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I. INTRODUCTION

The subject with which I shall be cencerned tedey is
the particle metien in a Fixed-Fleld accelerater ef the
spirally-ridged type', ineluding cemputatiensl preparatiens
fer examinstien ef the separated-secter variety, but with
ne reference te acceleratien precesses.

Te define the preblem, the starting peint in snalysis
of the spirally-ridged structure is the sssumed median-plane
field, which we prescribe. In centrast, the separsted-secter
maohine, er even certain slightly-medified spiral secter
machines, make the specificatien ef the pele centeur mere
natural. If the pele centeur is specified, ene has the
preliminery preblem of determining the fislds (er the
magnetestatic petential) which they preduce, while with the
median=plane field prescribed at the stert ene must find the
flelds at ether peints and the lecatien ef equipetential
surfaces sleng which the peles may be lecated.

It may be neted that, perhaps threugh lack ef
ingenuity, we have net attempted te stert with a system
of erbits and then endeaversd te find s Waxwell field
phich weuld give rise te the Yrolcribod erbits. We have,
ewever, slways impesed 2 scaling requirement in a
sufficlently strict senss that net enly sre the number
of radiasl snd sxisl betatren escillatiens areund the

machine indevendent ef partiecls emsrgy, °
» but the erbits fer

different oneré& particles are themselves geemetrically
similar,

- The basie idea in these structures is that the
~—~ average fleld areund the machine shall vary with radius




2
20 June 1956

as rX, with k sufficiently great as te give sn adequately
large mementum centent, and thst stability will be previded
b{ the A-G actien which arises frem having the fleld
alternatively higher end lewer than sverage sleng spiral
curves which all particles must cress. The mest general
type of medisn-plsne field which is censidered is, then,

4 ‘ ,
By = -<B}(§é) zj/ 1;%- A Ac'wm[’é_./:?//_‘_")—ugt‘/

b g, o ﬁ/ao)_ " 4}

2
Pewell has shewn hew such a field may be develeped fer
peints eut ef the median-plane, te give the varieus field
cempenents, the vecter-petential cempensents, er the magnetestatic
scaler petentisl, Fer these various quantities Pewsllty
develepment 1s quite similar in ferm snd 1s expressed in
terms of the dimensienless parameters

x 2Ly yzx_f;‘.. N® = N§ - ln(~,/4,)
’ 1

where ry 1s chesen se tiat, fer the particle mementum under
censiderstien, x will be small. Then. the scaler petential,
for exsmple, is written
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where recursien relstiens are given by Pewell fer the
cesfficlents., It is neted that the definitien ef x 1ls
based en use ef a cylindrical ceerdinate system; it may
be peinted eut thet Dr. Akeley has suggested that reference
te a system ef sphericsl cedrdinates may have certain
adventages and hss written a repert en this tepic. This
sories eof Potoll'l hes rornnd the basis ef a cemputer
pregram--the "Petentste"--yhereby the height (y) ef a
svecified equipetentisk (‘b may be feund digitslly

- a8 & functien of & amd x.
By & quite similer pregrum—-the se-cslled "MXY stermesh
Leader”--valuss prepertienal te

’i'/(|+x)h+l
j/(:«f»x)

may be ebtained,
3
II. PROGRAMS FOR COMPUTING TRAJECTORIES

Fer the cemputatien ef treajecteries in the spiral
ridge sccelerster ne direot Use has been msde se far of
Pewell's expansien, sl theugh it has eassisted in previding
the base fer seme new pregramsg which may ceme inte use
seen. What has elready been dene cemputstienally has
been with twe pregrams which I shall new discuss--

Pirst, the "Ridge Runner®™, based en exasct equstiens

fer metien in the median ?Iono, snd, secend, what was
suppesed te heve been sn interigm pregram fer cembined
redisl and sxial metien, the se-called “Peckless Five",

In these twe pregrams the prescribed medisn plene field is
taken te be of the ferm¥

(+7) [/ . M/,Jw (/+%) Né)'_/’
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ne harmenic cempenants being admissitle,

1. Ridge Runnerds

The differentiesl equatiens fer the Ridge Runner pregram
sre written quite readily, since the flelds, and hence the
ferces, msy be explicitly fermulated immedistely. The
equatiens sre written ss first erder equetiens, in terms
of the canenically cenjugate variables

/

X
e ﬁ?‘ E 2 ‘-;1 ]
;/?;;+cr) -+ X

and are integrsted by the Runge-Kutta precedure. Cemputatien
takes 0.37 sec/REp , or, with 32 RK/secter, abeut
12 sec/secter plus punching time.

2., Feckless Pive Lo

Fer inclusien eof axial metien in the cemputstiens
attentien must first be given te the develepment ef the
field eut ef the median-plane. Ohe wishes, in fact, te
ebtain the vecter petentisl, in erder thst the equatiens ef
metien (which Invo%vo the velecity-dependent v x B
ferces) may be strictly Hamiltenian in charscter. The
systematic develepment ef the vecter petentisl has been
tseated in reperts by Dr. Akeley> abeut s year snd a
half sge--the precess is strictly an infinite ene, invelving
the repeated epplicstien ef the V¥V  eperater te vecter
quantities, and becemes rather elaberate if carried eut
Br-porly in cylindrical ceerdinates. In setting up the

Peckless Five"” equatiens this type ef develepment was

kept in mind~--the view was taken, hewever, thet

curvature effects eof the sert which distinguish a oylindricsel
ceerdinate system frem @& Csrtesian ene could be regarded as
small cerrgctiens which need net be included exactly and

thet the @leminant y-dependence weuld be given by hyperbelic
functiens ef sn srgument clese te y/w. In this way an

reximste vecter petential with cempenents Ag snd A
eentrived, frem which a set ef oxsetly-H&mfltoniaﬁ
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equatiens wes derived with the dependent variebles x, ¥,
7/

7
¥ o <
RO L = 2 4+ — A .
% S £y I+ X N

One suppeses thst the variatbles x snd y themselves will
be small, but that x and y may be cemparable with unity.
w w

This pregram requires 0.71 sec/RK-sf@p, er, with 32 RK/sscter,
absut 23 sec/secter plus punching time,

The pregram is te te regarded ss an sppreximste ene,
whese accurscy 1s expected te be geed fer large-scale machines
but net as great for medels where curvature effects play a
mere preneunced réle.

The PFeckless Five pregram is seen te be substentially half
a8 fast as the Ridge Runner and it would be nice Iif we had
seme equivelent transfermatien which ceuld be used to carry
the particle repidly threugh secter after secter in studies
which require centinued cemputatiens threugh a lsrge number
of secters.

3. Overwrites:

Availeble fer use with thease pregrsms are varieus embellish-
ments er "everwrites". Thus the Ridge Runner may be sdapted
te permit the Intreductien ef an algebrsic transfermatien te
simulate pesssage ef & particle through e straight sectien.
The Feckless Five may be supplemented by an everwrite which
gives ence er twice s secter the square reet ef the
quadratic ferms which remain inveriant in the linear appreximatien:

K, = 1/,{,r ( % -xf)ﬂff‘yr(z-xf)(ﬁx-}’zf) +5 (/bz"/if);

and Ky similerly -

In additien, as we shall 1llustrete lester, it is pessible te
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introduce various kinds of "bumps™ into the Feckless Five
program, to simulate certain misslignments.

. Small Five:2

It has been hoped that the Feckless Five will be repleced
by the proposed "Small Five" program, in which a more
systematioc development of the magnetic field would be
employed, based on FPowell's series, snd with which it
would be possible to study cases in which a limited number
of hsrmonic components would be pregent in the field,
Programming of the Small Five was begun and then
{nterrupted in the interest of other work consldered to
be more pressing--it is hoped, however, that work on the
Small Pive will be recommenced and this progrem completed.

5. Stormeshi®

8ince the first of the calendsr year it hss become
incresasingly apperent thet one is unnecessarily and
undesirebly restricting oneself by confining attention to
fields which in the medisn-pleane are strictly sinusoidal or
which are even reatricted to a very limited number of
hermonics. This recognitiem was reinforced by the result
of some simple field-surveys,! made by solving Laplace's
two-dimensionsl equetion on a "50 x 15" Cartesisn not
(4L9 units x 1 units), end by the incressed interest which
the separated-sector type of structure appesrs to warrant,
It seemed important therefore to bring into operation a double
program, which (1) would commence with the contour of the
pole boundery, on which the megnetostatic potential would
be coneidered se given, and solve Laplace's equation for the
spece between this boundary and the medien-plane, end then (ii)
would permit investigation of perticle trajectories in this
potentiesl fleld., It was felt that mesh-storage would be the
most precticable approach and that storage should be
confined to the fast-memory of the ILLIAC, when solving the
dynamical problems, in the interests of achleving reasonable
speed. It was further recognized that considerable aimplifi-
cation would result in the potential protlem and a considerable
redugtion of the subsequent storage requirements 1if
adventage were taken from the start of the scaling property
of the field., The desire to economize to the utmost in
storage suggested that the computational programs be planned
in terma of the scsler potential, despite the impossibility
of strictly HemiItonlen equations of motion when using
fields derived from a somewhat-in-exact scsler potential.
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The sceline charscter of the fleld can be seen by
reference to Powell's expansion, clited previously. It 1s
evident from this development that . x) ¥+l has
the same vaelue at all points for whicﬁ,%oth y/(l + x) and
_jf o oE TET Y Al 73 heve the same values. Also,

—_—
-—

with y/(1+ x) onstant, ?Fy/( TX"— T! 1 perfodic in
with period 2 7 The potentisl, with

its sceling fector (1+ x)¥ 71 15 thus coveniently
expressed in terme of two independent variables which we

take to be " g
T R TX.) - N2

: gk
AT
“.x; fI’ J I’f"')"

f :-—-(f+x)”ﬂ_ﬁ(__ 7

with _i ;. periodic in ;; with period unity.

-

This lsst equation may be alternetively interpreted(i)
as referring - y’,/‘_1+-<1 %+ to the velue at a
suitatle point‘in the @ = o plane or (i1) relating it to
the velue at a suitable point in the cylinder x = C,
By virtue of this relstionship, Laplsce's equetion for this
scaling field may be reduced to a second order differential
equation for /L with only two independent variables

£ end 7/ ). The msgnetic fields, moreover, may be
obtsfnhed from <l and hence storage on a two-dimensional
net will suffice. For most efficient storsge it waa felt
appropriete to store a quantity proportionsl to /'
since this quantity will be more nearly constant than Five
itself end e greater number of significent figureas would
be retained, The fleld-strengths which enter into the
(Pirst-order) differentiesl equations of motion are then to
be obtsined by First-order differentiation of L ./
interpolation and interpolestion-differentiation belng
necessary becsuse these quantities are stored on a net,
To insure continuity in the differentiel equestions it was
then felt desirsble to use an interpolestion formula which
would exhibit a continuous derivetive upon crossing from the
reglion covered by one cell to that covered by en adjacent
cell. Such en interpolaetion Formula, being the only reasonable
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ene of its type extending through LL3 and besed en four
values eof the functien, is used throgéhout in preference te

Baessel's mere cenventienal but enly s ly-different form,

This fermuls 1s: \
A (o 4ﬂ'£) = w N, + (1-a«) A‘. i Z’ u(u-q)(_/’z-}/"—f-ﬂa_/]-’)

w7 -_iu ;’-'t)(/—u) (/12—3/\,1‘- IN, — Ay

2

in centrast te Bessel's ferm:
Alt+ut) = uly (- QA+ Z
¢ Lu g} (=34, + 3 = A= 1),

7 /—t()(—/fz‘*ﬂ, +/fp—//—/)

1L/

The quantity 2/

seme 2000 mesh peints as 13 binary bits. The differential equatiens
are written in terms ef ceerdinates
I

S — /&q.(/#)() Al 7_'_': Py

is stered fer esch ef as many as

te aveld the cemplicatiens ef a legsgithm reutine in the
program, slthough print-cut is perfermed in terma ef the
mere~femiliasr veriables x, y, px, and py.

The part ef this pregram which seeks a selutien te the
pPe 4s oqu, fer L is termed the "SCAPOCYL" and the dynamics
pertien, the "Stermesh™, Trouble-shedting ef the first
pertien and testing ef the second is currsntly in pregress.
The speed ef the Stermesh pregram has been feund te be
intermediste between thet ef the Ridgh Runner snd that ef
the Feckless Five.
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III. COMPUTATIONAL RESULTS

By use ef the Ridge Runner and Feckless Five pregrams,
surveys have been made ef the particle metien in spirally-
ridged structures. Altheugh the larger pertien ef thls work
was with psrameters characteristic ef medels, the seneral
features of the results ne deubt apply alse te large-scele
machines.

1. Radisl Metien &

The results ef cemputatien pertaining te metion with one
degree of freedom eres apprepriately snd cenviently
represented by mesns ef phase plets, deplcting en invariant
curves the pesitien and asseciated momentum ef s particle
as it pregresses threugh sacqsaive "secters” (periocds ef
the structure) frem ene houqlpgouu peint te anether. B8uch
studies previde infermation concerning the lecstien ef "fixed-
peints™, cerrespending te an equilibrium erbit; the phase-
chenge ef the betstren escillatien per secter (e); the displace-
ment sssecisted with trajectery directiens different from
thet eof the equilidbrium erbit; and the extent of the regien
wlthin which steble metien is possible. The chsracteristics
of small-smplitude metien feund in this way asgree will, fer
the sinuseidal flelds, with the snalytic werk te be discussed
later. At large amplitudes, unstable fixed peints--represent-
ing en unstetle equilibrium erbit--meke their appearance.
Assecisted with the unstable fixed-peints ene finds a
separatrix, censtituting an effective stebility limit, which
in the majerity ef cases the ILLIAC results depict as &
sharp beundary and eutside ef which it is freguently pessible
te drew the initisl pertiens ef what appear te be invarisnt
curves fer the unstable metien,

With regsrd te stabllity the requirement fer s strictly
linear system 1s thet the cenditien

a € & € T

be satisfied fer eperatien in the first stability zone.
Due te the nen-linesar charascter ef the escillatiens in a
spirelly-ridge FFAG, hewever, it is net surpriaing that
fer such structures the permiassible emplitude of escillatien
is much curteiled if o lies near -2_:3.'5 or 27 , In fact

Lf
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Dr. Christian st Les Almes has made cemputstions which shew
the amplitude limit te te reduced, altheugh net te zere, fer
g = -2:; « If the smalleamplitude e is in the

neighberheed ef 'ZEQB » #will at first change enly slowly

but then quite negr the stability beundary will
rapidly appresch 27/ 3 and three unstable fixed-peints w 'lapbe.r
cerrespend te an unstable equilibrium erbit which

repeats after pregress theu;h three secters. B8imilerly,
near 27/y , feur unsteble fixed-peints may be expected te
develep., When the machine parameters are such that e is
essentially midway between the velues 27/3 and =z7/4 , a
cemparstively lerge stable region is feund and the apparant
limit eof stability 1s defined by a separstrix which may be
assecisted with s larger number of unstable Fixed-peints,

7 such peints being feund in ene example. In specisl
cases rather elaberate island-structure 1s seen te develep
within themein stebllity regien. In some cases the phase
curves near the stablility beundary de net appeasr well
defined snd the lecatien ef the stability boundary ¢an net
be fixed with high precisien,

A cese with one of the largest redisl-amplitude limits
fer machines with medel-like parameters has a &, near 4T/
In this case R=0.¥ Y=23.0 f="4 ~:§ and the "ears"
of the phase-plet (at N6 = 0, med, 2T ) extend te
x® T 0,09; similarly fer a case currently ef censiderable
interest in cennection with freezing the parameters ef the
Illineis spiral-secter medel k = 0,74, 1/w = 23.7, £ = 1.4,
NEBS5, (ox, = .53 T) , and the ears extend beyocna
x® t 0,06, It hes been noted thet, fer ressens which
will be sugpested later, if p is increassed snd 1/w concurrently
decreased te meintein a similar oy s the amplitude limit
may be mgde substantislly greater=2fer cemparison with this
last exeample, the case -k =c=.74% 2t 5. FES ¥ =/
Nz § (with cx, =.58967 ) led to a material change
in the shspe of the phsse=plet but te s radial samplitude 1limit
seme 2.5 times that feund in the esrlier cese. A similar
result fer the limit of stable axial metien weuld net be
unexpected.

2., Axial Motien: 9

Intreduction ef axial motion inte s study of spiral-secter
acceleraters preduces complicatiens fer all but the smallest-
amplitude cscillatiens, since in genersl there is coupling
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hetwesn this metlen and that eccurring in the radial directien.
For small-smplitude axial metion ene cen find the @ and
the verieus matrix elements which characterize 0 linear
oscillations. Fer lesrge-amplitude axigl metion one can under-
take en experimentsl survey te determine hew lergs an %nitill
y-amplitude can telsrsted if the metien ls te "held en" (i.e.,
net exceed the limite ef the cemputer, which are nermally
given by vy < 3,1 «w ) fer seme arbitrary number ef
secters (e.g., 80 secters). By way of exampls, one finds in
this manner fer the first ef the medel-like structures cited
sarlier (R=o¢.¥ '"r=230 $='/4 w=5 ) an exial amplitude
1imit clese te y = 0.0l this limit spplies te lecatiens
gsuch that N@ = 0 (med. 2 L ), near the center of an
axially defecusing regien, and has asseciated with 1t
amplitude 1imits which become almest twice as large at
intermediste peints. As with the radisl motlen, the limit-
ing smplitude 1s curtsiled if the eperating peint appreaches
search "resensnt” values s8 2T/3 10

ef such rotznancel has been given by Meser,
Hagedorn,ll Sturreck,l< and ethers.

3. Metien in Twe Degrees of Preedom:

With metien in twe degrees of freedom one can make
searches with s wide variety of initial conditlions te
determine emperical stability limits. Bsyend this, hewever,
it is difficult te preceed systematically. As a result of a
suggestion by Sturreck,3%,b it was heped that Investigatien
of motion in twe degrees of rsoedom could be systemitized by
use of the quedrstic forms K, and K_2, mentioned earlier,
which remain invarient en the basis $f linear theery. We
were led to expect that plets of Ky vs K, would depict the
peint which represents a single hrszitory moving on a
portion ef a cenic curve and that reglcns of stablility or
instatility could be distinquished. PFrom a limited number
of results ebtained te-date, it appears that the expsctatien
is an over-simplificatien=-~the values ef K_and K_ scatter
sufficiently thet a true curve is net definsd, tFe nature of
a curve nesr which the peints 1lis appears sometimes te be
elliptical and semetimes hyperbelic, and the regions ef
ateblility er instebility are not readily appearant. It may
be that further work along these lines 1s merited, however,
A pessible refinement eof thies technique would invelve the plot-
ting ef running aversges of K, and ef , averaged over
pessidbly 20 vslues in the interests ef Bmoethness; in
additigg‘ one could censider use of mere eslaberate slgebraic
ferms, in plece of K; and themselves, between which
gimple relationships may be expected to apply.

L. Ceoupling Resonancest

Evidence eof appsrant instability appeers fer eperati
peints iIn the neighberhood ef certaYn E’cewplizxg resonanc:f",
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netably!
Fx = 26y
O+ Z.Cﬁf = 27
o e 1+.2:73 #w ARk

In such cases ene finda a exponential grewth ef y-amplitude,
conveniently represented vy semi-legarithmic plot ef Vs
the number of secters traversed, which may begin with ¥Yery
small initisl y-amplitudes (er even in the "neise" ef the
computer) gnd extends ever msny orders of magnitude. The
y-grewth appears te be the more rapid the greater the
amplitude of the radial metion, abeve a certain thresheld,
and the mere prenounced the cleser ene 18 te the resenance
in questien. This phenemenen has se far been studied in
greatest detsil fer the &y =2 Oy resonance. If the

i initial rsdial amplitude is not tee great, the exponential

' rewth may be seen eventually te terminate rather suddenly
%For example, near y = 0,01 er y ¥ 0.02 in seme typical
cases involving medel-like parameters) and te change to an
expenentisl decrease fer a time. This decrease may then
be fellewed by an interval characterigzed by an expenential
grewth, When ene is very clese te the &; = 24 resenance,
se that the y-grewth eccurs for even a reather “small
amplitude ef the radisl escillatien, it is pessible to see _

; frem the cemputed values ef K, and Ky that a8 the axial increases thuie
wome decrcase 4 fhe amplitude of the radial ucilfntion. Becuase of the cessatien
of grewth at sexisl amplitudes net fer frem thess at which
vielent instsbility might be expected te eccur, it is
questionable whether machine epsratien would be satisfactery
such, .underycenditions-~-in such cases the msjerity of the particles

would be expected to find themselves near the outer limits of
the beam frem time-te-time and misalignments may be expected
te resp & heavy tell in such cases, These matters are being
further explered computatienslly st the present time and
theeretical pregress has been madd with respect te these
aspects ef the phenemena which concern the initial exponential
grewth.

S+ BStudiep of Misalignments:

Beme computstienal investigatiens ef thh effects of varieus
— "bumps" have been made bhefere making a final cemmitment
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concerning the paramesters of the Illinois spiral secter medel.
The results ebteined will be reported in a factusl way, little
theery being available for organizatien ef the results, and
the work will be seen te represent ne mere than a cearse
survey ef the effects which certain misalignments can cause

in a specific csse. The alewness ef such computstieneal

work 1s a resl handicap, which arises in psrt frem the
misalignments being s preperty eof the machine-ss-a=whole and
the censequent necessity ef going through s number ef

sectors te traverse ene peried ef the perturbted structure,

It may, mereever, be neted that, a8 Symen and Christien have
emphasized, certain types ef bumps mey excite certain
retentially dangereus resonances enly indirectly; hence, unless
a suitable, and perhaps unrealistic, perturbatien 1is
selected s resultent Iinstebility may develep se slewly as te
pess unneticed in s run eof ressenable duratien. It weuld

be eof considersble cenvenience in such werk te have at hand
the mest general tresnsfermstien required te represent the
effects ef hermful misalignments snd s knowledge of the
mannerid which the parameters eof such transfermatien are
related te the megnitudes of the constructional misaligmnments
which the trsnsfermatien represents.

The werk reperted here pertained primarily te an

eperating peint chosen te be clear ef the e = 2 resonance,
te 1lle between e s 27/ /4 (Per which * = 5/4+ ) and
the half-integer rescnsnce « = 3/2. and te fall balew

Yy =/ o The nesrby inherent resensnce 3 ¢ + oy = 27C
had not been found harmful in a machine free of imperfectiems.
The nearest other imperfection resocnences, aside frem
difference resonances, were those fer which 37, + Vx = of
end 3 Vx = & « The parsmeters ef the machine
sselected fer mest ef the studies (deneted”d”) were:

A=o.Tf  L=23.7 =L w=g

Lpe

fer which v, = /0¥ Q- o2 7\/7 wm Dy &7

In studying certaln bumps, neighbering eperating peints
were alsc included. The computatliens were performed by aid
ef various everwrites, applicable to the Feckless Five master

pregram,
Results

(1) Bumps Absent: -

In the absence ef bumps, radial motion was stable in
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-.033

machine "d" fer an x~displacemant§-#. 0O frem the stable

fixed point, and the ears ef the phase plet extended beyond
#+ .06, Similarly s initial y-displscement ef X ,011

appeared to be statle. These displscements refer to peints

for which N@ = 0, Med. 2R .

(11) Mementem Bumps:

As & Tirst attempt et the intreductien ef bumps,
the combination apL. = —. 00f, 45 =4+ 00cs5S was introduced

once & revolution, . The permissible amplitude ef the radial phase

plet appeared te be reduced by a facter ef abeut 2o

<\

RESONANCES IN NEIGHBORHOOD OF "a".
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(111) Ceerdinste-Dependent Meomentum Bumps:

In this seriss ef runs a few different cembinations ef
mementum bumps ( 4/, oty ) were abruptly intreduced inte
the eemputatiens ence every 5 secters--i.e., ence per
revelutien. In one cese the cembinatien

- 3
A/?x-..-.'-v—,OO.S - —.Zxa' — /O X

>

P/j =+, ooo§ -.2;

Tear which the Jacebisn of the trensfermatien is unity, was
empleyed., In this csse the stable regien ef the radial
phase plet wes very materially reduced, esch dimension ef
the plet being reduced by s facter estimated ez clese te 3.
With the signs ef the x-dependent terms reversed, the
decreass eof esch dimensien was similarly by e facter cless
te twe.,

(iv) Redially-Displaced Secter!

In this series a displacement, 4x » Was intreduced fer
an interval 2%/~ te simulete a radially-displeced sector.
Varieus phases fer intreductien ef the bump were investigated,
as well as varieus magnitudes ef ax ., In this case a
reductien of the stable regien, ef the radisl phase plot,
by & facter ef 2 seemed te result frem a displscement, x ,
lying between 0.0021 snd 0,0063., Thus, with ¢€he smaller
bump, metien with en initiasl x lying .0250 te the left ef
the fixed peint was stable regardless ef the phase ef the

while metien with an 1tisl x lying .0375 te the left w .
stable in nens of the cases studied} with the larger bump, *
an initial x lying 10250 te the left ef the fixed poin:.ged
te instabllity in mest cases. = -

(Bv) Axially-Displeced Becter:

With en exlelly-Piaplagédeecter theres resulted a ver

neticable increase in ‘#sequency ef axial betatren onof&lntionl,
an incresse which varied predeminently as the square

of the secter displasmmgnt. ay .

Because ef the preximivy @f the integer resensnce 3/ =|

k]
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it was felt apprepriate te suppose that in actual practice

suiteble tu controls wouldbe empleyed to restore the
operat .ng pelgi te 1tas desired location despite the
presence of unaveidable misaligmnments. Per this reasen the
work te be reperted here is concerned with a structure

(denoted "e") fer which

k=o4e4 L=23252 fef @ N=S;

in the absence eof any secter-displscement
7§'=-/.4C)§ WG - 0,8<?LJ
but with a displecement |ay|= .003$0 Intreductien fer

ene secter
?g'z C’,Sﬂ?*‘; g

The axially displsced secter, Ay 3-,00350, was
found te effect a reductien ef the stable x-amplitude by a
facter ef 2 snd,y-amplitude by a facter ef 3.

Hee
(vi) Tilted Secter:-

>

Ia this series a tilted sector was simulated by
intredueing, ence per revelatien, twe bumps, (44,, afy,) o (5311‘3"3;)
::l st peints ene secter spart. _ 4
ecifically, AY,=ay,, &Py =-?as, s O~k APy, ®EF oY, .
A reductien ef the lt:%ll nmpiitu es of radial and axial
metien by s fecter ef nearly 2 was feund te eccur when
Ay’ s -,00350,

(vii) Parameter-Shift:

In this series the parameter 1/w was changed fer an
interval cerresponding te one sector and s cen-current
change was made in P in an effert te allew fer the
increased spstial medulatien ef the field which weuld be
expected te result if the ridges ef a spiral secter accel-
erater were separated. Werk has been cenfined te the case
in which one secter ef accelerater "d" was medified as fellews:

Unperturbed Secters: }/w = 23.7 f = 0.25 3
Perturbed Sectors: 1/, = 23.07423, fg = 0.2533996 .
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In this csse little reduction ef the stable regien appeared
te result, altheugh a radial phase plet ef & nesrly-limiting
amplitude run sppesred te he a bit mere rasgged than fer the
unpsrturbed case.

In summary, i1t is seen that displacements which cerres-
pend te sbeut lmm, when ry = 300 mm under a number ef clrcum-
stances can cause a serieus reductien ef the stability reglen.

IV. ANALYTIC WORK PERTAINING TO UNPERTUREED STRUCTURES

1. The Equilibrium Orbit:

One ef the distinctive features ef the upir:lly-ridgo&
accelerater i1a that the equilibrium erbit is net circular.

If ene expands the equetions which gevern the metien in the
median plane abeut a reference circle, a fercing term makes
its appesrance snd leads te a scalleped equilibrium erbit.
The depsrture frem a circle is, in fact, clese te a sinuseid,
given

P
xp £ = {n No
£ P - (ke O

and has been determined with greater accuracy by Juddlh and
by Celel5,

2. The Small-Amplitude Betatren Oscillatiens:

The chesrscter eof small-amplitude betatren escillatiens
must be ebtained by expansien ef the squatiens ef motlien
abeut the equilibrium erbit and leads te frequencies materially
different4:10 frem these which would be ebtained by ignering
the effect ef the fercing term. Quallitatively this 1s te be
expected, since the field gredient 1s in a sense te favoer
radial fecusing ever s smaller interval ef @ if one sxamines
the gradient in the neighberheed ef the scelleped orbit instead
ef sleng = circular path.

We will net undertake here te discuss develeopment ef the
equatiens fer betatron oncillatitqa on the basis ef Symen's
unified theery ef FFAG machines, but shall eutline a more
specific appresgh dovolopg& Iéth increasing_ gegrees of cemplete-
ness by myself,4 by Judd, 4. and by Cele.l Prom the pre-
scribed median plane field, vecter petential compeonents are
develeped and empleyed in a space-like Lagrangien from which,
by the principle ef least actien, the dirfora?51n1 equatiens
fer the trajecteries may be derived directly:

p ds/d0@ + e K- ds/d0

pry (1 @ X)€ & x1€ ¢ yi€

Lix,ysx',y';0)

+ oy [(1 + X)Ag + X'A, y‘A;].
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A change ef variable is then made (u & x - x,) te medify the
Lagrangian se as te eliminate the ferced motfon, and the differ-
ential equatieons which result frem the medified Lagrangian are
then taken ss the equetiens governing the betastren escillatiens.
In this way the ceefficients of the linearized squatiens, applying
te small-amplitude motien, are obtained and the majer non-linesr

termé alse may be neted.

The linear equatiens are ef the Hill ferm snd, if relatively
small terms are ignered, sre substantially ef the form

u" ¢ (ay ¢ b, ces N + o, ces 2N6)u - O,

and similarly fer the y-equation. Fer erientatien, 1t 1s

helpful te nete the frequencies which the smeeth upproxim&tionzo
gives fer the selutions to these equatiens. Ignering the relatively
small centribution frem the term invelving c ces Z2NO®, ene ebtains

2
Ve e b %

" & (f/')z f/w
[{k 1) <% ¥ - (k+ 1)] .

2

i

1"

k+1

2 »~ 1. (r/')z (£/w)°
vy [kfi.z_“””]+i—€z)—

-k + (;%)2 :

It is thus seen that the frequency ef the free radisl escillatiens
is substantially determined by the expenent k ~characterizing

the redial incresse ef average field strength, se that k ¥ 1 must
be pesitive, and that axlal astabllit may similtanecusly be eb-
tained if the ehhanced A-G term, (f/wN)<, 18 sufficiently large

te deminste -k.

Mere exact Infermation cencerning the sclutions ef the
Hill equation, with the term ¢ cos 2N@ retained, may be
ebtained by use of tables pertaining te this equatien and
which were calculated by aid of the ILLIAC digital cemputer.
The first set of tables was prepared by s variatienal methed
which 1s belleved te be quite sccurate at the stability limits,
o -0 or %, and else fer the smaller values ef e in general.
The mest satisfsctery ferm in which te use these results is by
receurse te the grsphs which sccompany the tebles. A secend
30t of finer-mesh tables has been subsequently preparéd for
the Hill equatien by direct integratien ef the differentiel
equation. These tables, which have been duplicated and are
sbeut te be distributed, give ces o, e/7 , and selected
values ef a quantity (.1 ) prepertienal te the square ef

the amplitude function and frem which the Fesquet selutions
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in the phage-amplitude ferm can be ebtained. In each eof these
tables an Independent variabtle 1s used such thet the argument
of the cesine functiens 1g 2t, and multiples thareof.

By use ef the fersgeing theery, and by sid of the availl-
able tables or graphs, the first stablility regien may be pletted
in terms of machine pgrameters. The basle variables, when k»> 1,
are k/N2 and f/(wHM€). The result ef direct integration ef
the equations ef metion, by use of the Ridge Runner or Feckless
Five programs, yleld resulte which for small-amplitude mctien
are consistent with the predictions «f the analytic theery.

3., The Limiting Steble Amplitudes:

(1) The stability-limit for radial escillatiens:-
In a large fraction ef cases the limit ef stabllity
for the radial motion is characterized by the sppearance of three
fixed points. For such cases a convenlent appreximate formula
may he develeped by recourse te a differentiasl equatlien in ghich
the impertant non-linesr term is taken from Cele's report:l

u" 4+ (a + b ces NO)u = gfg (8in N@) u2 ;

One may sttempt the selution ef thils equatien by substitutlien ef

the trisl solution u = A sin(N6/3) and application of harmonic
balance. One may alternatively replace the differential equation

by an equivalent variatienal statement snd then employ the same

type of trial solution as befere. Finally gge may empley a variational
precedurs e the type eutlined by Sturreck. These various

metheds appear te agree in giving fer the limiting amplitude

the expressien

AT B |2 - %ﬁ, = 20A/r) |(o/m) - (2/3)7 |

:i..giﬁ
Tt .

It 18 neted that the character of the trial function taken in this
work was extremely simple; the formula ngpenrn, hewever, te glve
estimates in geed accord with the Ridge “unner stebllity limits

in beth model-like and full-scale machines fer which the nesrest
resenance is that fer which e, = 2X/3 . It mey be noted that,
slnce the betetren frequencles are essentially determined by k/ﬂ‘

and f/(t!z), a desirable increasse of stable smplitude might be
expected I1f f and w were each increased by the ssme facter.

Dr. Bessler hes extended this formuls In an sttempt te take acceunt
of fields containing higher-erder Feurier cempenents.

(8/3) (wPN /1)

il

(11) The Stability Limit fer Axisl Oscillatiensp-

In censidering the stabllity limit fer axlel metien,
it has been peinted out that larger amplitudes ef axial escillatien
cause the particle te sample fislds of & necessarily greater
flutter-facter, The flutter-factor ef a simple sinuseidal variatien
increases approximately by the fscter Cesh(y/w) for points eut
of the medien plane. The suggestien has then been advanced that
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the effect of this increased flutter in the field 1s tc "tune"
the oacillation frequency towards the next higher resonance and
that instsbility will result when this resenant value is reached.
On the baais ef this simple, and perhsps not entirely true, idea,
one may procesd to write

2
J° _ _f
= A

) raor
Fay v 1)--—z:.y v .

£ Coah-(.ZZﬁ
[ ] w

With r

ar p B2

2w
r2 é EE
2 L]
v?
If we write (y%} = A2/2 and censider oy te be belew but fairly
clese te the value 27/3,

i !n)yr:z'h [g ) 1’?]

279, % W z_g,_]
Irz 3 “'[ .
Since iy is presumed clese te N/3 (i.e., &, clese te 2MW/3),

y
this result mey be expressed in the simpler ferm

ARk R
Wt BB f§ - .

Cemparisen of this equatien with Feckless Five results suggests thet
the fermuls may ever-estimate the permissible smplitude but thst within
a facter of about L it gives a cerrect estimate in a variety ef cases.
Again, the cdesirability ef increasing f and w together by the ssme
facter is suggested. Sessler has undertaken to extend this fermulas,

by the same type ef reasening, to cases in which higher-erder Feuriler
cemponents are present in the field.

and Al&-

A

(18
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L. gy=Groewth:

We shall diacuss here analytical werk ralavant te the exponential
grewth ef axial amplitude ebserved In the nelghberheed of certain
resornances, with particular emphasis on the Ty, ® Zd'y resonance.

(1) Walkinshaw's appreach:- 21

In & recent memerandum, Walkinshaw has pointed out that
the differential equation fer axial motion, although preoperly trested
a8 linear in y fer smell amplitudes, conteins a coefficient which
invelves the radiasl motien. Just as the ferced radisl motlion is
knewn, as we have seen, te affect the axial fecusing, se the presence
of an appreciable amplitude of radial escillation may be expected te
affect the axial motion under suitsble circumstences. The view is
taken thst tre superpesition of the cemparitively-leng-wavelength
radial escillatiens en the forced metien in effect modulates the
smoeth-approximation ceefficient in the axial esquation, te yield
a Mathieu equatien with a coefficient having the periocd of the radial
motien. Under "resonant™ cenditions, which appear to include the
case (v, = Zcry, the equation may have unstable solutions.

Walkinshaw cemmences with the basic differsntisl equations
(in eur netatien):

2" ¢ (kK » l)lx g -7 lin(é - NO) ,

y" e [-k - §-c01(§ - NO)] y = 0.

A solutien fer the rsdial metion, representing a free cscillatien
of amplitude A superpesed on the ferced motien, lg taken of the
form:

x x + X

(] ol
with X, = A-m(vxo ),

- (/W) - By) wtalmo - X,
fk_QT << K .

This selution is then intreduced inte the axial equation and, efter
some appreximatien, gives

b 4

b g

and Jx

- r x'- b 4
Yy *['k‘i:zF(I-ﬁ)e--ﬁ-cu(NO-—:-)Jy = 0.

At this point the attempt is made te eliminate the cosline term by
spplicatien of the "smooth sppreximstien", in effect replacing the
N which usually appears by N - x,'/w :

" == fz x,' -2
y + [ k ¢ ;ziz-(l -~#%r) ] y = 0,
{ wFe —:3'{5— ¢
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It 18 noted that the tsarma within the square bracket and whiﬁh
do not contain x,z' are Jjuast those which nermally give ) by

thea smeeth appreximstien. Hance, with thls substitution
replacement éf x,' by A ﬂxcosfvxa « o), ens ebtains

2

2 2A T
¥ +I_‘Dy. + w&coa( Yy +a)]y = 0.

This Mathieu equatien mey be put Iinte standard form by the
change of independent varliable

ﬂL @ $ o = 2T,

® and

te obtaln

(=%
na

[(21) /13)2-0-71—15-8”2 2
+ v, Vx = 5 I ces 2T y = 0,

with a ceefficient whese peried iz ™ In the 1lndependent

variable T . Such s Mathieu equatien will exhibit instability
when the censtant term in the ceefficlent 1s equsl er clese te ths
square of an integer -- in particular, there 1s a fairly bread
band eof instabllity near

24, /9% = 1,

o8

BS

cerresponding te V, = 213y.. This instabllity will be expected

te extend over s wider range of values eof WJy. the grester is A ,

the smplitude ef the radial betatren escillatione; simllarly, fer
s fixed value ef a‘uYo/Vx end within the unstable zone, the lspse

rate characterizing the grewth ef the axial smrlitude will be the

greater the larger the radial oscillations. The predictions of this
theory, hteth with respect te the thresheld at which instabllity sets
in and with respect te the lapse rate in the unstable reglon, appear
te be in goed accerd with the results of the ILLIAC computatiens.

(11) An Alternative Appreach:-
Despite the success of Walkinshaw's Ingeneous and successful
acceunt ef the e =z 2 resenance, 1t was felt that the methed

invelved seme uncertainties, especially In the first application ef
the "smeeth sppreximetien”, which were difficult to raticnalize.

It was theught desirable te develep an alternative, and perhaps
more general, method which weuld be applicable to other resonances
and which weuld be based in a atrnig?t ferward way on the differ-
ential equations develeped by Cele.
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If we regard the amplituce ef the betatren escillations them-
selves, taken with respect to the clbsed equilibrium erbit, as

small, they may bs suppesed adequately represented by the lineasr
differential equatien

" [ ] .
u’ ¢ i -+ bx ces Née{u = O,
with r2 2
(] = k+1 - 2 x ) (-
3 22 [W° - (ke 1)) ’ e n

r/w .

b

X

A suitable selutien te this equatien may be seught convenfently
ty a variatienal methed in a varlety of waya. A method which we
shall empley again imagines that the frequency ef the oscillatien
and the besic frequency ef the structure are cemmensurate in s
suffieiently large interval end, hence, that the selutien may be
regarded ss "periedic" In such an interval. Such a periedic
selution might nermally be theught te cerrespend te a stability
beundary, but in the present lnstance we find that there are twe
periedic selutiens and the zene ef instability which one might
imagine te be present is ef zere width.

We write, then, the variational atatement
X
Bfi[u'a - (a_ + by ces Ne)u|de « O

as eQquivalent te the differentisl equatien.
A trial selutien ef the ferm

u = Aces 9@ <+ Bces( VYV ¢+ Ne + C ces( - Ne

may be intreduced inte the integral, the integratien perfermed,
and the resultant slgebrailc expression adjusted te be statienady
by preper selection ef the frequency v end preper prepertiening
of the ceefficients A, B, C.2 One finde in this way

‘62 2w b!
= ox T e

& B
B = - (1 - 29/%) 4

b 4
5’:7(11-1/!);.

Thus the value feund fer -+ in this appreximatien is cencerdant
with the result of the smeeth appreximatieon and we have the apprex-
imate selution fer u:

N :
u g A [cel Yo + .;.;! (1 - 2V/X) cos(¥+ N)O + Ebiz-(l*g‘lﬁcu(*/-melf
1
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by i
O eb
= A [cos Y2 4 —> cos Y6 cosNe ¢ s #in % sinHO:].

N N-

Likewige, Iif s triesl function employing sine functions had been
employed, & similar result would heve heen el tained:

b
u = A |sinve 3 3% Ve ¢ - X J
[ Ez-sin cos Ne "Ej"'°°"J9 sinNe | .

We accerdingly take the general selution te be:

=
L

b
A [sin('}/xﬂ +¢€) + ﬁ ain(JxQ +€ )ces NO

2b, 1/
- -—-:-5—1 cos(V,8 + €)sin Nfﬂ

-
A 'Llin(\]xo re) ¢ ;52 ain(TJxo +€)ces NO

&l
s —-;3— coakdte ~':)sin.N0] "
w 3
The complete radiel motion is x = - i& sinNe + u and is found te

agree with Walkinshsw's ferm when the latter 1s sxpanded.

Fer study of the y-metien near the (7 = 20} - resonance we
agalin refer to Cele's roport15 te write the linesr equation in y:

"o+ [nyf by cosNo —b.ufy = 0,

2 2
f )
where o = -k $ —y—r——mr T _x 4 _T
| y 2we[NE - (k+ 1)) 2woNe
b - -f/w,
v
and bS - (f/'z) sinNe@ te sufficient sccuracy fer the pressnt
% purpese.

We then substitute our selutien u inte this equation, igneoring
terms in 2N6 and dropping the phase-shift ¢ a8 & matter of
cenveniente, te ebtain
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2
AL AT Yy
' o+ [.y + by ces NO& - -'-2- sinNe linvxﬂ + mcelﬂxg]y = 0
This equstien is ef the form
" - -
7" o+ E}F t b, cesNe *'&ty cos(N d;)e ioy cos(N « V,)e
+ d cos Jxo] y = 0

with ny and by as befere,
+ ArfY,/ (w3n3)

with ¢

P |
with dy

The equatien may be cast in the ferm ef a varistienal statement and
stability beundsries seught by the use of trisl functiens

A AN =V 2N+ s

¥, = B ces :{ + Pl ces -4 o Pz ces

S ot _

2N-Y, 2mn+ Tk
yascnn +Q1.1n 2_8+Q251ﬂ——2—_-—-9 .

One finds in this way that the stabilitg beundaries in the neighberhoed
of ‘Ux = Z‘UY. (where ‘Vyz [ ., ¥ b /(282) cerresponds teo selutiens
°

of the y-equatien when A = O) are givon by

Va _ - - Vb c
(2 - ey 0?| _r;x_z i
= & '3—3 a] .

This result ies in ngreomont with the lecatlen of the stability
beundaries ef the "equivalent" Mathieu equatien eriginaslly suggested
by Walkinshaw.

Centinuatien ef the anslysis ef our qu!tien, sleng lines indicated

foer the Mathleu equation by MCLachlan, mereever leads te lapse rates
in the undtable zene which sgree with the values implied by Walkinshaw's
.qua;ion and which appear te be in ressonable sccerd with the ILLIAC
results.

]
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(111) Other Resonances:-

We have spplied our metheds te the exgqminatien ef ether
resonances where y-grewth may eccur. It appesrs pessihle in this
waey te acceunt fer the behavier at the resenance e, + 2¢_ =z 2T
and at Ze; + 2¢, z 27¢, In this latter case ene eficuld Ycensider

net enly the term iclo u?y in the y-equatlen but alse the deuble

frequency (24,) terms which can enter the term bguy Wy use ef

supplementsry terms in u ebtained by s perturbatien selutien
of the nen-linssr u-squatien. It appears, hewever, that the
direct centributien frem 30 uzy' defindtely deminates.

In the neighberheed ef the pessible @, = ¢ resensnce, the
ILLIAC results hsve revealed ne y-grewth. Our” analysis, differing
in detall from Welkinshawe, indicates that instability lesding te
y=-grewth would eccur ever a quite restricted range of rediasl smplitudes
and that the lapse rate within this narrew zene ef instability weuld
be Be small as te be far beneath netice.
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