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ABSTRACT 

Computa t ions  have  been  made, f o r  t h e  g r e a t e r  p a r t  by 
a i d  of t h e  ILLIAC d i g i t a l  compute r ,  o f  t h e  median-p lane  f i e l d s  
which  r e s u l t  m a g n e t o s t a t i c a l l y  f rom v a r i o u s  two-d imens iona l  p o l e  
c o n f i g u r a t i o n s  r e s e m b l i n g  t h o s e  which  would be employed i n  a  
s p i r a l l y - r i d g e d  FFAG a c c e l e r a t o r .  The r e s u l t s  which  a r e  
p r e s e n t e d  a r e  a n a l i z e d  i n  terms of  a p a r a m e t e r  a, , d e f i n e d  - - 

which i s  b e l i e v e d  t o  be  t h e  a n a l o g u e  of  t h e  q u a n t i t y  $ 1 ~  
which d e t e r m i n e s  t h e  f r e q u e n c y  of  b e t a t r o n  o s c i l l a t i o n s  i n  a  
s t r i c t l y - s i n u s o i d a l  f o c u s i n g  f i e l d .  

For  t h e  v a r i o u s  s t r u c t u r e s  s t u d i e d  t h e  f o l l o w i n g  
q u a n t i t i e s  , a r e  t a b u l a t e d :  

, t h e  r a t i o  of  semi-gap  t o  t h e  wave l e n g t h  of  t h e  
s t r u c t u r e s ;  

& - 1 ,  b e i n g  a  measu re  o f  t h e  f l u t t e r  of  t h e  median-p lane  

@T f i e l d  ; 

g, t h e  semi-gap, i n  u n i t s  o f  ; 

PF] , a  " c i r c u m f e r e n c e  f a c t o r "  d e f i n e d  i n  t e r m s  of t h e  
median-p lane  f i e l d  a s  B , ~ , / ( B )  ; and 

The median-p lane  f i e l d s  r e s u l t i n g  f rom a  number of  s t r u c t u r e s  
c o n s i d e r e d  o f  g r e a t e s t  i n t e r e s t  a r e  a l s o  p r e s e n t e d  g r a p h i c a l l y .  
The s u g g e s t i o n  i s  advanced  t h a t  o p t i m i z a t i o n  may c o n s i s t  i n  
maximizing g  f o r  a  c o n s t a n t  v a l u e  of t h e  p a r a m e t e r  2 - 
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I. INTRODUCTION 

1. General:  

The Mark V o r  s p i r a l l y - r i d g e d  FFAG a c c e l e r a t o r  was 

o r i g i n a l l y  d i s cus sed  i n  terms of a  s t r u c t u r e  f o r  which t h e  

s p a t i a l  v a r i a t i o n  of t h e  median-plane f i e l d  was s t r i c t l y  s i n u s -  

o i d a l .  A f i e l d  of t h i s  c h a r a c t e r  i s  no t  n e c e s s a r i l y  optimum 

from t h e  s t a n d p o i n t  of o r b i t  c h a r a c t e r i s t i c s  and moreover can 

impose severe  l i m i t a t i o n s  of a  magne tos t a t i c  c h a r a c t e r  on t h e  

magnitude of t h e  gap between t h e  po le -p ieces .  To permit  a  

s tudy  of t h e  c h a r a c t e r i s t i c s  of s p i r a l l y - r i d g e d  a c c e l e r a t o r s  

w i t h  a  more g e n e r a l  t ype  of f i e l d ,  a  computat ional  program based 

on LJL(MURA)-8 i s  i n  p r e p a r a t i o n .  I n  t h e  b e l i e f ,  however, t h a t  

u s e f u l  o r i e n t a t i o n  concerning t h e  f i e l d  themselves could be 

ob ta ined  by a  survey based on t h e  two-dimensional Laplace 

equa t ion ,  t h e  work summarized i n  t h e  p r e s e n t  r e p o r t  was under-  

taken.  The r e p o r t  con f ines  i t s e l f  t o  s o l u t i o n s  of t h e  two- 

dimensional  Laplace equa t ion  w i t h  p e r i o d i c  boundary cond i t i ons .  

2. Bas i s  of Comparison of F i e l d s :  

I n  t h e  c o n s i d e r a t i o n  of v a r i o u s  f i e l d  c o n f i g u r a t i o n s  

it i s  be l i eved  d e s i r a b l e  t o  compare s t r u c t u r e s  which may be 

expected t o  y i e l d  t h e  same advance of b e t a t r o n  phase p e r  s e c t o r .  

It i s  r e c a l l e d  t h a t ,  i n  t h e  c a s e  of t h e  pu re ly  s i n u s o i d a l  median- 

p lane  f i e l d  
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t h e  s t r e n g t h  of  t h e  A-G f o c u s i n g  i s  s u b s t a n t i a l l y  d e t e r m i n e d  by 

($/ur): A, d f l  . F o r  f i e l d s  w i t h  a  harmonic 

c o n t e n t ,  and which hence  show a  more e l a b o r a t e  s p a t i a l  v a r i a t i o n ,  

i t  seems a p p r o p r i a t e  t o  c h a r a c t e r i z e  t h e  e f f e c t  of t h e  f l u t t e r  

where ,  a s  b e f o r e ,  2 W u r  i s  t h e  wave leng th  @), of t h e  r a d i a l  

v a r i a t i o n  of t h e  f i e l d ,  measured i n  u n i t s  of  t h e  r a d i u s .  The 

s u p p o s i t i o n  t h a t  t h e  f o r e g o i n g  q u a n t i t y  c o r r e c t l y  c h a r a c t e r i z e s  

t h e  i n f l u e n c e  of  t h e  f i e l d - f l u t t e r  on  t h e  b e t a t r o n  o s c i l l a t i o n s  

i s  b e l i e v e d  t o  be  c o n c o r d a n t ,  w i t h i n  t h c  framework of t h e  

smooth a p p r o x i m a t i o n ,  w i t h  t h e  u n i f i e d  t h e o r y  of FFAG 
P- 

deve loped  by D r .  Symon. 

I n  what f o l l o w s ,  we s h a l l ,  a c c o r d i n g l y ,  e x p r e s s  and 

compare such  f e a t u r e s  a s  t h e  po le -gap  f o r  v a r i o u s  c o n f i g u r a t i o n s  

i n  t e rms  of  ;1 . S p e c i f i c a l l y ,  i f  t h e  median-p lane  f i e l d  i s  

de te rmined  f o r  p o l e  s u r f a c e s  w i t h  a  semi-gap 7 and s p a t i a l  

wave leng th  , one w r i t e s  I 

0.1/'5395.** , measured i n  u n i t s  of t h e  r a d i u s ,  

t h e  c o e f f i c i e n t  of . t h u s  s e r v i n g  a s  a  f i g u r e - o f  -merit f o r  

7- 
f 

t h e  s t r u c t u r e  under  c o n s i d e r a t i o n .  It  i s  r e c o g n i z e d  t h a t  t h e  

c h a r a c t e r  of  l a r q e - a m p l i t u d e  b e t a t r o n  o s c i l l a t i o n s  may d i f f e r ,  



of  c o u r s e ,  f o r  p a r t i c l e  m o t i o n  i n  v a r i o u s  f i e l d s  of t h e  same 

mean-square f l u t t e r .  

11. ANALYTICAL EXAMINATION OF SIMPLE FIELDS 

1. G e n e r a l :  

We examine h e r e  a n a l y t i c a l l y  t h e  maximum a p e r t u r e  

which may be a c h i e v e d  by p u r e l y  m a g n e t o s t a t i c  means ( a v o i d i n g  

t h e  u s e  of  f o r w a r d  and back-wound c u r r e n t - c a r r y i n g  c o n d u c t o r s )  

f o r  a  s t r i c t l y  s i n u s o i d a l  med ian -p lane  f i e l d  and f o r  f i e l d s  w i t h  

a  t h i r d - h a r m o n i c  c o n t e n t  of  t h e  t y p e  s u g g e s t e d  by Powel l  

(MURA-JLP-6). C o n s i d e r a t i o n s  of  t h i s  n a t u r e ,  g i v e n  p r e v i o u s l y  

by t h e  p r e s e n t  w r i t e r  i n  i n f o r m a l  MURA Notes  ( ~ c t o b e r  8 
P 

December, 1 9 5 5 )  have been  p r e s e n t e d  o r i g i n a l l y  by T e r w i l l i g e r  

(MURA/KMT-2) f o r  a  s t e p  d i s t r i b u t i o n  of  f i e l d  and by Kerst 

(MURA/DWK-10) f o r  t h e  s i n u s o i d a l  d i s t r i b u t i o n .  

2. A n a l y t i c a l  Work: 

( i )  S i n u s o i d a l  F i e l d : -  

We c o n s i d e r  f i r s t  t h e  c h a r a c t e r  of  t h e  two-dimens iona l  

median-p lane  f i e l d  

T h i s  f i e l d  may be r e p r e s e n t e d  by t h e  complex p o t e n t i a l  f u n c t i o n  

f rom which 



The l i m i t i n g  e q u i p o t e n t i a l ,  Vo, i s  de te rmined  by 

s e t t i n g  x s i n  3 = -1 and av - 
'b. 

- 0 :  

1 - f c 4 2  = o  

- k - 1  I Y - 
f 

= L*r A&' f $ o-.& 

v.= A , B  [ A P ~  - {-I. 
The minimum g a p  p r e s e n t e d  by t h i s  e q u i p o t e n t i a l  i s  

o b t a i n e d  when s i n  sr: +1 and i s  g i v e n  by 

Y W + w f R u z v &  - 

To maximize t h e  s e m i - a p e r t u r e ,  s u b j e c t  t o  t h e  c o n d i t i o n  t h a t  

/ r ema in  c o n s t a n t  ( 0 1, 2 ) ,  we r e w r i t e  t h i s  l a s t  e q u a t i o n  

i n  t e r m s  of  ( + / w ) %  : 
V 

Y + f , L & L  =,&&-'f -/xi - 
f f 

The v a l u e  of  'f o b t a i n e d  by s o l u t i o n  o f  t h i s  e q u a t i o n  i s  found 

t o  be  g r e a t e s t  when 

f o r  which 

Hence 2 z (w/f 1 - f  
- - 0.907 Llf , 

F 
t h e  s e m i - a p e r t u r e  i s  ? = 0.144 )( , 
and t h e  f u l l  gap  i s  G- M 8 8 h .  



I n  terms of  t h e  p a r a m e t e r  i n t r o d u c e d  p r e v i o u s l y ,  t h i s  r e s u l t  

may be  e x p r e s s e d  
V 

= 0 . 2 1 4 / ~  , measured i n  u n i t s  
of  t h e  r a d i u s ,  

s i n c e  i n  t h i s  c a s e  = f /w . 
The c h a r a c t e r  of  t h e  l i m i t i n g  e q u i p o t e n t i a l  s u r f a c e  

r e p r e s e n t i n g  t h i s  p o l e  f a c e  i s  i l l u s t r a t e d  i n  F i g u r e  1 ( n o t e  

i n e q u a l i t y  of h o r i z o n t a l  and v e r t i c a l  s c a l e s ) .  The gap  i s  

r educed  by o n l y  a b o u t  1/4% i f  f i s  t a k e n  a s  0.250 i n s t e a d  of 

t h e  v a l u e  0.236 found h e r e .  

( i i )  Saw-Tooth F i e l d : -  

A f i e l d  c o n t a i n i n g  a  t h i r d - h a r m o n i c  component may be  

w r i t t e n  

f o r  which 

y = n , f [ f  + 
Powel l  h a s  proposed  c o n s i d e r a t i o n  of  t h e  a p p r o x i m a t e l y  saw- too th  

f i e l d  f o r  which X = - 1 . A s  i n  t h e  c a s e  of t h e  p u r e  
ti 

s i n u s o i d a l  f i e l d  c o n s i d e r e d  p r e v i o u s l y ,  t h e  l i m i t i n g  p o t e n t i a l  

may be  found f o r  t h e  p r e s e n t  f i e l d  by s e t t i n g  s i n  5 = -1 and 

dV/at  = 0. The c o e f f i c i e n t  may t h e n  be a d j u s t e d  t o  g i v e  

t h e  maximum v a l u e  of  8 ,  a t  p o i n t s  f o r  which s i n  5 = + l ,  

s u b j e c t  t o  t h e  c o n d i t i o n  t h a t  f ; (I/,)&- be c o n s t a n t .  
f 

We f i n d  f o r  t h i s  c a s e  
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z 0.5335 *r , and 

Y Due t o  t h e  i n f l u e n c e  of  t h e  f a c t o r  S i n h  3 7  i n  one t e rm of  t h e  

m a g n e t o s t a t i c  p o t e n t i a l ,  t h e  maximum p e r m i s s s i b l e  a p e r t u r e  t h u s  

a p p e a r s  t o  be  59.2% of t h e  c o r r e s p o n d i n g  v a l u e  p r e v i o u s l y  found 

f o r  a  p u r e  s i n u s o i d a l  f i e l d  w i t h  t h e  same R . 
The c h a r a c t e r  of  t h e  l i m i t i n g  e q u i p o t e n t i a l  f o r  t h e  

a p p r o x i m a t e l y  saw- too th  f i e l d  i s  i l l u s t r a t e d  i n  F i g .  2. 

( i i i )  Flat-Topped F i e l d :  - 
A t h i r d - h a r m o n i c  component w i t h  &=+ 4 5 w i l l  

y i e l d  a  f l a t - t o p p e d  f i e l d .  I n  t h i s  i n s t a n c e  t h e  " c r i s i s n  which 

d e t e r m i n e s  t h e  l i m i t i n g  e q u i p o t e n t i a l  s u r f a c e  d e v e l o p s  a t  p o i n t s  

o t h e r  t h a n  t h o s e  f o r  which s i n  5 = -1. We have n o t  u n d e r t a k e n  

o p t i m i z a t i o n  i n  t h i s  c a s e ,  b u t  f o r  

A = 0.236 

we f i n d  = 0.168/p, 

= 0.707 W ,  and 

6 = 0.225)  . 

The l i m i t i n g  e q u i p o t e n t i a l  s u r f a c e  f o r  t h i s  c a s e  i s  i l l u s t r a t e d  

i n  F i g .  3. 
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3. Summary of  A n a l y t i c  Work: 

I n  t a b l e  I we summarize t h e  r e s u l t s  of t h e  p r e c e d i n g  

a n a l y t i c  work. We i n c l u d e  t h e  " c i r c u m f e r e n c e  f a c t o r " ,  some- 

what  a r b i t r a r i l y  d e f i n e d  i n  t e r m s  o f  t h e  median-plane f i e l d  

TABLE I 

CHARACTERISTICS OF LIMITING EAAGNETOSTATIC EQUIPOTENTIAL 

Case  ' f ,  1 Semi -Aper tu re ,  

I I 
( i )  S i n u s o i d a l  0.236 0  o. 2 /4  /2 = o.907w= o.14Gh 1.236 

* 
Not o p t i m i z e d  

It a p p e a r s  c l e a r  f rom t h e  f o r e g o i n g  c o n s i d e r a t i o n s  

! 

( i i )  Saw-Tooth 0.236 i' - 0.236 ; o./27/t,0.533f~s~,08~~ 
! 9: 

( i i i )  F l a t -Top  0.236 1 + 0.236 / o./d8/er ~ , ~ ~ 7 w s ~ , / 1 9 h  
9 !  

t h a t  one  i s  l i m i t e d  i l l a d v i s e d l y  by s t r i c t  conformance t o  some 

supposed ly - s imple  median-p lane  f i e l d .  The p e r m i s s i b l e  a p e r t u r e  

c e r t a i n l y  can  be  i n c r e a s e d  s u b s t a n t i a l l y ,  w i t h  l i t t l e  change i n  

1.262 

1 .210 

t h e  working f i e l d ,  by r o u n d i n g  o f f  o r  f i l l i n g  i n  t h e  c r e v i c e s  

i n  t h e  p o l e  c o n t o u r .  S t u d y  of  s u c h  modi f i ed  p r o f i l e s ,  

i n c l u d i n g  c a s e s  more e a s i l y  f a b r i c a t e d ,  i s  t h u s  a p p r o p r i a t e  

and m o t i v a t e s  t h e  r ema inde r  of  t h e  work r e p o r t e d  h e r e .  I t  i s  

r e c o g n i z e d  t h a t  i n v e s t i g a t i o n  of  o r b i t  c h a r a c t e r i s t i c s  w i l l  

s u b s e q u e n t l y  be n e c e s s a r y  f o r  any  s i g n i f i c a n t l y - m o d i f i e d  

f i e l d s  which may a p p e a r  t o  be  of  p a r t i c u l a r  i n t e r e s t .  



MURA- L J L -  9 

111. DIGITAL COMPUTATIONS 

1. G e n e r a l :  

The "FL.. ." program was d e v i s e d  f o r  t h e  I L L I A C  by 

D r .  J. N. S n y d e r ,  t o  s o l v e  L a p l a c e ' s  e q u a t i o n  i n  two-dimens ional  

C a r t e s i a n  c o o r d i n a t e s  on a  n e t  of  d imens ions  49 x 14. P o s i t i v e  

boundary v a l u e s ,  l e s s  t h a n  0.25, were  e n t e r e d  a t  mesh p o i n t s  

c o r r e s p o n d i n g  t o  t h e  p o l e - s u r f a c e  and median-p lane  ( V  = 2-39 on 

t h e  med ian -p lane ) .  The r e m a i n i n g  s t a r t i n g - p o t e n t i a l s ,  a t  

v a r i o u s  p o i n t s  i n  t h e  g a p  r emote  f rom t h e  r e g i o n  of  i n t e r e s t ,  

were  e s t i m a t e d  and e n t e r e d  w i t h  t h e  i n p u t  d a t a  t o  comple te  

s p e c i f i c a t i o n  of  t h e  problem. The s o l u t i o n  of  t h e  p o t e n t i a l  

problem was c o n s i d e r e d  comple te  when, a f t e r  a  c o u p l e  of  hundred 

i t e r a t i o n s ,  t h e  r e s i d u a l s  a t  a  s p e c i f i e d  c h e c k - p o i n t  changed 

by l e s s  t h a n  i n  a  s i n g l e  i t e r a t i o n .  From t h e  p o t e n t i a l s  

s o  o b t a i n e d ,  t h e  median-p lane  f i e l d s  were  computed by means of  

t h e  a l g o r i s m  V + 4 Vel + VII 
-3, = 6 

i n  which u s e  i s  made of t h e  symmetry of  t h e  comple te  s o l u t i o n  

( V  odd, By e v e n )  a b o u t  t h e  median p l a n e .  I n  a d d i t i o n ,  a v e r a g e s  

i n v o l v i n g  t h e  median-p lane  f i e l d s  were computed, between 

s p e c i f i e d  p o i n t s ,  t o  g i v e  

< ~2 >A* < 3 0 ) ~  and <&),a: - 1 .  

S e v e r a l  s e r i e s  of  problems were  r u n  i n v o l v i n g  

r e c t a n g u l a r  e q u i - p o t e n t i a l  p o l e  s u r f a c e s .  I n  any  one  s e r i e s  

t h e  r a t i o  of  g a p  ( 2 9 )  t o  w a v e l e n g t h  ( h  ) was v a r i e d .  The 



f i r s t  t h r e e  series i n v o l v e d  p o l e s  f o r  which t h e  po le -wid th  was 

e q u a l  t o  t h e  f u l l  gap ,  w i t h  t h e  p o l e  r o o t  r e s p e c t i v e l y  3, 4 ,  

and 14/3 times a s  remote  f rom t h e  median p l a n e  a s  t h e  p o l e  

s u r f a c e .  Two s u b s e q u e n t  series were  concerned  w i t h  p o l e s  of  

o t h e r  w i d t h s ,  i n  e a c h  c a s e  w i t h  t h e  p o l e  r o o t  l o c a t e d  ( 1 4 / 3 ) g  

from t h e  median p l a n e .  A l a t e r  series was concerned  w i t h  

45-degree  p o l e s  and a n o t h e r  w i t h  r e c t a n g u l a r  p o l e s  mod i f i ed  by 

a  45-degree  b e v e l  a t  t h e  p o l e - t i p  and a  45 -degree  f i l l e t  a t  

t h e  p o l e - r o o t .  

To o b t a i n  a p p r o x i m a t e  i n f o r m a t i o n  c o n c e r n i n g  t h e  

e f f e c t  of  c o i l s ,  a d d i t i o n a l  r u n s  were made f o r  r e c t a n g u l a r  

p o l e s  ( o f  w i d t h  29 and p o l e - r o o t  ( 1 4 / 3 ) g  from t h e  median p l a n e )  

on  which t h e  p o t e n t i a l  was z e r o  a t  a l l  p o i n t s  s a v e  on t h e  p o l e -  

f a c e  i t s e l f .  A d d i t i o n a l ,  more e x t r e m e ,  r u n s  were a l s o  made 

i n  which t h e  p o t e n t i a l  was s p e c i f i e d  a s  a l t e r n a t e l y  3 and Vo 

a l o n g  a  s u r f a c e  of  c o n s t a n t  h e i g h t  above  t h e  median p l a n e .  

F i n a l l y  some m i s c e l l a n e o u s  r u n s  i n v o l v i n g  e q u i -  

p o t e n t i a l  p o l e - s u r f a c e s  of  v a r i o u s  c o n f i g u r a t i o n s  were  made, 

i n c l u d i n g  p r o f i l e s  i n t e n d e d  t o  g i v e  a p p r o x i m a t e l y  s i n u s o i d a l ,  

s aw- too th ,  and f l a t - t o p  f i e l d s .  

The r e s u l t s  f o r  t h e s e  v a r i o u s  ser ies  of  r u n s  a r e  

summarized i n  t h e  f o l l o w i n g  s e c t i o n s .  I n  a d d i t i o n  t o  g i v i n g  

t h e  f i g u r e - o f - m e r i t ,  r e l a t i n g  t h e  semi-gap g  t o  t h e  pa ramete r  

, t h e  c i r c u m f e r e n c e  f a c t o r  [CF] = [ B ~ ]  max/ (B,) and 

g  . [ cFJ  a r e  a l s o  computed, t h e  l a t t e r  q u a n t i t y  presumably 

b e i n g  i n d i c a t i v e  o f  t h e  number of  ampere - tu rn  c e n t i m e t e r s  



necessary  t o  d e r i v e  t h e  r e q u i r e d  f l u x  a c r o s s  t h e  gap between 

e q u i p o t e n t i a l  po l e - su r f aces  i f  t h e  f u l l  m a g n e t o s t a t i c a l l y -  

p o s s i b l e  gap i s  used.. For comparison i t  may be r e c a l l e d  t h a t  

t h e s e  q u a n t i t i e s  were found a n a l y t i c a l l y  t o  have t h e  fo l lowing  

va lues  f o r  a s t r i c t l y  s i n u s o i d a l  f i e l d  w i th  f = 0.236 
< BZ> 

( <Ti7 - 1 ,  0.02785) and 9/),= 0.144: 

p 0.2140 /q, 

CCFJ = 1.236 

3. [ c f j  = 0.2645/q_ . 

2. Rec tanqula r  E q u i p o t e n t i a l  Poles :  

The r e s u l t s  of s e v e r a l  s e r i e s  of runs  i nvo lv ing  

r e c t a n g u l a r  e q u i p o t e n t i a l  p o l e s  a r e  summarized i n  Table 11. 

An arrow i s  used t o  denote  t h a t  r u n  i n  each  s e r i e s  f o r  which 

g  i s  a  maximum, a l though  a  somewhat l a r g e r  2/), ( reduced A )  

might be p r e f e r a b l e  i n  an o v e r a l l  s ense  because of t h e  

r e s u l t i n g  dec rease  of c i rcumference.  

TABLE IT 

CHARACIERISTICS OF RECTANGULAR EQUIPOTENTIG EWES_ 

Pole  Dist.  of 
Width Po le  Root - % - (BZ> 1 9 

from Med. Ih t [CF] g  
P1. - -- - - -- -- - -- -- - - - -- - - -- 
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( c o n t l d )  

Pole D i s t .  of 
Width Po leRoot  2 (8'7 - 1 

from Med . h 
- 9 
037= 

[CFI g - b ~ ~  
-- P1. 
-pa----- 

- --- ----- 
3/22 0.12935 0.43579/~ 1.533 0.6681/% 
3/20 0.10244 0.42660/% 1.452 0 .6194 /~  
3/18 0.07534 0.40649/f 1.369 0 .5563/~  
3/16 0.04976 0-6/e 1.284 0.4772/e 

(/3)g 3/32 0.66439-a.4283q~ 1.926 0 . 8 2 m  
3/30 0.24187 0.43701/2 1.856 0 .8109/~  
3/26 0.19103 0.44812/e 1.705 0.7640/a 
3/24 0.16314 0.44863/t 1.625 0 .7290/~  t 

3/22 0.13416 0.44382/% 1.542 0 .6844% 
3/20 0.10486 0.43162/2. 1.457 0.6289/% 
3/18 0.07635 0.4092- 1.371 0.561& 

T 3 J 3 ) 9 0 9 3 / 5 4  0.268660.40638/% 1.8T4-0:7TE7Z 
3/30 0.21959 0.41639/%. 1.709 0.7118/~ c 

3/26 0.16399 0.41519/% 1.563 0.6496/2 
3/24 0.13461 0.40752/2 1.489 0.6067/!2 

0.10518 0.39297/% 
(4/3)g (14/3)g -~~ 0.248400.44286/51.-T,3999 0.8853 z 

3/26 0.20474 0.46392/% 
le411 Oe5+ 
1.847 0.8568/2 

3/24 0.18022 0.47153/£ 1.765 0.8322/2 
3/22 0.15400 0.47550/~ 1.679 0.7984/% c 
3/20 0.12658 0.47421/2 1.590 0.7539/2 
3/18 0.09873 0 . 4 6 5 3 1  1.497 0.6968/2 

The r e s u l t s  of these  f i v e  s e r i e s  of runs a r e  depicted 

i n  Figs.  4-8, while Fig. 9 i s  a composite graph of g f o r  a l l  the 

cases involving rec tangu la r  equ ipo t en t i a l  poles.  The f i e l d -  

d i s t r i b u t i o n s  i n  the  median plane f o r  r ep r e sen t a t i ve  cases i n  

each s e r i e s  a r e  shown i n  Figs.  10-14. It appears t h a t ,  among 

the  cases considered, optimum conf igura t ions  a r e  encountered f o r  

~ 3 ~ 2  i n  the  neighborhood of 1/7 or  1/8 and lead t o  f i e l d s  

which do not depar t  markedly from simple s inusoids.  A deep gap 

between the  poles i s  c l e a r l y  de s i r ab l e  and t h i n  poles appear t o  

present  an advantage. 



3. 45-Deqree ---- and Beveled E g u i p o t e n t i a l  Po les :  

The r e s u l t s  ob t a ined  f o r  a  s e r i e s  of runs  invo lv ing  

e q u i p o t e n t i a l  p o l e s  w i t h  some 45-degree s u r f a c e s ,  a s  sketched 

i n  F igs .  15 and 16. a r e  l i s t e d  i n  Table 111. 

TABLE 111 

CHARACTERISTICS OF 45-DEGREE & BEVELED EQUIPOTENTIAL POLES 

Type of Pole 

45'. ~ i n . ~ i d t h = ( 4 / 3 ) g  3/26 0.13242 0.37309/t 1 .643 0 .6129h  
3/25 0.12261 0.37336/2 1.609 0 .6006/~ 
3/24 0.11297 0.37332/' 1.575 0.5879/e 

Beveled Pole, with F i l l e t  3/32 
3/29 0.19506 0.40598/2 1.834 0.7445/2 
3/24 0.14586 0.42420/% 1.659 0.7039/2 
3/22 0.12336 0.42557/2 1.583 0 .6738h 
3/20 0.09997 0.42142/% 1.504 0.6337/4 
3/18 0.07655 0.40974/a--1_.-*22 0.5827k 

The r e s u l t s  f o r  t h e s e  r e s p e c t i v e  s e r i e s  a r e  dep i c t ed  i n  

F igs .  17 and 18.  

The median-plane f i e l d s  f o r  two c o n f i g u r a t i o n s  of t h e  

second s e r i e s  a r e  shown i n  F ig .  19. The f i e l d s  produced by 

such beveled po l e s  may be cons idered  somewhat f r e e r  from r a p i d  

changes near  t h e  po l e - co rne r s ,  a l t hough  t h e  s t r u c t u r e  does no t  

appear  t o  o f f e r  q u i t e  a s  h igh  a  f i g u r e - o f - m e r i t  a s  i s  p o s s i b l e  

w i t h  r e c t a n g u l a r  po les .  The 45-degree po les  appear  t o  be l e s s  

promising w i th  r e s p e c t  t o  opening up t h e  gap. 
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4. R e c t a n q u l a r  P o l e s  w i t h  Po le -T ip  o n l y  a t  P o t e n t i a l  D i f f e r e n t  
from Zero :  

I n  t h i s  s e r i e s  of  r u n s  t h e  p o l e  t i p  was c o n s i d e r e d  

t o  assume a  c o n s t a n t  s p e c i f i e d  p o t e n t i a l ,  w h i l e  t h e  r ema inder  

of  t h e  r e c t a n g u l a r  p o l e  and t h e  median-p lane  were h e l d  a t  z e r o  

p o t e n t i a l .  I n  a l l  c a s e s  t h e  p o l e  w i d t h  was t a k e n  a s  29 and t h e  

p o l e  r o o t  was ( 1 4 / 3 ) g  f rom t h e  median p lane .  The r e s u l t s  a r e  

l i s t e d  i n  T a b l e  I V .  

TABLE I V  --- 
CHARACTERISTICS OF RECTANGULAR POLES WITH POLE-TIP ONLY AT V 0 

P o l e  D i s t .  o f  p m 2 2  
Width P o l e R o o t  - - - I  

<a>= f7 CCF7 g - f c ~ l  
from Med. 2 

The v a l u e s  o f  t h e  g a p  and c i r c u m f e r e n c e - f a c t o r  f o r  

a l l  b u t  t h e  l a s t  r u n  i n  t h i s  s e r i e s  a r e  r e p r e s e n t e d  g r a p h i c a l l y  

i n  F ig .  20*. The c h a r a c t e r  o f  t h e  median-p lane  f i e l d  i n  some 

r e p r e s e n t a t i v e  c a s e s ,  n e a r  t h e  optimum, i s  i l l u s t r a t e d  i n  

F i g .  21. It i s  no ted  t h a t  a  v e r y  s u b s t a n t i a l  i n c r e a s e  of  gap  

and of  f l u t t e r - f a c t o r ,  on t h e  b a s i s  of  t h e  c r i t e r i o n  adopted  i n  

t h i s  r e p o r t ,  i s  a t t a i n a b l e  w i t h  t h e  p r e s e n t  t y p e  of  c o n f i g u r -  

a t i o n ,  t h i s  p o s s i b l e  a d v a n t a g e  b e i n g  a t  t h e  expense  of  

i n c r e a s e d  t o t a l  c i r c u m f e r e n c e - f a c t o r  and of  any  a s s o c i a t e d  

e l a b o r a t i o n  of t h e  copper  r e q u i r e d  t o  accommodate t h e  magne t i z ing  



c u r r e n t .  The maximum of t h e  curve  r e p r e s e n t i n g  g  vs.  

( ~ i g .  20) occurs  a t  a  va lue  of $/> no t  g r e a t l y  d i f f e r e n t  

from t h a t  found p rev ious ly ,  t h e  optimum va lue  of t h i s  parameter  

being near  1/8 o r  1/9. With t h i s  c o n f i g u r a t i o n  t h e  f i e l d  d rops  

t o  q u i t e  low va lues  between t h e  po l e s  ( l e a d i n g  t o  a  l a r g e  t o t a l  

c i r cumfe rence - f ac to r ) ,  and t h e  f l a t -bo t tomed  a s p e c t  of t h e  

f i e l d - p l o t s  shown i n  F ig .  21 s u g g e s t s  t h e  presence of s i g n i f i -  

c a n t  harmonic c o n t e n t  i n  t h o s e  c a s e s .  

+ Note change of s c a l e  from prev ious  g raphs  of t h i s  type.  



5. Plane Pole-Face, w i t h  P o t e n t i a l  A l t e r n a t e l y  Vo and Zero: 

A number of r u n s  r e l a t e d  t o  t h e  s e r i e s  de sc r ibed  i n  

S e c t i o n  4 were made w i t h  a p l ane  po le - face ,  p a r a l l e l  t o  t h e  

median-plane, a long  which t h e  p o t e n t i a l  a l t e r n a t e d  between t h e  

va lues  Vo and zero .  The r e s u l t s  of t h e s e  r u n s ,  which by no 

means r e p r e s e n t  a complete survey  of such a c o n f i g u r a t i o n ,  may 

t o  some e x t e n t  i l l u s t r a t e  t h e  g e n e r a l  c h a r a c t e r  of t h e  f i e l d s  

ob ta ined  w i t h  t h i s  arrangement and a r e  summarized i n  Table V. 

The s i g n i f i c a n c e  of t h e  v a r i o u s  dimensions i s  shown by Fig .  22. 

TABLE V 

CHARACTERISTICS OF PLANE POLE-FACE. WITH POTENTIAL ALTERNATELY 
V, AND ZERO 

Dimensions 

3 24 13 11 
do. do. 7 17  

4 do. 15 9 
do.. do. 13 11 
d o . d o .  9 15 
d o . d o .  7 17 

6 do. 17 7 
d o . d o .  13 11 
d o . d o .  7 17  

8 do. 15 9 
do. do. 13 11 
d o . d o .  9 15 
10 do. 9 15 - 
12  do. 9 15 

3/24 0.58291 0.84802/! 1 .841  1 .5610 /~  
do. 1.52582 1.372oi/r 3.2518 4 . 4 6 1 5 / ~  

4/24 0.33481 0 .85693/~ 1.590 1.3624/% 
do. 0.49144 1 .03820/~ 1.822 1.8911/% 
do. 0.93005 1.42822/2. 2.513 3.5887/2 
do. 1.23218 1.64392/% 3.024 4.9717/% 

6/24 0.12795 0.79460/~ 1.379 1 . 0 9 5 8 / ~  
do. 0.32227 1.26108/% 1.727 2 .1778/~ 
do. 0.75370 1.92856/% 2.505 4.8302/% 

8/24 0.12481 1.04641/% 1.445 1 .5  124/% 
do. 0.18953 1.28948/2 1.585 2.04 35/% 
do. 0.34444 1.73833/% 1.899 3.3014/% 
10/24 0.17991 1.57043/% 1.6352 2.5680/% 
12/24 0.08320 1.28151/% 1.4272 1.8290/% 

It would appear  from t h e  r e s u l t s  of Table V t h a t  q u i t e  

l a r g e  gaps and h igh  f l u t t e r  f a c t o r s  may be a t t a i n e d  wi th  such 

p lane  po l e - f aces ,  w i th ,  f o r  example, g / ~  a s  l a r g e  a s  1/4 o r  

more and wi th  t h e  l a r g e r  p o r t i o n  of t h e  po le - face  a t  z e ro  



p o t e n t i a l .  It may be expected t h a t  l a r g e  f l u t t e r - f a c t o r s  w i l l  

i n c r e a s e  t h e  l imi t s  of s t a b l e  p a r t i c l e  motion, bu t  on ly  i f  t h e  

harmonic c o n t e n t  of t h e  f i e l d  i s  no t  c o n c u r r e n t l y  increased  by 

a  l a r g e  amount. 

6 .  Miscel laneous ,  Shaped E q u i p o t e n t i a l  Poles:  

A number of misce l laneous  c a s e s  i nvo lv ing  contoured 

e q u i p o t e n t i a l  po l e s  were thought  t o  be of s p e c i a l  i n t e r e s t  a t  t he  

s t a r t  of t h i s  work. The c o n f i g u r a t i o n s  i n v e s t i g a t e d ,  and t h e  

r e s u l t a n t  median-plane f i e l d s ,  a r e  i l l u s t r a t e d  i n  F igs .  23-30, 

i n c l u s i v e .  The r e s u l t s  f o r  t h e s e  c a s e s  a r e  summarized i n  

Table V I .  

TABLE V I  

CHARACTERISTICS OF MISCELLANEOUS. SHAPED EQUIPOTENTIAJ: POLES 

Fig.  Cha rac t e r  

2  3  Beveled & Shaped ; 4/32 0.05156 0.25221/' 1 .324 0 . 3 3 3 9 / ~  
Attempt t o  syn- 
t h e s i z e  s i n u s o i d a l  
f i e l d  

24 Attempt t o  synthe-  6/32 0.02958 0.28654/p_ 1.260 0 . 3 6 1 0 / ~  
s i z e  approximately-  
s i n u s o i d a l  f i e l d  

25 Attempt t o  syn the-  4/32 0.02933 0.19022/! 1.290 0.2454/e 
s i z e  saw-tooth f i e l d  

26 Attempt t o  syn the-  4/32 0.04338 0.23135/, 1.299 0 . 3 0 0 6 / ~  
s i z e  f l a t - t o p ,  f l a t -  
bottom f i e l d  

2  7  S lop ing  po l e ;  a t t enp t  3/32 0.12342 0 .292664  1 .619 0.4739/2 
t o  s y n t h e s i z e  f l a t -  
bottom f i e l d  

28 S lop ing  po l e  w i t h  boss 3/32 0.19820 0 .37086h 1 .891 0 .7011/~ 

29 Beveled. necked, and 3/32 0.22868 0.39836/2 1.954 0 .7784 /~  
f l a r e d  po l e  

3 3 Under-cut Po le  3/32 0.24247 0.41020/f- 1.893 0.7764/2 
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P 
For comparison it may once a g a i n  be mentioned t h a t  t h e  c o r r e s -  

ponding c h a r a c t e r i s t i c s  of a  magne tos t a t i c  s t r u c t u r e  g iv ing  a  

s t r i c t l y  s i n u s o i d a l  f i e ' l d  a r e  ( w i t h  f - 0.236): 

7. Summary: 

The s t r u c t u r e  of F ig .  24, in tended  t o  g i v e  an approxi-  

mately s i n u s o i d a l  f i e l d ,  may be i l l u s t r a t i v e  of po le -con tours  

which have some m e r i t  i f  it i s  d e s i r e d  t o  e n l a r g e  t h e  gap some- 

what w i thou t  i h t r o d u c i n g  t o  any s i g n i f i c a n t  degree  t h e  compli- 

c a t i o n s  of harmonic con ten t .  Aside from t h e  q u e s t i o n  of harmonic 

c o n t e n t ,  however, t h e  s t r u c t u r e s  cons idered  e a r l i e r  i n  t h i s  

r e p o r t  have t h e  advantage of ve ry  m a t e r i a l l y  i n c r e a s i n g  t h e  

e f f e c t i v e  f l u t t e r - f a c t o r  and of p e r m i t t i n g  a  very  g r e a t  en l a rge -  

ment of t h e  magnet gap. Among t h e  v a r i o u s  t y p e s  of e q u i p o t e n t i a l  

po l e s ,  r e c t a n g u l a r  ( S e c t .  2 )  o r  beveled ( s e c t .  3 )  po l e s  may 

a t t r a c t  t h e  g r e a t e s t  i n t e r e s t ,  wh i l e  t h e  presence of c u r r e n t -  

c a r r y i n g  c o i l s  i n  a  s e p a r a t e d - s e c t o r  a c c e l e r a t o r  d i r e c t s  a t t e n t i o n  

t o  c o n f i g u r a t i o n s  s i m i l a r  t o  t h o s e  cons idered  i n  S e c t i o n  4  of 

t h i s  r e p o r t .  A f i n a l ,  r a t i o n a l  s e l e c t i o n  between compet i t ive  

s t r u c t u r e s  must, of course ,  awa i t  t h e  outcome of computat ional  

t e s t s  concerning p a r t i c l e  dynamics i n  t h e  magnetic f i e l d s  which 
f l  

t h e s e  s t r u c t u r e s  provide .  


