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Tho r u b j a c t  w i th  wb.ich I &a11 bb concornod today i s  
tho p a r t i c l e  motion i n  a  Fixed-Fiold a c c a l o r a t o r  of tho  
8 p i r a l l y - r i d g e d  typo: i no lud ing  c .mputat iona1 prepr ra l i ionr  
in a u m i n r t i o n  of tho aopr ra tod- roc tor  v a r i e t y ,  Su t  w i t h  
ne  reforonco t o  a c c o l e r r t i o n  procoasor.  

To dof ino  tha problem, tho r t a r t i n g  p o i n t  i n  a ~ l y r i r  
of tho r p i r a l l y - r i d g e d  r t r u c t u r o  18 tha  rrmamod modinn-plan. 
f i e l d ,  which we p raac r ibo .  I n  cmnt rae t ,  tho r e p a r r t e d - r e c t o r  
m a h i n o ,  o r  oven c e r t a i n  a l i i ;h t ly -modi f iod  r p l r r l  s a c t o r  
machinor, mako tho  r p o c i f l o c t i o n  of t h e  01. contour  more 
n a t u r a l .  I f  t h e  po le  contour  18  r p o c i f i k o m t b o  
preliminary problom of dotarmining t h e  f i e l d 8  ( o r  tho  
magnotor ta t lo  p o t e n t i a l )  which they  produce, while with tho  
median-plan. f i e l d  prorcr1b.d a t  t ho  r t a r t  one must f i n d  tho  
f i e l d 8  a t  o t h e r  p o i n t 8  and t h e  l o c a t i o n  of r q u i p o t o n t i n l  
r u r f a c o r  r l e n g  which the  polo8 m a y  bo located.  

It m y  tm noted t h a t ,  perhaps  throu* l a c k  of 
ingenui ty ,  wo have not  mttompted t o  s t a r t  w i th  a  ayltam 
m i  o r b i t r  and then x o a v o r o d  t o  f i n d  a  RUwo11 f i e l d  
which would g ive  r ia .  t o  tho r o r c r i b e d  o r b i t r .  We b v o ,  
b , w r e r ,  d w a y r  impornod a  roe  ! in8 roquirament i n  a  
r u i f i c l o n t l j  r t r i a t  r en ro  t h a t  n o t  only  are tho numbor 
ef r a d i a l  and a x i a l  b a t a t r e n  e m a i l l a t i o n 8  around the 
mahino i n d 0 ~ 0 n c k n t  ef pwt i c lo  onorgy, ' 

. . , b u t  tho o r b i t r  for 
d l i i o r e n t  o n e r g j  p a r t i c l a a  a r e  thomrolver g r o u u t r i c a l l y  
rlmllar. 

Tho b a r i 6  idoa i n  thoaa s t r u c t u r o a  18 t h a t  t ho  
a rorago  f l o l d  around tho  machine r h a l l  r a w  w i t h  r a d i u s  



am rk, w i t h  k sufficiently g r e a t  am t o  givo an adoquatoly 
l a r g o  mmontum cen ton t ,  and t h a t  s t a b i l i t y  rill bo prevtdod 
b the A-O a c t i o n  which arlmom from having t h o  f i e l d  
a 9 t e r n a t i v o l y  h i g h e r  and lowor t han  avoraga a long mpiral 
curvom which a11 p.rtic1.m must o reas ,  Tho moat genora l  
typo of median-plan. f i o l d  whloh i m  conmidorod i m ,  then,  

I 
Pewall  ham mhom hew much a f i o l d  m y  be dovolmpod f o r  

/4 p o i n t 8  ou t  of  t ho  median-plan@, t o  g i r o  t h e  vmrieum f l o l d  
oompenontm, tho v r a t o r - p e t o n t i r l  crmpononta, o r  tho ~ g n a t e s t a t i c  
mamler potontlml.  For thome r a r i a m  q u a n t i t l o a  Porol l tm 
d e v o l r p m n t  l a  q u i t e  mimllar i n  form and 111 oxproaaod i n  
t e r m #  of tho  dimmnaionlosa p a r m o t e r r  

r h e ~  1-1 i n  ohoman mo t? la t ,  far tho  p a r t i c l o  mementurn undor 
oonmidoratien,  x w i l l  be m a l l .  Thank: t he  a c r l o r  p o t e n t i a l ,  
f o r  oxompls, i m  w r l t t a n  
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whore rocurr ion  ro lo t iona  arm given by Powell f o r  tho 
c.*fficlont8. It i r  noted that tho d a f i n i t i o n  e f  x i r  
bared on ueo of 0 cy l i nd r i ca l  coi rd lnoto  8yrtem; i t  may 
bo pointed au t  thrt Dr. Akrlay ham suggootod t h a t  raforonoo 
t o  l rystom of rphor icol  co8rdlnotoo may hovo co r t a in  
adrontagor and ha8 wr i t t an  a repor t  on t h i s  topic.  Thie 
r o r i a r  of Powell l r  ha8 formed tho b ro i r  of r camputor 
program-- the *~otentrto"--whoroby tho height  (y) of 8 
raoei f lod  oqu ipo ton t l d  [3b lyy ba found d i g i t r l l y  . 

am a funct ion of O M  x. 
a q d t o  8htXTar p r o m t h o  80-crlled "ItlCy rtormomb 

~08d.r"--vrluor proport ional  t o  

+/c I -+ 
k + l  

m y  be ebtalnod. 
7 /( r +x) 

For tho ommputation of 
r ibgo aeco lor r to r  no d i roo t  
P o w o l l ~ r  expanrien, rl though it h 8 B  or8irt.d i n  providing 
the k r o  f o r  r o w  now progrpnr lhioh may crmr i n t o  urn. 
8o.a. m a t  ha r  r l r o a d j  born dono oomputrtionmlly ham 
bean with two progrmr  m i c h  I 8hrll naw dircuss-- 

P l r r t ,  tha 'Ridgo run no^', berod an oxac t oquct ion8 
f o r  motion i n  the w d l o n  plono, a d ,  aocond, what w.8 
rupporod t o  hmvo boon an in te r i l l )  program f o r  cmbinod 
r r d i a l  and a x i a l  motion, tho ro-called 'Pocklrrc Fivr". 
In thoro two program8 tho prororibed modirn plan. f i e l d  18 
taken t a  bo a f  tho form+ 



no hrmonic  compemntr baing rdmirr ible .  

I. Ridge ~ u n n e r b ~  

Tho d i f f o r e n t i o l  equrt iona f o r  the Ridge Runner pregrwn 
mro m i t t e n  qu i t e  read i lv ,  mince the  f i e ld8 ,  and hence tho 
foreor ,  m y  be e x p l i c i t l ~  fermulotod immedirtely. Tho 
aquationr  ore wr i t ton  mr f i r s t  order  oqur t ionr ,  i n  tom. 
ef tho c rnon ica l ly  cenjugrto va r i ab l e r  

x' 
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and a r r  in togr r t ed  by tho Rungo-Kutto preceduro. Computatirn 
t aker  0.37 rac/R& , or, with 32 RK/aecter, rbeut 
12 moo/rocter plum punahing time. 

2. Fecklesr Fivo kb 
Per inc lu r ion  ef a x i a l  metion i n  tho computrtlenr 

a t t e n t i o n  mumt firmt b. given t o  the devolepment of the 
f i e l d  out of tho median-plane. Otu r i r h o r ,  i n  f a c t ,  t o  
obta in  the v o c t r r  o k n f i r l ,  i n  o rder  tha t  the oquotiens ef 
motion ( r h i ~ o h e l o c i t y - d o p e n d e n t  7 x % 
foroem) m y  ba r t r i c t l y  Huniltonian i n  character .  Tho 
@pt.mrtio de ro lopwnt  of tho vector  p e t o n t i r l  ha8 been 
M a t e d  i n  r a p e r t r  by Dr. ~ k e l a f i  about r  year and a  
h a l f  ago--tho procerr  i 8  r t r i c t l y  an i n f i n i t o  on*, involving 
tho repertod opp l l e r t i on  of the V' operator  t o  vector  
q u r n t i t i e r ,  mnd beomar r a t h e r  o l a b e r r t r  i f  corr iod out  
p p o r l y  i n  cy l i nd r i ca l  eoard in r te r .  I n  r o t t i n e  up tho 

Foeklosr P l rom oqur t lonr  t h i s  type of development ram 
kopt i n  mind--the viow mar taken, herevor, thmt 
eu r r r t u ro  o f foo t r  ef tho oor t  which d l r t l ngu i ah  r o y l i n d r i o r l  
ooordlnato ryrtom from r Cmrtorian on. could be regarded rm 
-11 cor  c t i o n r  rhiob need n e t  k included exac t ly  and 
t h a t  the 3 ominant y-dopondencr wquld b. given by hyperbolic 
f'uaotiom ef rn  r r y r s n t  c lo ro  t o  y/r. In  t h i n  way an 

r 0 ~ i t M t o  vector  p o t e n t i a l  with cmpmnontr A and A 
P e m t r i r o d ,  f r m  which l met ef oxoctly-Ham f i ton108 



oqumtionm was de r ived  wi th  tho dopondont vmrimblor x, y, 

Ono ruppomom tbrt tho  varimbloa x mnd y thomrolvor w i l l  
bo m a l l ,  bu t  t h a t  and nrj bo csmparmhle w i th  un i ty .  

w w 

Thim p r o  r m m  r o q u i r o r  0.71 moc/RK-&0p, o r ,  w i th  32 Ftl[/sector, 
about  23 roc 7 r o c t o r  plum punching time. 

Tho program i r  t o  bo rogmrdod m m  mn mpproximato one, 
whoro accuracy i s  oxpocted t o  b. goad f o r  largo-mcalo mmchinom 
but n o t  m m  g r o a t  f o r  medola whore curvmture offectm p l a y  a 
moro pronounced r b l o .  

Tho Fockloar Five program l a  reen  t o  be mubmtmntimlly h a l f  
am f a s t  am the  Ridgo Runner and i t  would bm n i c e  i f  wo had 
ran0 oqulvmlont t n n r f o r m m t i o n  wkich could be uaod t o  c a r r y  
t ho  pmr t i c lo  rmpidly through r o c t o r  a f t e r  r e c t o r  i n  s t u d i e r  
which r o q u l r e  cont lnuod c rmpu t r t i on r  threugh l l a r g o  number 
ef r a c t o r r .  

Avmllmblo f o r  urn0 w i t h  those  programs a r e  v a r i o u s  ornbolliah- 
nun t r  o r  "ovorwritos". Thur t he  Ridgo Rumor  mmy bo mdmpted 
t m  p o r n i t  t he  I n t r o d u c t i o n  o f  mn o lgobro ic  trmnmformmtion t o  
rimulmto passago of l p a r t i o l o  through a s t r a i g h t  aoct ion.  
Tho Fockloss Fivo m y  Se mupplomntod by on overwr i te  which 
g i t o r  enco o r  t r i e r  l r e c t o r  t ho  rqumro r o o t  of  t h e  
q u a d r a t i c  fornm which romain i n v a r i a n t  i n  t he  l i n e a r  approximmtlqn: 

and Kj r imi lmr ly  

In a d d i t i o n ,  ma we r h a l l  i l l u r t r o t o  l o t e r ,  i t  i s  p o a r i b l e  t o  
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Introduce variour kinds of "bumpsn i n t o  the Feckless Five 
program, t o  simulate c e r t a i n  misalignments. 

It has been hoped t h a t  the  Fecklers Five w i l l  be repl rced 
by the proposed 'Small Five" program, i n  which a more 
r j ~ t r a u t l o  development of the magnetic f i e l d  would be 
employed, bared on Powellls r e r l e s ,  end with which it 
would be pors ib le  t o  study case8 i n  which a l imited number 
of harmonic camponento would be prerent  i n  the f l e l d o  
Progranrlng of the  Smrll Five was begun and then 
in ter rupted i n  the i n t e r e s t  of other  work considered t o  
be more pressing-- i t  i s  hoped, however, t h a t  work on the 
Samll Five w i l l  lw recommenced and t h i s  program completed. 

5 .  s t o m 8 h t 6  

8incr  the  f i r s t  of the calendar year i t  has become 
increas ingly  apparent t h a t  one i s  u ~ e c e s s a r i l y  and 
unde8irably r e s t r i c t i n g  oneself by confining a t t en t i on  t o  
f i e l d s  which i n  the medion-plane a r e  s t r i c t l y  s inuaoidal  o r  
whioh a re  even r e s t r i c t e d  t o  a very l imited number of 
harmonics. Thir reoogniti*. was reinforced by the r e s u l t  
of mom simple f ield-rurvels2 made by solving Laplacs '8 
two-dimsnsionol equation an 4 "50 x 15" Cartesian not  
(49 u n i t s  x 14 u n l t a ) ,  and by the increased i n t e r e s t  which 
the separr ted-rector  type of s t ruc tu re  appears t o  warrant. 
It seemed important therefore  t o  bring i n to  operat ion e double 
progrem, whioh (1) would comnence w i t h  the contour of the 
pole boundary, on whioh the magnetostatic po t en t i a l  would 
be oonsidered 0s given, and solve Loplace's equation f o r  the  
Space between t h i s  boundary and the median-plane, and then ( t i )  
would permit investigation O f  p a r t i c l e  t r a j e c t o r i e s  i n  this 
po t en t i a l  f i e l d .  It  r a a  f e l t  t ha t  mesh-storage would be the 
moat p rac t i cab l r  approach end tha t  s torage should  be 
confined t o  the fast-memory of the  I L L I A C ,  when solving the  
dynamlool problemm, i n  the i n t o r e s t s  of achieving reasonable 
rpeed. It war fu r the r  reoognised t h a t  considerable simplifi- 
oa t ion  would remult i n  the po t en t i a l  problem and a considerable 
reduation of the rubnequent r torage requirements i f  
advantage were token from the r t a r t  of the sca l ing  property 
of the  f i e l d .  The dea i r e  t o  economiae t o  the  utmost i n  
atorage ruggested t h a t  the computational programs be planned 
In t o m a  of the sca le  po t en t i a l ,  desp i te  the imposs ibi l i ty  4 of r t r i c t l y  H m l  ton an equations of motion when using 
f i e l d o  derived fiam a romswhat-in-exact s c a l e r  po ten t ia l .  



20 June 1956 

The s c e l l n v  c h a r a c t e r  of  the  f i e l d  can be seen by 
r e f e r e n c e  t o  Powell a  expansion,  c i t e d  prev ious ly .  It is 
ev iden t  from t h l e  development t h a t  ~ f i ( / p ; ~ ) c )  Y t /  h a s  
t he  same value e t  a11 p o i n t s  f o r  whic 0 th  y / ( l  f x )  and 

-. = ( I  A; - , have the  same values .  Alao. P'-= - --.. . . 
w i t h  y / ( l +  'x') ona tan t .  I)L// 11 t~ is p e r i o d i c  i n  $ 
with  per iod  2 The p o t e n t i a l ,  w i t h  
i t s  a c e l i n g  f a c t o r  (1 t x )  

+ i s  t h u s  coven ien t ly  
e x ~ r e s s e d  In  terms of two independent v a r i a b l e s  which we 

w i t h  4'L p e r l o d l c  i n  with p e r i o d  unit$. 7 
Thi s  l e s t  equa t ion  m y  be a l t e r n a t i v e l y  i n t e r p r e t e d ( $ )  

a s  r e f e r r i n g  ,.p/ ( 1  t . ~ :  I: * I  t o  t h e  va lue  a t  a  
s u i t a b l e  p o i n t  i n  t h e  0 = o  p l ane  o r  (11) r e l a t i n &  i t  t o  
t h e  va lue  a t  a  a u i t a b l e  p o i n t  i n  t h e  c y l i n d e r  x n 0. 
By v i r t u e  of t h l s  r e l e t i o n s h i p ,  Laplace ' s  equa t ion  f o r  thir 
s c a l i n g  f i e l d  mny be reduced t o  a  second o rde r  d i f f e r e n t i a l  
equa t ion  f o r M  -fL with  on ly  two independent vmr iab le r  
( 6 and / . The megnetic f i e l d s ,  moreover, may be 
obtafned from and hence s t o r a g e  on a two-dimenalonal 
n e t  w i l l  s u f f i c e .  For moat r f r i c i e n t  s t o r a g e  i t  was f e l t  
a p p r o p r i a t e  t o  a t o r e  a  quantlty p r o p o r t i o n a l  t o  ' L - /  ./7&, 
s i n c e  t h i s  q u a n t i t y  w i l l  be more nea r ly  c o n s t a n t  t h a n  
i t s e l f  end a  g r e a t e r  number of s i g n i f i c a n t  f i g u r e a  would 
be r e t a i n e d .  The f i e l d - s t r e n g t h s  which e n t e r  i n t o  the  
( F i r s t - o r d e r )  d i r f e r e n t i a l  e q u a t i o n s  of motion a-re t h e n  t o  
be ob ta ined  by F i r s t - o r d e r  d i f f e r e n t i a t i o n  of - J L . / r /  D 

l n t e r p o l e t l o n  end i n t e r p o l a t i o n - d i f f e r e n t i a t i o n  being 
necessary  because t h e s e  q u a n t i t i e s  a r e  s t o r e d  on a  net .  
To i n s u r e  c o n t i n u i t y  i n  t h e  d i f f e r e n t i a l  equp t lons  i t  was 
then f e l t  d e s i r s b l e  t o  use  an i n t e r p o l e t l o n  formula which 
would e x h i b i t  a  cont inuoue d e r i v a t i v e  upon c r o s s i n g  from the 
r eg ion  covered by one c e l l  t o  t h a t  covered by an a d j a c e n t  
c e l l .  Such s n  i n t e r p o l a t i o n  Formula, being the  only reasonable  



orio of i t s  type  oxtonding through and bared on four 
v a l u e r  of t he  f u n c t i o n ,  18  ured t h r o  hout  i n  profarenco te 6 B e s r e l ' r  moro convont lona l  hu t  on y s g l y - d i f f e r e n t  fonn. 

T h i s  formula i r t  

i n  c o n t r a s t  t o  L b a s e l t r  form: 

!Pho q u a n t i t y  
-n'r 

4fi/7>, i r  r t e r o d  for each of a r  many eB 

rom, 2W0 me& p o i n t r  am 13 b ina ry  b l t r .  Tho d i f f o r o n t i a l  oqua t ion r  
arm w r i t t o n  i n  t o m r  of o e o r d i n a t o r  

t o  avoid t h e  compl lao t lons  of a  legm+ithm r o u t i n o  i n  the  
progrun, a l though  p r i n t - o u t  I8 perfonnod I n  termr of t ho  
m e r o - f m l l i r r  v r r i a b l o r  x ,  y. px, and py. 

The p a r t  o f  t h i r  program which r eeks  a  r o l u t i e n  t o  t h e  
p. d. oqu. f o r  R i r  termed tho "SCAPOCYL" and tho  dynamic8 
p e r t i e n ,  tho "Stornoah". Troublm-rhebting of tho  f i r r t  
p e r t i e n  and t e r t i n g  of tho reoond 1. c u r r e n t l y  i n  p rogrear .  

m Tho mpeod of tho Storme& program hos  been found t o  be 
i n t ~ r m o d i r t o  botwson t h m t  of  tho  Rldgb Runner rnd t h a t  of 
tho h a k l o r a  Five. 



11 I. COMPUTATIONAL RESULT8 

By use  of t h e  Ridge Runner and Focklors  Five progrrmr, 
surveys  hrve boon m d o  of t he  p a r t i c l o  motion i n  s p i r a l l y -  
r i dged  r t m c t u r o r .  Although the  l a r g e r  p o r t i o n  of t h i r  work 
war wi th  p a r m a t e r r  c h a r a c t a r i r t i c  of modolr, the c o n e r r 1  
f e a t u r o r  of t he  r o a u l t r  no doubt app ly  a110 t o  l a r g o - r c r l o  
machinor. 

1. ~ a d i r l  Motion 8 

The r o r u l t r  of computation p e r t a i n i n g  t o  motion wi th  one 
degree of freedom a r e  a p p r o p r i r t e l y  and conv ien t ly  
r ep re sen ted  by meon8 of phase p l o t r ,  d o p i c t i n e  on i n v i r l r n t  
curve8 t h e  p o r i t i o n  and rsmociatad momentum of r  p r r t i c l e  
a r  i t  progroaser  through n o  r r l v o  ' soctorr"  ( p e r l o d l  of 
t h e  mtructuro)  from one homo 1 ogour p o i n t  t o  m o t h e r .  Buch 
r t u d i e r  provide i n f r n m t i o n  conoornlng tho  l o c r t i o n  rf "fixod- 
p r i n t r m ,  corrorponding t o  an equilibrium o r b i t r  t ho  phase- 
change of tho b e t a t r o n  ~ s c i l l a t i o n  p a r  n e c t a r  (dl tho  d i r p l r e a -  
ment a s r o c i r t o d  with t r r j r c t o r y  d i r o c t l e n s  d i f f e r e n t  from 
t h a t  of the e q u i l i b r i u m  o r b i t j  and tho e x t a n t  of  tho r o g i r n  
w i th in  which r t a b l o  motion 18 p a r r i b l e .  Tho c h a r r c t o r i r t i c r  
of m a l l - r m p l i t u d e  metion found i n  t h i s  way agree  wU1, for 
tho  s l n u r o i d a l  f i e l d r ,  w i th  the  a n a l y t i o  work t o  bo d i r a u r r o d  
l a t e r .  A t  l a r g e  rmpl i tudar ,  u n r t a b l e  f ixed pointr--repro ront-  
i n g  an u n s t r b l o  oqu i l i b r lum orbit-anmko t h e i r  appearance. 
Associated wi th  t h e  u n s t a b l e  f ixod-poin t8  one f i n d 8  a  
r epmr r t r i x ,  c o n r t i t u t i n g  a n  o f f o c t i v o  r t r b i l i t y  l i m i t ,  which 
i n  the  m a j o r i t y  of ca r08  tho  ILLIAC r emul t r  d e p i c t  a a  a  
rharp  boundary and ou ta ido  of which it i r  f roquon t ly  p o r r i b l o  
t o  draw t h e  i n i t i a l  p o r t i o n 8  of what rppoar  t e  bo i n v a r i a n t  
curvor  f o r  t h e  uns t ab l e  motion. 

With r ega rd  t o  r t r b i l i t y  the r o q u i m e n t  f o r  a  r t r l c t l y  
l i n e a r  ryrtem i r  t h a t  tho c o n d i t i o n  

lm r a t i r f i e d  f o r  o p o r r t i o n  i n  t h o  f l r r t  r t r b i l i t y  rone. 
Due t o  t h e  non- l inear  c h a r a c t e r  of t h e  o r c i l l r t l e n a  i n  r 
r p i r a l l y - r i d g e  PFAQ, howover, i t  l a  n o t  a u r p r i r i n g  t h a t  
f o r  ruch r t u c t u r o r  tho p e n n i s r i b l e  unpl i tudo of o r c l l l o t i o n  
1. ruob &tailad i f  r l i e r  nea r  22 o r  2 2  . I n  f a c t  

3 Y 



20 June 1956 

D r .  Chr ia t ian  a t  LOB ~ f m o s  ha8 made cmnputmtiona which .haw 
the mpl i tudo  l i m i t  t o  be reduced, although no t  to  rero,  f o r  

= . I f  the ml1-amplitude r i r  i n  the 
a 

neighborhood of q 3  , C w i l l  a t  f l r a t  change only slowly 
but then qu i t e  ne r r  the s tmbi l i ty  boundary w i l l  
r ap id ly  approach 3 and th ree  unstable f lxed-point8 wall a?k .r. 

-a oorrerpond t o  an unstable equilibrium o r b i t  which 
ropea t r  mf t o r  progro s s  thou;:h throe rec tors .  Similarly, 
near / , four  unr table  fixod-pointa may be oxpscted t o  
develop. Khan tho machine pa rumto r s  a r e  much t h a t  r i m  
o r aen t i a l l y  midway betwoon the voluor zr/3 and rr/y. , a 
cmrparativoly l s rgo  s t r b l o  region i s  found and the apparant 
l i m i t  of s t r b l l i t y  i s  defined by a s epa ra t r i x  which may bo 
aasociatod with 8 lmrger number of unmtabla Fixed-pointr, 
7 much point8 being found i n  on. examplo. I n  r poc i r l  
cases r r t h e r  elaborate island-atrmcture i s  seen t o  devolrp 
within thmmin a tmbi l i ty  region. I n  # m e  caasr  tho phase 
curve8 noar the s t a b i l i t y  boundary do not  appear well  
dofined mnd tho loca t ion  of tho r t a b i l i t y  boundary oan not 

fl bo fixod with high prociaion. 

A caao with one of the l a r g e r t  rrdirl-amplitude l i m i t #  
f o r  macl-,inem with medel-like parameters ham a Cx noar 4r/7 
In  th in  caso ka0.o ' / ~ = 1 3 . 0  fs74 ff-q and tho "oarr" 
of the phase-plot ( a t  U0 '- 0, mod. 2ff ) oxtond t o  
x 0.09; r lm i l a r l y  f o r  a ca re  cu r r en t l y  of cenridorable 
i n t o r o r t  i n  connection with f rees ing  the  parameters of the 
I l l i n o i r  r p i r a l - r ec to r  modol k = 0.74, l / w  = 23.7, f = 1.4, 
N 5 ,  (urr. = . S ( P 3  , and the ear8  extend boyont 
x 8 t 0.06. It h r r  been noted t h r t ,  f o r  roaron8 which 
w i l l  be a~%peated l a t e r ,  if p i r  inc re r red  and l / w  concurrent ly 
decremred t o  mr in t r in  a r lmi la r  sj, , the amplitude l i m i t  
m y  be made s u b s t r n t l r l l y  groater-*for cmprrimon with t h i n  
l a s t  example, the ear. -h s: o .  7 Y  '/v = 37 9 2 5- # = /  
N= 5 ( w * Y  C;. I. 5 g 9 6  .TT) l ed  t e  a mmtoriml change 
i n  the ahmpe of the phrso-plot but  t o  r r r d i a l  rmplitudo l i m i t  
rune 2.5 times t h r t  found i n  the e a r l l e r  case. A s imi la r  
r e r u l t  f o r  the l i m i t  af s t ab l e  ax i a l  motion would ne t  be 
unexpected. 

2. Axial lo t ion :  9 

Introduct ion of a x i a l  motion i n t o  l study of sp i ra l - sec to r  
acceleratorm producom complications f o r  a11 but the m a l l e a t -  

r mpl i t udo  oeci l la t ienm, since in general  thore i r  coupling 
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between t h i s  mot ian and t h a t  occu r r ing  i n  tho r a d i a l  d i r e a t i o n .  
For  small-amplitudo a x i a l  motion one c r n  f i n d  the  C and 
t h e  va r ious  ma t r ix  element6 which characterize So l i n e a r  
o s c i l l s t i e n o .  For large-ampli tude ax 1 motion one can undor- P t ake  an exper imental  survey t o  detarm no how l s r g e  an i n i t i a l  
y-amplitude can tolormtod i f  the  motion l o  t o  " h e l l  on" (i.~., 
n o t  oxcoed tho l i m i t r  of  t h e  computer, whfch a r e  normally 
g iven  by y  < 3.1 0 ) f o r  #.me a r b i t r a r y  number o f  
r e c t o r s  (e.g., 80 r e c t o r # ) .  By way of rxample, one f ind.  in 
t h i 8  mannor f o r  tho f i r r t  of t h e  model-like r t r u c t u r o r  a l t o a  
e a r l i e r  ( ks 4 .  O 'It--: 23.0 + = I / +  N t  ) an  a x i a l  omplltudo 
l i m i t  c l o s o  t o  y  = 0.014; t h i r  l i m i t  r p p l i e r  t o  l o c a t i o n 8  
such t h r t  He = 0 (mod. 2 X ) , noar  t h e  c e n t e r  o f  an 
a x i a l l y  defocusin& reg ion ,  and h a s  r s s o c i a t e d  wi th  it 
amplitude l i m i t r  which become a lmor t  twice a 8  l a r g e  a t  
i n t e rmrd io t e  p o i n t r .  Am with t h e  r a d i a l  motion, t h e  l i m i t -  
i ng  m p l l t u d e  1s c u r t a i l e d  If t h e  o p e r a t i n 8  p o i n t  approachor 
r r o r c h  "reaonontw v a l u e s  a8 r r / 3  

of such r e  nancea h a s  been g iven  by Morer, 1 0  
h g e d s r n ,  11 S t u r r o c k , f t  and other.. 

3. Motion i n  Two Degroer of  Pmedom: 

With metlon i n  two deg ree r  of freedom one can make 
r ea rcha r  w i th  a  wide v a r i e t y  of i n i t i a l  c o n d i t i o n s  t o  
determine emper i c r l  r t a b i l i t y  l i m i t a .  Bsyond this,  however, 
it i s  d i f f i c u l t  t o  proceed ~ y r t e m o t i c a l l y .  A s  a  r e s u l t  of a 
sugger t lon  by ~ t u r r . c k , ~ % b  it war hoped t h a t  f n v e s t i ~ a t i o n  
of motion i n  two dogreor  of f eedom could  be r y s t e m i t l z e d  by 
u ro  of t h e  q u r d r a t i c  form8 kz and K 2, u n t i o n s d  o a r l i e r ,  
which remain i n v a r i e n t  on the  bar18 Br l i n e a r  theory. No 
were l e d  t o  expec t  t h a t  p l o t s  of  K v a  Kx would d e p i c t  t h e  
p o i n t  w3ich r e p r e r o n t 6  a  mingle h z ~ ~ t o r ~  moving on a 
p o r t i o n  sf a  oonic  curve and that r e g l e n s  of r t a b l l i t y  o r  
i n s t a b i l i t y  could be d i r t i nqu iahed .  From a  l i m i t e d  n m h e r  
of r e r u l t s  ob ta ined  to-data ,  i t  a p p e r r r  t h a t  t h e  expeatd%lon 
i s  an o v e r - s ~ m p l i f i c a t i o n - - t b  v a l u e r  of K,and K s c a t t e r  
r u f f i c i o n t l y  t h r t  o  t r u e  curve l a  n o t  dof ined ,  tffe n a t u r e  a f  
a  curno n o w  which t h e  p o i n t a  l i e  appears  somotlmer t o  bo 
o l l l p t i c a l  and   ow ti in or hype rbo l i c ,  and the  r eg ions  of 
a t r b i l i t y  o r  l n s t r b i l i t y  a r e  n o t  r e a d i l y  appoarant .  It may 
ba t h a t  f i r t h o r  work a l o w  those  l i n e s  l a  mer i t ed ,  however, 
A p o s s i b l e  ref inement  of t h l s  technique would involvo the  p l o t -  
t i n g  & r u n n i n ~  r v e r r g o r  of Kx and of averaged over  
p o r r i b l y  20 va lues  i n  t he  i n t e r e s t 8  of oothnear ;  i n  

one could cons ide r  uao of more e l a b o r a t e  r l g e b r a i c  
L d d i t i ~ ~ ~  f o m s ,  i n  p l ace  of K and t h e m a e l v e ~ ,  between which 
slmple r e l a t i o n s h i p s  may be e  ec t ed  t o  apply.  

Evidence of apporant  i n s t a b l l i t  a  p e a r s  f o r  operating 
p o i n t s  I n  t he  ne lghborhood e f  c e r t o  k Pceupllng resonances",  
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notably:  
JX = 2 6 ,  

I n  such casoa one find. a exponen t i a l  growth of -1mpl1tud0, 
convenien t ly  represented by semi-1.gorlthmic plo! of 
t he  number of a e c t o r e  t r a v e r s e d ,  which may begin 
small i n i t i a l  y-amplitude8 ( o r  oven i n  t he  "noiso" of t h o  
Computer) ond ex tends  over many o rde ra  of magnitude. Tho 
y-6pr r th  appoors t o  be t h e  mom r a p i d  the  g r e c t e r  t h e  
unp l i t ude  of t h e  r a d i a l  motion, abovo a c o r t a i n  t h re sho ld ,  
and thc  more pronounced the  c l o a o r  on0 18 t o  t h e  resonance 
i n  quost ion.  This phenomenon has oo f a r  boen r t u d i e d  I n  
g r e a t e a t  d o t a l l  f o r  t he  6, = L C a  rosanance.  If bh0 
I n i t i a l  r a d i a l  . r p l l t u d o  Is n o t  t a o  g r o a t ,  the  exponen t i a l  

7 r o r t h  may bo aeon e v o n t u r l l y  t o  torminote  r a t h e r  ruddonly 
For oxunplo, naa r  y 0.01 o r  y : 0.02 I n  some t y p i c a l  

comes involv ing  modal-l ike p a r u m t o r r )  and t o  c h a ~ o  t o  an  
exponent io l  decroase  f o r  a time. T h i s  decrease  may then  
be followed by an l n t o r v a l  c h a r a a t o r i t o d  by an exponen t i a l  
growth. When one i s  v e r y  c l o s o  t o  t h e  2 6  reaonanco, 
#o t h a t  t he  y - ~ r o v t h  occurs  f o r  even l r a t h e r  yamall 
ampli tude o f  t h e  r a d i a l  o r c i l l a t i o n ,  I t  i s  p o s s i b l e  t o  r e0  
from tho computod valuoa of K and Ky t h a t  om the  a x i a l  infrta:*rr & . c k  

, ~ ~ l r d e c ~ 4 u ~ ~ ~ a m p l l t u d o  of t he  r a d i o 1  o r c i l f r t i o n .  Becuase of t ho  c e s s a t i o n  
e f  growth a t  a x i a l  ampll tudoa n o t  f o r  f r sm those  a t  which 
v i o l e n t  i n n t a b i l i t y  m i g h t  bo oxpooted t o  occur,  it l r  
que.stionoble whether machine o p e r a t i o n  would be r a t i s f a c t e r p  
u n d e ~ ~ c o n d i t l o n r - - i n  such c o r e s  t he  m a j o r i t y  of  the  p a r t i a l o r  gucc,, --- 
would be expoctod t o  f i n d  t!~omsolvoa near  the o u t e r  l i m i t 8  of 
tho b e r m  from time-to-time and mlsalignmenta may be expec ted  
t o  r e a p  a heavy t o l l  i n  such ca re s .  Theno ma t t e r a  a r e  be ing  
f u r t h e r  oxp1ar.d computot lonol ly  m t  the  p r e s e n t  t ime and 
theoretical pregrene h a s  been mad@ wi th  roapoc t  t o  thoso 
oepec te  of t h e  phenomena which concern t h e  i n i t i a l  exponen t i a l  
growth. 

Bop. oomputotlonal  l n v o 8 t l g a t l o n a  of t hb  o f f e c t a  e f  v a r l o u r  
"bumpr" havo bean mad. before  making a f i n a l  commitment 
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concerning t h e  par rmetera  of t he  I l l i n o i s  a p i r a l  s e c t o r  madol. 
Tho r o r u l t r  ob ta ined  w i l l  be r e p o r t e d  i n  a f a c t u a l  way, l i t t l e  
t heo ry  being available f o r  o r g a n i z a t i o n  of the  r e r u l t r ,  and 
the work rill be reen  te  r e p r e s e n t  no more than r  c o r r s e  
rurvey  of t he  e f f e c t 8  which c e r t a i n  miral ignments  c r n  cruse 
in  m mpecii ic c r so .  The rlownera of much computat ional  
work i r  a r o r l  handicap,  which a r i r o r  i n  p a r t  from t h e  
miaalignmontr  baing r p rope r ty  of t h e  machine-am-8-whole and 
tho  cenroquent n e c e s s i t y  of  going through a number ef 
r o c t o r r  t o  t r r v e r s e  one pe r iod  o f  t h e  per tu rbod  r t r u o t u r e .  
It m y ,  moroovor, be noted t h a t ,  r r  Symon and Chrirtim hevo 
u p b r r i r o d ,  c e r t a i n  t vpo r  of  bump8 may o x c i t o  c e r t a i n  
~ o t e n t i a l l y  drngorous  roronances  on ly  i n d i r e c t l y ;  hence,  u n l e r r  
a a u i t a h l e ,  and perhapr  u n r e a l i r t i c ,  p e r t u r b a t i o n  10 
re loc t ed ,  a  r e s u l t a n t  i n s t a b i l i t y  may develop se slowly t o  
p a s s  unno t i ced  i n  a r u n  of reasonable  dura t ion .  It m X a  
be of c o n s i d e r r b l e  convonienco i n  luoh work t o  have a t  hand 
th. mar t  g e n e r a l  t r r n r f o r m r t i o n  r e q u i r e d  t o  r e p r o s e n t  t h e  
effmotr *I harmful  m i s a l i g m n t r  and r knowledge of t ho  
mannorLlr.hich tho  parometorr  m f  ruch t r ans fo rma t ion  arm 
rmlated t e  the  mrgnitudor of t h e  c a n r t r u c t i o n a l  mi r r l igxnwnt r  
which tho  t r r n r f o r u u t i e n  r e p r e s e n t s .  

Tho work r r p o r t o d  h e r e  p e r t a i n e d  p r i m r r l l y  t o  an 
ope ra t ing  p o i n t  choeon t e  be c l e a r  of t he  .; - 2 PO aonancm , 
t o  1%. batwoon 6 .I*/+ ( P e r  whlch 4 : 57/47 and 
tho  h a l f - i n t e g e r  rmsonmcm Y, = 3 / %  and t e  f a l l  b a l o r  

Vy a / The nearby i n h e r e n t  reronanco 3 r* + = Z X  
had n e t  boon round harmful  i n  a machine f r e e  of irnperfectiomr. 
Tho n e a r e s t  o t h e r  imperfection maonrnces ,  a s i d e  from 
d i f f e r a n c o  rosonancer ,  were thoam f o r  which 3v3 + v,, = 4 
m d  3 1/* s c f  . Tho p . rameter r  of t h e  mrchina 
r r e l o c t o d  f o r  most of tho  r t u d l e s  (donotod"dn) werot 

I n  a tudyine  e o r t a i n  bumpa, ne ighber ing  ope ra t ing  p e i n t r  
were a l r o  included.  The computat ionr  wore p e r l a m e d  by a i d  
of v a r l o u r  o v e m r i t e r ,  a p p l i c a b l e  t o  the Feck le r s  Five mas t e r  
p r  mgrarn. 

R e r u l t r  

(1) ELunpm Absent; - 
I n  t he  absence of bumpr, r a d i a l  motion was s t a b l e  i n  



-.o 3 
machine "6" for on x-dl8placeaent $ +.$O from the 8tahle 
flxed polnt, and the ear. ef the ph8.e plot extended Nyond 

+ .06. Similarly n Initial y-dlsplacenent of f .011 - 
appeared to he 8taCle. Theme dl8plocement8 refar to point8 
for which N8 = 0, Mod. 27i . 

Am o firat attempt ot the intreductlon of bumpr, 
tho oombination - . o o !7, rpy z +, ,J a G 5 war Introduced 

on00 8 revolution. . Tho peml88ible mmplltude of the rodlal phaae 
plat appsond to be roducod by 8 factor of about 2. 



(ill) Coordinoto-Dependent Yementum Bumpar 

I n  t h i r  oe r i e r  of runs a f o r  d i f fepon t  aaubinations O f  
nmnnntum bumpa ( a/'#, ) wore abrupt ly  intreduced i n t e  
Sha oomputation8 enco every 5 rec torr - -1 .0 .~  once per  
revolution. I n  one or80 the  ombina t i on  

u/ j  =+. c o o f  -.2? > 

&which tho Jacoblrn ef  tho t r o n r f o r u t l o n  1. uni ty ,  ram 
employed. I n  t h i r  core the r t ab lo  rogion of the r a d i a l  
phase p lo t  war vary mr to r l a l l y  rmduced, arch dimenrion of 
the p l o t  bming roducod by a f r c t o r  ortimated a s  c lo r e  t o  3. 
W i t h  the r i gn r  of tho x-dependent torma rovoroed, tho 
docreare of eaah dlmenrlon war r lm i l a r l y  by r f a c t o r  o l o r s  
t. t*.. 

(iv) Rodirlly-Dirplacod Sector;  

I n  t h i r  r e r l o r  a dirplacoment, A* , war introduced fmr 
an 1 n t e r v a l W r c  to  r i m l a t o  e radia l ly-di rp l rced roctor.  
Varieur pharos f o r  i n t ru luc t i on  of the bump were i nvs r t i ge t ed ,  
a s  well a8 v a r i r u r  magnitudem of A* . I n  t h i r  c a r s  a 
reduct ion of tho r t r b l o  region, m i  tho r o d i a l  phare p lo t ,  
by a f o c t o r  of 2 roomod t o  n r u l t  from a dlmplaoount ,  n x  , 
ly ing betwoon 0.0021 and 0.0063. Thur, w i t h  Cbo m l l o r  
bump, motion with on i n i t i e l  x ly ing  .0250 t o  the l o f t  of 
the f ixed po in t  was a table  rogordloss of the pharo of tho 
bump whlle motion with an i t i r l  x l y i  .0375 t o  tho l e f t  w;:' 
r t ab l e  I n  none of the oaror  r t ~ t d i o d l  w 2 th the l a r g e r  b ,* 
an i n i t i a l  x ly ing LO250 t o  tbr l o f t  of tho f ixed  p o i n z h  
t e  i n r t o b i l i t y  i n  a r t  auu. .. 
(Bv) Axially-Diaplacod Bactert  .- 

W i t h  an o x i a l l ~ e t m r  thera r o r u l t s d  a v s r  
ne t icablo  incroaro la "s fmquenay of oxla1 beta t ron oso l l a t l o n r ,  
an inoroooo which v ~ F % @  p m d m i n e n t l y  or tho rquaro 

i? 
of tho roctor  d i r p l a . . a y l t  * 3 . 
Boauro of the proximi4?y # the in toger  rorenance g1 = I 
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it war f e l t  appropriata t o  ruppoae t h a t  i n  ac tual  p rac t i co  
rui tablo t d  con t ro l s  woul 'db employed t a  remtere the 
o p e r r t ~ n g  pel% t o  i t r  domirod loca t ion  dospite  the  
proaenco of unavoidable m i r a l i ~ m e n t r .  For t h i s  rearon the  
work t o  be reportod hero 18 concerned with a  structure 

n * (denoted a  ) f o r  which 

i n  the rbsenco of any rooter-dirplacmmnt 

4 %  1,402 +y = 6, b*34 > 

but with a  displmcamrnt layl -, .003<0 introduction f o r  
one sec tor  

t', = 0.  87d7 - 
Tha a x i a l l y  dirplacod roctor ,  b y  t-.00350, 
found t o  e f f e c t  a  reduction of tho r t r b l o  x-amplitude by a 
f ac to r  of 2 and,y-mmplitudo by a  f a c t o r  of 3. 

tk 
( v i )  T i l t ed  Sectorr-  

In thir  se r ioa  a t i l t e d  r ec to r  war rimulated by 
lntrcdurf*, onco par rovoZltlon, two bump., (AY,, ah,) ( ~ ' f ~ , b ~ ~ + ) ,  - on. roctor  apart .  
& p s a l f i c r l l y ,  b y , =  b y  A P  r * + * A Y t  . 
A roduation of t b  ata%io ard a x i a l  
motion by a  f a c t o r  of norr ly  2 war found t o  occur whon 

AJ, -e00350. 

( v i l )  Parameter-Shift: 

I n  this r e r i o r  the p r n w t e r  1/w wrr changed f o r  rn  
in to rva l  corresponding to  one rec to r  and r omn-current 
ohango was mad0 i n  ? i n  an a f f n t  t o  allow f o r  tho 
increarad a p s t l a l  bodulat ion of tho f i o l d  which would bo 
oxpoctod t o  remult if the  r i dges  of a  r p i r a l  r ec to r  accol- 
o r a t o r  ware separated. Work ham boon confinod t o  the Car0 
i n  which an. mector of accolora tor  *dm war modifiod a8 followr: 

Unperturbed Sectorr:  23.7 f 8 0.25 ; 
Perturbad Sectorr i  1%: : 2 3 . 0 7 b 3 ,  f,, 8 0.2533996 . 
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In thir caso l! t t l o  r e d u c t l a n  of t he  s t a b l e  r eg ion  appeared 
t o  r e s u l t ,  a l though a r a d i a l  phaso p l o t  of a n e a r l y - l i m i t i n g  
amplltudo run appeared t o  bo a b i t  mare r rggod than  f o r  t ho  
~ n p 0 r t u r b . d  case .  

In r u m m y ,  it i s  reon t h a t  d i rp l r cemon t r  which c e r r e s -  
pond t o  about llm, when rl : 300 m . u n d o r  a numbor of circum- 
r t m c o r  can cauro 8 s o r i o u r  r e d u c t l o n  of t h e  a t a b i l i t y  reg ion .  

IV. ANALYTIC WORK PERTAINING TO DHPERTUREED STRUCTITRES 

1. Tho - Equi l ib r ium Orbi t :  
One of the  distinctive f e a t u r o r  of tho spira l l j - r idge!  

a o c e l e r a t o r  f r  t h a t  t h e  equ i l i b r ium o r b i t  l a  no t  c i r c u l a r .  
If one expands t h e  oqua t i en r  which govern t h e  motlon i n  t h e  
median plan. about  a r e f e rence  c i r c l e ,  a f o r c i n g  term makes 
i t 8  appearance and load8 t o  a scalloped e q u i l i b r i u m  o r b i t .  

t u r o  from a c l r c l e  18, i n  f a c t ,  c loao  t o  a s inuaoid ,  
g ivon 

I 

and ha8 boon doterminod with g r e a t o r  rccuracy  by ~ u d d 4  and 
by 0.1015. 

2. Im. - Smell-Amplltudo B e t a t r a n  O r c i l l r t i o n r r  

Tho oharmcter of a l l - u u p l i t u d o  b e t a t r o n  o s c l l l a t l o n a  
muat be ob t r ined  by oxpansion of the  e q u a t l a n s  of motion 
abeut  tho  l l l i b r i u m  o r b i t  and l ead8  t o  f r equenc ie s  m a t e r i a l l y  - 3+--- d i f f e r =  from thoro  which would be ob ta lned  by ignor ing  
tho  o f f o c t  of t h e  f o r c i n g  term. Q u a l l t r t i v o l y  t h i s  i s  t o  be 
expected,  r i n c e  t h e  f i o l d  g r a d i e n t  l a  i n  a sense  te  f a v o r  
r a d i a l  focu r ing  avor  a s m l l e r  i n t e r v a l  of 8 i f  one examiner 
t he  g r a d i e n t  i n  t h e  neighborhood of tho sca l loped  o r b i t  i n s t e a d  
of along a c i r c u l r r  po th .  

Wo w i l l  n o t  under take hepa t o  d i s c u s s  development of tho 
equa t ion8  f o r  b e t a t r o n  e r c i & l a t i  s on t h e  ba r f8  of Bymen's 

r p e c i f i c  appror  h devolap 
rq u n i f i e d  theory  of FFAO -chine#, b u t  s h a l l  o u t l i n o  a more 

feIrs th i n c r e a s i n g  eg reee  of complete- 
noes by m y r s l t . ~  by Judd, end by Cola. From the  pre-  
scribed median plan. f i e l d ,  v e c t o r  p o t e n t i a l  cemponents arm 
devolopod and ompleyed i n  a space- l iko Lagrangian from which, 
by t h e  p ~ l n c i p l o  of l e a s t  a c t i o n ,  t h e  d i f f e r e  i a l  e q u a t i o n s  

r f o r  t h e  t r a j e c t o r i e r  mag be de r ived  d i r e c t l y :  @ 
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A change a t  var iabla  i r  than mada (u  5 x  - x ) t a  madify tha  f Lagrangian 80 a# t o  el lminato the forced mat on,  and the d i f f e r -  
e n t i a l  equations which r a s u l t  from the madified L a ~ r a n g i r n  a r e  
then taken as  the aquat ienr  governing tho beta t ron e s c i l l a t i a n r .  
I n  th i r  way the c a e f f i c i e n t s  ef  the l inea r ized  equat ianr ,  applying 
t a  rmall-amplitude matian, a r e  obtainad and the majar non-linear 
t o m b  a l r a  may ba nated. 

Tho l i n o r r  aquat ianr  a r e  of the H i l l  farm and, i f  r e l a t i v a l y  
mall t a m 8  a r e  ignared, e r e  subs t an t i a l l y  af t h e  fo rm 

and r lm l l a r l y  f a r  the y-equation. Par a r l en t a t i an ,  i t  i r  
ha lp f i l  t a  na t a  tho froquancias  which the meoth  approxlrrmtian20 
g iver  f a r  the r a lu t i on r  t o  these equr t ionr .  Ignoring the r a l a t i v e l y  
m a l l  aont r ibut ion  frm the  term invalving c. cor 2N9, ana ab ta in r  

It i r  thur  raan t h r t  the fraquancy af  the h... r a d i a l  a r c i l l a t i a n r  
18 r u b r t a n t i a l l y  datermined by tha oxpanent k c h r r . c t e r i z i n g  
the radial incraara  af  avemga f i a l d  r t r eng th ,  r a  t h a t  k f 1 must 
ba p a r i t i v a ,  and t h a t  a x i a l  r i m l t a n e o u r l y  be ab- 
ta ined if the rhh.noad A 4  18 r u f f i c i e n t l y  la rgo 
t o  deminrta -k . 

Mare exact information cancarning tha ro lu t ionr  of t he  
H i l l  equation, with the term c  cor  2A0 re ta ined ,  may be 
abtained by ure of t a b l e r  pe r ta in ing  t a  t h i s  equat ian  and 
m i c h  worm ca lcu la ted  by a i d  of the ILLUC d i g i t a l  canputer. 
Ihe f i r a t  n o t  of table8 was prepared by a v a r i a t i a n a l  method 
which f r  boliaved t b  bo q u i t e  aocurnte a t  tha a t r b i l l t y  limltr, 
r= 0 a r  w ,  and a l s o  f a r  the smaller values of r i n  general .  
m a  mart a a t l r f a c t o r y  form i n  which t a  ura there  r a r u l t s  18  by 
raoourra t o  the grrphr  which accompany the t ab l e r .  A aecond 

P w b  of finar-meah tab le8  h r  been rubrequently preparbd f o r  
t he  H i l l  aquation by d i r e c t  i n t eg ra t i an  of the  d i f f e r e n t i a l  
equation. There t r h l a r ,  which have beon duplicated and ere  
rbaut  t a  be d i r t r i b u t e d ,  give cam C ,  r/7G , and se lec ted  

01 0- valuar  af  a  qu rn t i t y  (-$&I prapar t iona l  t a  the rquare of 
tha uaplitudo funct ion  and fram which the k q u e t  re lu t iona  
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i n  t h e  phaee-amplitude form can be eb ta ined .  I n  each of t heso  
t a b l e r  an independent v a r i a b l e  i s  used such t h a t  t he  argument 
of t he  c s s l n e  f u n c t l e n s  i n  2 t ,  and l ~ u l t i p l e s  thereof .  

Bg uro of t h e  foregoing  theory ,  and by r i d  o f  the  a v a i l -  
a b l e  tablem o r  graph., t h e  f i r s t  s t a b i l i t y  r e g i ~ n  may be p l a t t e d  
i n  t e m r  of machine p rameter r .  The b a r i a  v a r i a b l e r ,  when k>7 1, 3 w o  k / ~ 2  and f . The r e a u l t  e f  d i r e c t  i n t e g r a t i o n  of 
t h e  equa t ion8  of motion, by use  of the Ridge Runner o r  Feckleas  
Five programn, y i e l d  r e s u l t s  which f a r  small-amplitude mot ian 
a r e  conaimtent  wi th  t he  p r e d i c t l o n r  of t he  a n a l y t i c  theory.  

3 .  The - Limit ing S t a b l e  Amp l l t u d e r :  
(1) The s t a b i l i t y - l i m l t  f o r  r a d i a l  eec i l l a t1onn : -  

I n  a l a r&o  f r a c t i o n  of c a s e s  t h e  l i m i t  of r t a t i l i t y  
f o r  t h e  r a d i a l  motion l a  c h a r a c t e r i z e d  by the  appearance of t h r e e  
f i x e d  p o i n t s .  For such c a s e s  a convenient  a p p r o x h a t e  formula 
may be developed by recourse  t o  a d i f f e r e n t i a l  equa t ion  i n  
t h e  important  non- l inear  term l a  taken from Co le ' s  r e p o r t :  lThich 

One m y  at tempt  t he  s o l u t i o n  of t h i s  equa t ion  by r u b s t i t n t i o n  ef  
/4 t h e  t r i a l  s o l u t i o n  u : A rin(108/3) and a p p l i c a t i o n  of harmonic 

balance.  One m y  a l t e r n a t i v e l y  r e p l a c e  t h e  d i f f e r e n t i a l  e q u a t i o n  
by an  equivalent v a r i a t i e n a l  a ta temant  an& then  employ the  same 
type  of t r i a l  s o l u t i o n  am be fo re .  F i n a l l y  e may employ a v a r i a t i o n a l  
procoduro of t h e  typo a u t l i n e d  by S tu r rock .  py Tneae va r ious  
methedm appear t o  agreo I n  g i v l n g  f o r  t h e  l i m i t i n g  ampli tude 
t h e  o x ~ r e s s i o n  

It i s  noted t h a t  t h e  c h a r a c t e r  of  t h e  t r i a l  f u n c t i o n  takon  i n  t h i r  
wark war extremely nimplo; t h e  formula a pea ra ,  however, t o  g i v e  
a r t h a t o r  i n  good accord  w i t h  t h e  Ridge Runner s t a b i l i t y  l i m i t s  
i n  both model-l ike and f u l l - r c a l e  machines f o r  which the  n e a r e s t  
resonance l a  t h a t  f o r  which ex r 2%/3 . It may be noted t h a t ,  
mince t h e  bo ta t ron  - f r e q u e n c i e s  are essentially determined by k/!# 
and w , a d o s i r a b l e  i n c r e a s e  of s t a b l e  ampli tude might be 
rxpeoted  i f  f and w wore each  Increased  by t h e  sam f a c t o r .  
Dr. S e a r l o r  ha8 extendod t h i n  f 0 m ~ l 8  i n  an a t tempt  t o  t ake  account 
of  f i e l d r  c o n t a i n i n g  h igher -a rder  F o u r i e r  camponentr. 

r\ ( t i )  The S t a b i l i t y  Limit  f a r  Axial  0 s o i l l a t i e n r ) -  
I n  con r ide r ing  t h e  s t a b i l i t y  l i m i t  f o r  a x i a l  motion, 

it  has boon po ln ted  ou t  t h a t  l a r g e r  ampl i tudes  of u i a l  oscillation 
cauro t h e  p a r t i c l e  t o  rample f i e l d 8  of a n e c e s s a r i l y  p e r t e r  
f l u t t e r - f a c t o r .  m e  f l u t t e r - f a c t o r  of  a simple s i n u r o i d a l  v a r i a t i o n  
incroaroa  approximately by t h e  f a c t o r  ~ o r h ( y / r )  f o r  p o i n t s  e u t  
rf the modinn plan.. The suggestion haa then  h e n  advanced t h a t  
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t he  e f f e c t  e f  t h i e  increaeed f l u t t e r  i n  t h e  f i e l d  i s  t o  t unew 
the  osc i i l a  t l o n  frequency towards t h e  nex t  h ighe r  resonance and 
t h a t  i n s t a b i l i t y  w i l l  r e s u l t  when t h i s  r e sanan t  val1:e i s  reached.  
On the  b a s t 8  of t h i s  simple,  and perhaps n o t  e n t i r e l y  t r u e ,  idem, 
one may proceed t o  w r i t e  

-3 7 * - - - - k  f2 

With f = f o  Corh (7)  e f t  
w # 

and 

2 2 
If we w r i t e  ( y  ) = A /2 and oonr ido r  '7 t o  be below but  f a i r l y  
c l o r e  t o  the  va lue  2T/3 

Sinco 4 i s  premumed c l o r e  t o  ~ / 3  ( 1 . 0 . ~  
Y =s c l o r o  t o  2</3) , 

thin r o a u l t  may be expre r r ed  i n  t h e  s impler  f e r n  

Camparlaon of t h l r  equa t ion  w i t h  Feck le r s  Fivo r e s u l t #  r u g g e s t r  t h a t  
t h e  formulr  may over-es t imate  t h e  pe rmis s ib l e  rmpli tudo bu t  t h a t  wi th in  
8 f a c t o r  of  about  4 it g i v e r  a c o r r e c t  e s t i m a t e  i n  v a r i e t y  of c a r e s .  
Again, t h e  ~ e s i r a b i l l t y  of  i n c r e a s i n g  f and w t c g e t h e r  by t h e  same 
i a o t o r  i s  ruggemted. S e s s l e r  has  undertaken t o  extend th i r  f ennu la ,  
by t h e  same type ef  reasoning, t o  c a s e s  i n  which h igher -order  Four ie r  

f l  cempanents a r e  p r e s e n t  i n  t h e  f i e l d .  



21 

2c7 June 1956 

4. y-Orowth: 

Wo s h a l l  d i acuas  h e r e  a m l y t i c a l  work r e l e v a n t  t o  t he  exponent ia l  
growth of a x i a l  ampli tude obrorved i n  t he  neighborheed ef c e r t a i n  
resonances, w i t h  p a r t i c u l a r  smphaaia on the  Ux B 2 d reao lunce .  Y 

(1) Walkinshawls approach:- 2 1 
I n  a  r e c e n t  momormdum, Walklnehaw h a s  po in ted  ou t  t h a t  

t h e  d i f f e r e n t i a l  equa t ion  f o r  a x i a l  motion,  a l thou&h proper ly  t r e a t e d  
a s  l i n o a r  i n  y f o r  m a l l  ampl i tuder ,  c o n t a i n s  s c o e f f i c i e n t  which 
involve8 t h e  r a d i a l  motion. Just am tho f s r c e d  r a d i a l  motion i m  
known, a s  wo have aeen,  t o  n f f e c t  t h e  a x i a l  focus ing ,  so  t h e  preronco 
of an app rec i ab l e  ampli tude of r a d i a l  o s c i l l a t i o n  may be expected t o  
a f f e c t  the  a x i a l  motion under e u i t a h l e  c i rcumrtancer .  The vlew 18 
t aken  t h a t  t i e  s u p e r p o s i t i o n  of t ho  r.mparit1vely-long-wave1en~:th 
r a d i a l  o s c l l l a t i o n r  on the f o ~ o e d  motion i n  e f t e c t  modulate8 tho  
smooth-approximation c o e f f i c i e n t  i n  t h e  a x i a l  equa t ion ,  t o  y i e l d  
a  Mathieu equa t ion  wi th  a  c o e f f i c i e n t  havin(: t h e  per iod  of t he  r a d i a l  
motion. Under " r e ronan tn  c o n d i t l o n r ,  which appea r  t o  inc lude  the  
c a s e  bx = 2 ~ r g ,  t h e  e q u e t l o n  may have u n r t a b l e  s o l u t i o n s .  

Walkinrhaw commencer with t h e  b a s i c  d i f f e r e n t i a l  equa t ion8  
( i n  our  n e t s t i a n ) :  

r\ X xn + (k + l ) x  r - f 8 1 n ( c -  NO) , 

y n  + [-k - f c c r ( +  - NB)] y = o . 
A soJu t ion  f o r  the r a d l a l m o t i o n ,  r o p r e s e n t i w  a  f r e e  oscillation 
of  amplitude A muperpored an  the fo rced  motion, i s  taken of t h e  
formr 

x = xp + xi , 

Thir r o l u t i o n  i r  t han  int roduced i n t o  t h e  a x i a l  equa t ion  and, a f t e r  
ram approximation,  g i v e r  - 

A t  this  p o i n t  t ho  a t tempt  i r  nude t o  e l i m i n a t e  t he  cos ine  term by 
a p p l i c a t i o n  of t h e  "amooth approximr t ionn ,  i n  e f f e c t  r e p l a c i n g  tho 

m which u s u a l l y  appear8 by B - xn1/w : 



It i r  noted t h a t  the term8 wi th in  the  square b racke t  and whi2h 
do no t  c e n t a i n  .xgl  o r e  j u a t  those  which nonnal ly  ~ i v e  1) by 

tha -0th approxlmatien.  Hence wi th  t h i s  s u b s t l  t u t i o n  and 
roplacomoht i f  x p t  by A J~ e a r l  J,@ + a ) , one o b t a i n s  

Thir  Uathieu equa t ion  may be p u t  i n t o  s t anda rd  form by the 
chrnge of independant v a r i a b l e  

t a  o b t a i n  
2 

8~ f2 

d t  

w i t h  a c o e f f l c i o n t  whora p e r i o d  18 n i n  t he  independent 
v r r i a b l o  . Such a Wathiau e q u a t i o n  w i l l  e x h i b i t  i n s t a b i l i t y  

n when the  c e n a t a n t  term i n  t h e  c o e f f i c i e n t  i s  equa l  o r  c l o s e  t o  t he  
aquaro a f  a n  i n t e g e r  -- i n  p a r t i c u l a r ,  t h e r e  i s  a f a i r l y  broad 
band of i n a t a b i l i t y  nea r  

ce r re rponding  t o  -dx = 24 . T h i s  i n a t a b i l i t y  w i l l  he expeoted 
Ya 

t a  extend over a wider  range of v a l u e s  of' dYm t he  g r e a t e r  is  A , 
t h e  rmpl i tude of t h e  r a d i a l  b e t a t r e n  o s c l l l a t i o n e ;  r i m i l r r l y ,  f o r  
a f i x o d  value of 2 gy& and w i t h i n  t h e  u n s t a b l e  eene,  t he  l r p s o  

r a t e  c h a r a c t e r i z i n g  t h e  grawth a f  t he  a x i a l  amr l i tude  w i l l  be  t he  
g r e a t e r  t he  l a r g e r  t h e  r a d i a l  o s c l l l a t i o n s .  The p r e d i c t i o n s  of t h i n  
theory ,  both w l t h  r o r p e c t  t e  t h e  t h re sho ld  a t  which i n s t a b i l i t y  s e t s  
i n  and with  r e s p e c t  t o  t he  l a p s e  r a t e  i n  t h e  u n s t a b l e  r e ~ i o n ,  appear 
t o  be i n  geod accord wlth t h e  r e s u l t .  of the  ILLIAC computat ionr .  

( i i)  An Al to rnn t ive  Approach:- 
Doapite t h e  ruocers  of  Walkinsh~w ' 8  ingeneout and success fu l  

aocaunt of  t he  5 : 2 r  ro se lunce ,  i t  wan f e l t  t h a t  t h e  method 
invalved reme u n c e r t a i n  i? 1.8, m8pecla l ly  i n  t h e  f i r s t  a p p l i c a t i o n  of 
t ho  "mnooth approximation", whioh wore difficult t o  r a t i o n a l i z e .  
It war thoueht  d o a i r a b l e  t o  develop a n  f i l t e r n a t i v e ,  and perhaps  

P? mom gone ra l ,  method whioh would be a p p l i c a b l e  t o  o t h e r  resonances  
and which weuld be based i n  a s t r a i  t forward way on the  d l f f e r -  
a n t i r l  oquat iona developed by Cole. f! 



23 

20 June 19.56 

If we regard  the ampl1tur:e of  t he  b e t a t r o n  o s c i l l a t i o n s  them- 
selves, taken with r e s p e c t  t o  t h e  c lb sod  o q u l l i b r i u n  o r b i t ,  a s  
smnll ,  they  may he aupposed adequa te ly  r ep re sen ted  by the  l i n e a r  
d i f f e r e n t i a l  e q u a t i e n  

l a  + bx con NB] u  ; 0 , 
+ L x  

A s u i t a b l o  s o l u t i o n  t o  th is  oqua t ion  may be sought c o n v o n l o n t l ~  
by l v a r i a t i o n a l  method i n  a v a r i e t y  of wayr. A method which we 
s h a l l  employ o g r i n  imagines t h a t  t he  frequency of' t h e  o s c i l l a t l e n  
and t h e  banic f requency of tho s t r u c t u r e  a r e  commensurate i n  a  
sufficiently l a r g e  i n t e r v a l  ond, hence,  t h a t  t h e  s c l u t i o n  m8y be 
regarded a s  "periodic" i n  such a n  i n t e r v a l .  Such a p e r i o d i c  
s o l u t i o n  n i g h t  n o m r l l y  be thought t o  corroapend t o  a s t a b i l i t y  
boundary, but i n  t h e  proeont  lns tanco  we f i n d  t h a t  t h e r e  a r e  two 
p o r i e d i c  s e l u t l o n r  and tho  zone of i n s t a b i l i t y  which one might 

f l  imagine te  bo proaont  i s  ef z e r e  width.  

Wo m i t o ,  t hen ,  t h e  v a r l a t i o n a l  s ta tement  

am oqu lva l en t  t o  t ho  d i f f e r o n t l a l  equa t ion .  
A t r i a l  s o l u t i o n  o f  the form 

may ba introduced l n t e  t h e  i n t e g r a l ,  the  i n t e g r a t i o n  perfermed, 
and the  r o r u l t a n t  r l g o b r a i c  exp res s ion  a d j u s t e d  t o  b s t a t i e n a i y  
by propor  melect ion of t ho  f requency J and proper  p ropor t ion ing  
ef the c o e f f i c i e n t s  A ,  B, C . _  One f i n d s  i n  t h i s  way 

f i  Thur tho  vmluo found f o r  d i n  t h i s  approximat len i a  concordant 
w i t h  t ho  rmsul t  of the w e o t h  approximation and we have the approx- 
h t e  r o l u t i o n  f o r  u :  



Likewine, i f  e t r i a l  f anc t ion  amplaying s ine  funct ions  hmd bean 
employsC, a airnilor r e s u l t  would have been et tnined:  

bx nin Je + s i n  J@ cosN6 2bx t /  
7 -7-3- C O B  .inre] . 

Wo accordingly tmko tho genera l  eolu t ion  t o  be: 

- 2bx Jx c o r ( J x ~  + s i n  NQ 
~3 1 

r = A i-min(Jxe t + s in (  49 + 1 cor N 8  
w 

The complete r a d i a l  action is x = - s i n R 8 C u  and i r  found t o  
7 

agree w i t h  Walkinshmw'a form when the lmt ta r  i s  expanded. 

For study of the y-motion near the Tx = 2 5  resonance we 
aga in  r e f e r  t o  Colo t s  raport15 t o  wr i t e  the  l i n e a r  equation i n  y: 

and %bS (*/=2) s i n W  t o  s u f f i c i s n t  accuracy f a r  the p resen t  
purpoae . 

f i  10 thon eubmtituto our so lu t i on  u i n t o  t h i a  equation, ignoring 
t a m s  in 2NB and dropding the  phase-ahif t  t r r  a matter  of 
convenionCo, t o  obta in  
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This equa t ion  i s  o r  tho form 

w i t h  g and a s  before.  

with cy = - A?/w2 , and 

with = + . 
Tho oqua t ion  may be o a a t  i n  the form of n v n r i a t i e m l  r ta temont  and 
s t a b i l i t y  boundories nought by t he  use  of t r i a l  f u n c t i o n r  

t/, Z N - J L  y2 s C s i n  + Q1 r i n  - e + ZN++/# 'in - . 
a a 

On. f i n d s  i n  t h i s  way t h a t  the s t r b i l i t  beundr r i@s  i n  the  neighborhood 

Yo Yo 9 Y 
5 of 9, = 2 J (where $ f + b / (2n2)  cor re rponds  t o  e e l u t i o n r  

of t h e  y-oquaticsn when A I 0) w o  g iven  by 

T h i r  r e r u l t  i r  fn  agreement with t h e  l o c a t i a n  of t h e  s t a b i l i t y  
boundar ies  ef  the  "equiva len t"  Mathieu e q u a t i o n  o r i g i n a l l y  suggested 
by Walkinahaw . 
Cont inua t i en  of t he  a n a l y s i r  of  our  eq t i o n ,  a long  l i n e s  i n d i c a t e d  
f o r  t he  Mathieu equmtlon by McL.chlanSy3 mcreover l e n d s  t o  l a p r e  r a t e s  
i n  t ho  undtoblo zone which agree  with tho  value8 impl ied by Walkinshaw's 
o q u t i o n  and which appear  t o  ba i n  reoronablo  accord w i t h  the ILLIAC 
n o u l t r .  
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(111) Other Resonnncer:- 
Wo have applied our msthada t e  the  e x c l r n l ~ t i a n  af athor 

roaonances whore y-growth may eccur. It appears pcasi5le i n  t h i r  
way t o  account f o r  the behavlox" a t  the  reaanance r + 2 5  = 2% 
and a t  Zr ,  + 2 5  = 2 T .  In th l r  l a t t e r  care one d o u l d  conridor 
not  anly the term f c , ,  u2y i n  tho y-equation but a l r o  tho doublo 

LU 

froquonoj ( 2 4 )  tonnr which can an t e r  the term bsuy  ky ure  m i  
mpplementery termr i n  u obtained by a per turbat ian  r a lu t l on  
af ths nmn-linear u-aqua ion. I t  rppoarr,  howaver, that tho 
d i roc t  c o n t r l b u t l m  from ic10 uZy dsf l n l t o l ~  d m l m t o r .  

I n  the  neighborhaul ef tho pers ib lo  wx r rerolunce,  thm 
r U I A C  r e s u l t s  h r ro  revemled na y-grewth. ~ u r T r ~ l y r i r ,  d i f f e r i n g  
i n  d o t a i l  from i a l k l n r h a r ~ e ,  indic*tes t h a t  i n r t a b l l i t y  leading t o  
y-growth would oacur over a quit. r o s t r i c tod  rango of r a d i a l  mp l i t ude r  
and tha t  the lapre  r a t e  r l t h i n  t h i r  n r r r e r  sene of i n o t a b l l l t y  would 
be so mull a s  t o  be f a r  banoath notico.  
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