r i l y  c l o s e  p o i n t  may never  proceed t o  i n f i n i t y .  
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r e v o l u t i o n s ,  say  S,  and then  (on ly  roughly)  e s t i m a t e  t h e  

f r a c t i o n .  I n  t h i s  c a s e  

C l e a r l y  i s  ob ta ined  wi th  any d e s i r e d  decree  of accuracy by 

t h i s  method. I n  t h e  c a s e  of a  l i n e a r  motion w i l l  be t h e  

same f o r  a l l  cu rves  an6 co inc ide  w i t h  t h e  of F loque t ' s  

theory5.  If t h e  motion i s  non- l inea r ,  w i l l  vary  from one 

c lo sed  curve t o  t h e  n e x t ,  and hence be a  f u n c t i o n  of t he  amp- 

l i t u d e  of o s c i l l a t i o n .  

It  fo l lows  from the  f a c t  t h a t  t h e  motion I s  

f l  Hamiltonian,  t h a t  a  t r ans fo rma t ion  of t h e  I n v a r i a n t  phase p lane  

cu rves  through any i n t e r v a l  i n  t he  angu la r  coo rd ina t e  -9 ,rill 

be a  t o p o l o g i c a l  one. Hence, a s  de f ined  above i s  a  t r u e  

cons t an t  of t h e  motion. I t  w i l l  be t h e  same f o r  any s e t  of  

homologous phase p o i n t s  helonging t o  t h e  same p a r t i c l e .  Also,  

and f o r  t h e  same r eason  a s  above, the  a rea  enclosed by s c l o s e d  

p h ~ s e  plane curve w i l l  be c o n s t a n t  a g a i n s t  any t r ans fo rma t ion  

tn ?a ' L i o u v i l l e  Is theorem),  whi le  of  course  the  curves  them- 

s e l v e s  w i l l  change both i n  shape and p o s i t i o n .  

It appearve ?I-om the  fo rego ing  t h a t  any motion w i t h  e 

r a t i o n a l  va lue  of t h e  c o n s t a n t  < w i l l  be p e r i o d i c ;  i t s  pe r iod  

being some m u l t i p l e  of t h e  f i e l d  p e r i o d  2 .  The correspond in^ 
T 

P 5 For c a l c u l a t i o n  of l i n e a r  CT see:  WURA/NVN/J. 
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phsss p l o t  c o n s i s t s  as ve have seen of a  s e t  of f i x e d  p o i n t s  of 

some o rde r .  Tfiis f a c t  s u p p l i e s  the  necessary  in format ion  t o  

l o c a t e  t h e  p o s i t i o n s  of expected f i x e d  p o i n t s  on the  praphs. 

However, i n  most c a s e s  t h e  accompanying " p e a r l s f f  simply f a i l  

t o  show u ~ ;  t he  i n d i c s  t i o n  baing t h a t  t hey  a r e  e i t h e r  non- 

e x i s t i n g  o r  t oo  small  t o  be d e t e c t e d  w i t h  the  x ,  p  - s c a l e s  

app l i ed .  

The graphs  i n d i c a t e  t he  e x i s t e n c e  of an  important  

r e l a t i o n s h i p  between t h e  ampli tude dependent c o n s t a n t  and 

the  l i m i t  of s t a b i l i t y .  The l a t t e r  i s  t h e n  de f ined  a s  t he  

c lo sed  i n v a r i a n t  curve wi th  t h e  maximum enclosed a r e a  on t h e  

graph; t h e  unde r ly ing  idea  be ing  t h a t  t he  s e t  of phase p o i n t s  

r' 
homologous t o  any i n i t i a l  p o i n t  i n s i d e  t h i s  a r e a  w i l l  e l s o  l i e  

i n s i d e  the  a r e a .  I n  p r a c t i c a l l y  a l l  c a s e s  so  f a r  i n v e s t i g a t e d  

s t  the  U n i v e r s i t y  of I l l i n o i s  the  l i m i t  o f  s t a b i l i t y  runs  

through 3 o r  4 u n s t a b l e  f i x e d  p o i n t s  corresponding t o  nimit 
- 2T' o r  2 lf . The p o i n t s  F on f i g .  2 a r e  3rd o rde r  - 
3- -4- 3 

p o i n t s  of  t h i s  ca tegory .  However, R .  c h r i s t i a n 6  a t  Los Alamos 

S c i e n t i f i c  Laboratory h a s  observed c a s e s  w i t h  5 u n s t a b l e  f i x e d  

p o i n t s  e t  t he  s t a b i l i t y  l i m i t ,  end L. Jackson L a s l e t t  and 

F. T. c o l s 7  h a s  d i scovered  a  c a s e  showing i n d i c a t i o n s  of 7 

f i x e d  p o i n t s  a t  t h e  s t a b i l i t y  l i m i t .  

P r i v a t e  communication 

fi See: L. Jackson  L a s l e t t :  MURA N O T E S ,  7 Dec., 1955. 



I f  one fo l lows  t h e  v a r i a t i o n  of v e r s u s  ampli tude 

of o s c i l l a t i o n  i n  a  c e r t a i n  machine having a  smal l  ampl i tude 

( t h e  of t h e  corresponding l i n e a r i z e d  problem) e i t h e r  

a  l i t t l e  above o r  a  l i t t l e  below one of t h e  v a l u e s  2 r  o r  
T > m ,  t h e  normal e f f e c t  of i n c r e a s i n g  ampli tudes  h a s  been t o  

k p sh C -0wards t he  r e s p e c t i v e  va lue  o r  2c Thl. va lue  
-4- 

i s  reached a t  t he  s t a b i l i t y  l i m i t .  I n c r e a s i n g  t h e  ampli tude 

f u r t h e r  w i l l  of  cou r se  g ive  u n s t a b l e  motion.  The e f f e c t  i s  

shown on f i g .  5 .  

As w i l l  be seen from the  fo rego ing ,  t he  concept  of 

i n v a r i a n t  phase p l ane  cu rves  i s  p u r e l y  based on exper imenta l  

in format ion  ob ta ined  by d i g i t a l  computations.  As opposed t o  

t h i s  i t  should be mentioned t h a t  from an  a n a l y t i c a l  p o i n t  of 

view8 these  i n v a r i a n t  curves  do n o t  seem t o  e x i s t  i n  a  s t r i c t  

mathematical  sense  - a t  l e a s t  n o t  a s  s t a t i o n a r y  phenomena. I n  

view of t h i s  t h e  ob ta ined  phase p lane  graphs  should be regarded  

only a s  f i r s t  approximat ions  t oo  coa r se  t o  show t h e  f i n e r  

d e t a i l s  i n  t he  a c t u a l  motion. Furthermore t h e  graphs a r e  o n l y  

v a l i d  over  a  c e r t a i n  ( s o  f a r  unknown) l e n g t h  of t ime,  a f t e r  

which one must expec t  t h e  p a r t i c l e  t o  move g r a d u a l l y  away from 

t h e  c l o s e d  " i n v a r i a n t n  phase curve and e v e n t u a l l y  reach  t h e  

u n s t a b l e  r e g i o n  of t h e  phase p l ane .  As a  consequence the  

Lec tu re s  by J. Moser ( P r i n c e t o n  U n i v e r s i t y )  and 
R .  d lVogelaere  (Notre  Dame U n t v e r s i t y )  a t  t h e  U n i v e r s i t y  OF 

I l l i n o i s ,  F a l l ,  1955. 
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i- - d e f i n i t i c n  cf s t a b i l i t y  bescd on 'he i n v a r f n n t  curves  cn t h e  

graphs  should p e r h k p s  Tore p r e c i s e l y  he terwe6 " o c r s i - s t e b i l i t y "  

o r  " shn r t  time s t a b i l . i t y n .  

Numerical Flesults  

Twelve d i f f e r e n t  v e t s  ('able 1) o f  t he  machine 

paramp t e r s  A , f and. IJ i n  formular  (1) chosen 

f o r  t' = survey.  l'he correspon?j  n~ twelve :,pere t i n g  p o i n t s  on 

the (a,, ) nt :ck t le  diagrsm9 a r e  shw::n nn f i g .  1. O f  c cu r se  
Y 

Table 1 
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only t h e  va lue  of cx, p e r t s i n i n g  t o  t he  r a d i a i  motion, i s  of 

i n t e r e s t  h e r e ,  

Some o r  the most conspicuous f e a t u r e s  ~f the  motion 

a r e  compared f o r  the  twelve  s e t s  of parameters  i n  t a b l e  2. 

Here 

( y & j  a r e  t h e  phase p lane  c o o r d i n a t e s  of the 1st o r d e r  

s t a b l e  f i x e d  p o i n t  F, r e p r e s e n t i n g  t h e  equ i l i b r ium 
L 

F' o r b i t  a t  t h e  a n g l e s  9 = 0,  2 11 , q, .... 
-??- 

o', i s  t h e  - cons t an t  f o r  a p a r t i c l e  performing a  smal l -  

ampl i tude o s c i l l a t i o n  abou t  t h e  e q u i l i b r i u m  o r b i t .  

xm, Kt,, a r e  t h e  minimum and maximum va lues  of the displacement  

x n t  t h e  lilrit of s t a b i l i t y  measured a t  t he  a n g l e s  

0-1; m i s  the - cons t an t  a t  the l i m i t  o f  s t s b i l i  tg. 

A linr is t h e  a r e a  enc losed  by t b e  l i m i t  of s t a b i l i t y  

! i n f o r m a t i ~ n  on t h i s  q u a n t i t y  i s  only included f o r  

about  h a l f  of t h e  n e c k t i e  p o i n t s ) .  







Notice t h a t  i n  some cases  (Po in t s  #I, 7 ,  11) the 

homologous phase po in t s  s c a t t e r  a t  the l i m i t  of s t a b i l i t y .  

I n  these cases the  po in t s  seem t o  def ine  a closed band r a t h e r  

than a curve; but  there  i s  no c l e a r  evidence of a r e a l  

i n s t a b i l i t y  ( i n  the sense t h a t  the phase point  moves rapid' . 
outwards) during the  r e l a t i v e l y  shor t  lengths  of time 

(usual ly  80 s ec to r s )  used i n  the survey. Also i n  these  cases 

it has no t  been poss ib le  t o  draw smooth invar ian t  curves I n  

the  unstable region of the phase plane. 

On f i g .  5 one may study the amplitude dependence of 

the constant  a- . Shown a r e  curves of 6 versus the a rea  

of the corresponding closed i nva r i an t  curve f o r  values of 

a i n  the nelghbourhood of 2% One no t i ce s  the e f f e c t  
-7- 

mentioned e a r l i e r ,  t h a t  the  i n  these  cases  tend towards 

2 w ,  and a l s o  t h a t  the value of A i s  smaller  the smeller  
3- l i m .  
the  d i f fe rence  - I . An ana10guous e f f e c t  i s  

not iced  i n  the  neighbourhood of (5) - 2 f l  , but here no 
O -T -  

ca l cu l a t i ons  of area  have been performed. However, from the 

t ab l e  one may conclude t h a t  the amplitudes of o s c i l l a t i o n  

a t  the s t a b i l i t y  l i m i t  a r e  3 o r  4 times l a r g e r  i n  the  

nelghbourhood of Go ; 2 f l  than i n  the nelghbourhood of 
4 a;;= 2 1 1 .  

-4- 
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