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The a 1  l i a  'OUS st? 

~ - ,  - - 3  

m y  always, by tho  s u b s t i t u t i o n  

b. t ransformed t o  tho fo l lowing  s t anda rd  form, which w i l l  

s e rve  a s  a base f o r  our expanslonsr  

Hero 
I I I 2 u2+ mCt) = Qlt ) - -P( t )  - -  a + Plt: , 

(4)  -- 
rn(t+T) = mCt), ,c I d  - ' 

where t h e  ba r  denotes  t h e  mean va lue  over  one pe r iod  T. 

The F loque t  s o l u t i o n s  t o  t h i s  eque t ion  w i l l  be w r i t t e n  

of t h e  f ormr 6 C ;,t +, / &  i 
-iyt  

1Ct)- 1 c -, 'j L -  ' A \ -  e $ (4 
(5) cp, Ct+T) - 4Ct) I , it,ct+?.) - 5yt) . c 
H o r e 3 ~ -  a r e  t h a  c h a r a c t e r i s t i c  exponents ,  1.e. d rs T 
*.-uel deno te s  t h e  phase advance of t h e  o s c d l l e t i o n  p e r  

r i o d  T,  and $[t)> ett) a r e  t h e  two p e r i o d i c  F loque t  
d 

functions. The two s o l u t i o n s  ( 5 )  w i l l  be l i n e a r l y  

independent i f  and o n l y  i f  c o s  6 5 1 . I n  t h e  case '  

of  coa 6 = X 1 t h e r e  e x i s t s  a  s o l u t i o n  



which i s  l i n e a r l y  Inclapandent wfth the  eo lu t ions  ( 5 ) .  

The corresponding FPPoquet so lu t lons  t o  the genera l  eq 

a r e  e a s i l y  wr l t f cn  down by using aq. (21: - (-; &yt) +'%)* 
x,Ct) - e y L 4  

8 (-iE)-iF)t 
x,Ct)- e 

(7) 
Y&!) 

' PZ+'$)~ 
x,(t)- e (- T 

( k - l 1 3 )  yKct)= y*Ct+v) - $kcel ) " > 

where again xl(t), x 2 ( t )  e r e  l i n e a r l y  independent i f  and only 

i f  c o s d #  2 1 , while the so lu t ion  x ( t )  e x i s t s  only f o r  
3 

cog 6 = 2 1 and i s  than l l n e a r l y  independent with x l ( t )  

m d  x 2 ( t ) .  Note t h a t  the f i r s t  de r iva t ive  term i n  eq. (1) 

w i l l  no t  producn any damping o r  anti-damping i f  i t s  c o a f f i c i e n t  

P (t) has zero mean value over the period T. 

Outline of Genecal Nathod. 

Let 

ba two l i n e a r l y  independent noButlons t o  the  s tandard 

d i f f e r e n t i a l  equatilon (3).  The general  so lu t i on  and i t s  f 

der iva t ive  a r e  then given by 



E!y well known r e s u l t s  of l i n e a r  theory one obta ins  cor 

an ha l f  the t r ace  of khe matr ix M(T):  

con a - 1 + 9,. a. ' 1.g. 

Due t o  the  pe r iod fc l t y  of the  funct ion M ( t )  the follow 

r e l a t i o n  i s  a a n l l p  ra tab l i shed t  

o r  wr i t t en  out 

Hence r e  a180 have 

Itnowing the value of d , we may proceed t o  determine 

the  per iodic  Floqust funct ions.  By bqs .  5 ,  ( 8 )  tnere 

a x i s t n  a p a i r  of constants  A1,  %, not both zero, such t h a t  

Since +(t) i n  per iodic  these constants  ma?) bb dRt;a&h*ihlti'S;d 
I 



one obtains 

A, - T ~ ~ T ) ,  

0, - eL=- q1w?, 
and, by eq. (14): 

In exoctly the same manner the aecodFluquet function I s  

obtained: 

(17) 7 2  

In the cases where cos d r k 1 one must use tho t h i ~ d  

solution ( 6 ) .  Then there e x i s t i s  a pair of constants A2, 

B2, not both zero, such that 
'r ~5; t  

(18) A ?& ~ , t t )  + ~,q,(t)- e [+ tct) + ~,kjj I 

where (PC??) I already letermined above. Again A2, B2 are 
/ 

determind& by insert iry  t = 0 ,  Tt 



and c 

Hence, by eq. (18):  

The three Floquet func t ions  determined above ere somewhat 

specie1 i n  t h a t  t h e i r  i n i t i a l  values a t  t = O a re  chosen. One 

r e a l i z e s  t h a t  i f  C1, C 2 ,  C3, a re  constants .  C l  and C 2  # 0 ,  

the  following s e t  of Floquet Functions w i l l  serve equal ly well: 

A Lemma On Conver~ence: 

I n  whet fol lows we s h a l l  repeatedly  make use of the 

following lemmas 

The s e r i e s  of func t ions  of the r e a l  va r iab le  t 

rill converge absolute ly  and uniformly i n  any f i n i t e  

(21) i n t e r n a l  \ t / & T ,  T >  0 i f  (F(w, t ) ( and 

I r.(t)l are  bounded f o r  \ and \t\ T . 
Likewise the s e r l e s  $(t)- f c&) w i l l  converge 

k- - - 
absolute ly  and uniformly i n  t h r  same i n t e r v a l  if I a y j  I i s  bounded f o r  \ 4 \  a n d \ t \ < ' $ =  

P~ooif C ~ n b i d e r  the complex funct ion  of the r e a l  



ble or 

Then: 
t t ( J  0 fll\&I=([ o ~ f ~ * \ j c ~ ~ ~ r d r * i f ~ \ ~ ~ * ) \ r ~ ~ .  0 

By the conditions called for in the lemma (21 ) one may set 

*are N(T) and Q(r) are positive numbers. Then, by (22): 
t t 

Jb+,ct)l-(S ~,a,~ce,t)~dI + z l  (P,w(.~ ~kt ) ( . ldr l  
-0 0 

< N(T)J'/ 0 c b ~ / / d x / ,  
and one obtains successively: 

l t  lL N ( ~ J  b @)J:~tlld</ D - kf~fQ (p) - 2 

\<(+)I< ~ ( ~ ~ J ~ l ~ ~ ~ ~ l ~  0 l k l  
k13 s It? 

... .. . < N ( T ) ~ o c ? ) [  T / d q / =  @R)-S; 
0 

and in general 



But s ince 

Lr.vc V b W .  .., - --- - - 
k t 1  V 

k * w  ' M k C ~ )  k 7  0 0  

f o r  f i n i t e  e ,  the s e r i e s  f N ~ ( T )  converges, and since eac.~ 
K- I 

term Idk@) i s  pos f t fve ,  independent of t and l a r g e r  thm the 

absolute value of the corresponding term i n  the s e r i e s  

the f i r s t  statement i n  the lemma i s  tr 
K a  1 

Nor, i f  
,P U I I  and i t ) <  ?, S )  at S O  f I 

one obtains '  from eqs. (22)  t o  (24): 

Hence, f o r  the same reasons a s  above, the  s e r i e s  
- 

rill a l s o  converge aboaclute ly  and uniformly f n  It\< 

Hereby the lemma i s  proved. 

Expansions f o r  ?lk*) h d  2,'" ,, 

If one confines oneself t o  the  case ( 3 + O  and t r e a t s  

the term rn(t)2 i n  eq. (3)  es a r egu l a r  fo rc ing  term, the 

method of va r i a t i on  of cons tants  gives 

A, E being the a r b i t r a r y  i n t eg ra t i on  constants .  By an 

i n f i n i t e  succession of f t e r a t l o n a  of t h i s  e x n r o q ~ i o -  

one f f n a l l y  ends up with the f'olloning s e r i a s  f o r  the 



By t h e  i e m a  (21) t h i s  a e r i e s  w i l l  converge a b s o l u t e l y  

nnd uniformly i n  any f i n i t e  i n t e r v a l  It(<? where ( m ~ t ) (  

i a  bounded. Term by tern d i f f c r e n t f a t f o n  g i v e s  
m 

3 'it) - z r -  Q P,'& 1 
- 
P'W PC1 - - G(~)br oh-t) ?(r)d.(, (4- q l q  * . . I 

bw=e , 
provided thaz t h i s  s e r l e ~  converges  unltformly i n  the i n t o -  - - 

cons idered .  Again this  is - t r u e  by the  lennn~ (21). 

Comparing t h e s e  r e s u l t s  w i t h  t h e  eqs .  (81, i t  i s  r e a l i z r u  

L h ~ t  t h e  bas i c  solutions 7!(tt), ?lit) a r e  g iven  f o r  

bounded I ~ t t ) (  by t h e  a b s o l u t e l y  end uni formly  convergent  



I 

ho ld  

The ab 

f o r  qu 

ove e x  

i ts  a r  

ns f o r  

y r e a l  

t he  s 

o r  C O  

o l u t i o n s  t o  eq. ( 3 )  w i l l  

mplex u)+O and lnlt) 

Thus rn(t) need n o t  be p e r i o d i c  nor  have zero  mean va lue  i n  

t he  above equa t Ions.  

S i m i l a r  formulats mag be de r ived  f o r  the  ca se  b3 - O . 
However, s i n c e  the  s o l u t i o n s  of eq. ( 3 )  w i l l  be cont inuous  

f u n c t i o n s  of t h e  parameter  d , i t  w i l l  be far 8 i n p l e r  t o  

d e r i v e  t h e  formulas  f o r  cos  6 and t h e  F loque t  f u n c t i o n s  

i n  t h i s  case  by performing t h e  l i m i t  o p e r a t i o n  13-0 1 

t h e  corresponding formulas  f o r  the  ca se  tL .C 0. 

The p e r i o d i c  f u n c t i o n  met) w i l l  u s u a l l y  be g iven  a s  

F o u r i e r  a e r i e s  

oe 

(30) k 
dR' n(t) -- (A ros knt + 8,sL k ~ t ) ,  n- - 

k- l T 

However, most of t h e  formulas  t o  be de r ived  w i l l  qo in  

cons ide rab ly  i n  s i m p l i c i t y  by u s i n g  the  e q u i v a l e n t  complex 

form: 

Here : 

Inc lud ing  up t o  second o r d e r  t e r n s  i n  t he  c o e f f i c i e n t s  

a  we o b t a i n  by simple i n t e g r a t i o n  the  fo l lowing  approximate 
k 

f a  f o r  ~,(~T),")LT) which occur  i n  t he  g e n e r a l  
2 



formulas f o r  c o s  6 and the P l s q u e t  functions: 

Expansions for cos  d 

% the eqa. (133, ( 2 8 )  one may iaow write down the 

fol lowing absolute ly  convergent s e r l e s  for  c o s  d when LO+( 

I I J' + XCOLLJ T +- I * (=)s;L~(~~T)F)c~~ W M  A 
2t.4 ,-0 

I JT 4, 

?. +s[ *Po 1 4,'O ~ M ~ ~ ~ ~ ) ~ ~ ~ + ~ + T ~ ~ ~ ~ ( ~ ~ - ~ , ) ~ ~ ~ ~ ~ A ~  t A +.... - 
rhem the s i n g l e  integrals cancel  s ince  ~ [ t . )  - 0 . 



%en, by ravessing t h e  signs of the irntegrstion varimblaa 

on0 obtains the eamr s er i e s  i n  II s l i g h t l y  moss compact form2 

,) M(MJ ... . W I ( ~ ~ ) ~ W ~ ( Q , - T -  

\ 
. g ; m w ( ~ l ~ - a # ) ' ~ ' '  L bd(ub' ~b~,,)d*d,dbel&'.. &*\ 

+ a ~ ' * + -  (kw 2,3,+& . L *  ). 

Int~aducing the function &(t) by its P o u ~ i e r  expansion, 

'both aeries  above for  COB 6 w i l l  canna out. a s  power s e ~ i e s  

i n  the Pourler coe f f i c i en t s  of m(t) . Since this power 

caerier f a  uniqiuelj defined, the two aer ies  ( 3 5 I n  (36 )  arc 

ident ica l .  

f -  
By the expansion (35') i t  i s  hmediateiy seen that  i f  

mk) 1 ss ass odd function about t = 0 s l l  m l t i T > l e  intnvr'a l~  



of odd order k = 3, 5, 7 ,  ....... w i l l  vanish. Bg s h i f t i n g  

the o r ig in  of the time acale it i a  f u r t h e r  rea l i zed ,  t h a t  i f  

there  e x i s t s  a  time to such t h a t  nu(*) i s  odd about t ': to, 

then a l so  a l l  odd order mul t ip le  i n t e g r a l s  w i l l  vanish. I n  

auck cases (e.g. the Wathieu e q ~ a t i o n )  C O S ~  f a  given a s  a 

power s e r i e s  containing only even order t e r n s  i n  the Fourier  

coe f f i c i en t s  of m., (e) . 
In  the  general case where the re  dona not e x i s t  e, tiBI@ 

t to aa dascrlbed above, one w i l l  have con t r i bu t io r~s  f r o m  

odd order terms i n  the  expansion f o r  cos d . H i l l ' s  

equation and the case &(t_) = B cos 2 t  f Ccos 4t t r ea ted  

i n  the L a s l e t t ,  Snyder, Hutchinson tabla8  are  of t h i e  oategorj .  

bow eve^, even i n  the  general  case it is  e a s i l y  under- 

stood from sq. (351, t h a t  only t e rn s  which a re  even i n  the  

coe f f i c i en t s  %, (k = 1, 2, 3, .... ), of the odd p a r t  o f / n ( t )  

i n  eq. (30) can contr ibute  t o  coe 6 . From t h i s  f a c t  it i s  

r ea l i zed  t h a t  the  even and odd order mul t ip le  i n t e g r a l s  !-n 

eqs. (35), (36) w i l l  be respect ively  oven and odd ir, the 

c o s i f l c i e n t s  Ak, (k = 1, 2, 3, .... ) of the even p a r t  of 

~ ( t ) .  One must bear i n  mind here t h a t  the even and odd 

p o r t s  of n ( t )  w i l l  depend on the choice of o r i g i n  f o r  the 

time Ilc.1e. 

Of course the  expressions f o r  c o s d m u s t  be even i n  

T and w . 
By the  eqs. (13). (33) one may wr i te  down the f'ollowlng 

approximate formula f o r  cos d which includes second order 

t e r n s  i n  the Fourier  c o e f f i c i e n t s  f o r  n ( t ) :  



k*O 

(LU+O.# p -  y + a ? 3  
Introducing the rea l  Fourier coeff ic ianta  Ak, %, 

(k.= 1, 2, 3 #  .... ) from eqa. (32) one obtains: 

(381 For u 3 0 ,  p - %+ Oin) integu k fa *&id A:*B:+O : 

Tas&naT 
USE = eos wP - ,, &!=+B: + . . . .  

k- a @- p% 

'Pho two l a s t  fosaaulas are obteined from the f i r s t  by applying 

tho l imi t s  -+ integer and WJ,  8 respectively.  

Tha mbovm approximate f o m l a s  for cos 6 have been 

dorlved e l s o  by W. Walkinrshar 3) at the Warms11 Laboratory 

and by F. T. Adlar rnd D. Baroncini 2) a t  the Carnegi* 

Inati tuto of Technology. 



"Rkinr third and hlaghes c ~ d e ~  terns in the gcsnei-a1 

cas 6 sxpsnaion seam to tm very eadmplicrted. Fos t h i s  

raason the caaeB w h e ~ a  higher order t ~ X m 8  

e m  needed are m o a t  aaailg tm'eatsd individually,  % ~ Q I  

fomauhssr for  c o a d  Ino ludfng  the third order tern are given 

Po% &he @see  

which ie treated i n  thr LnsP@tt, Snyder, Butchinasron trblar 

sf April ,  1955: 



agasnst, a new and a e c w a t e  set of twbl.83) psepwred by 

momc)~icmB int@gsation en the digital c?mgrnta~ 8% the 

Bnivereity o f  ~ ~ l h h l 0 1 6 "  by Ge B 1 f o ~ d ~  Lo Jackson h s i e t t  

and J . TF. Snyder. The range sf the parmeters i n  t l a s ~ e  t&s 

in the i n t ~ i p ~ a 8  L - . s a  25% TOY p.& and C ~ n d  In [o, 4 
Rm Ba 'Pho m a u l t  of this t e a t  i a  tabulated below, One will 

sbassve t h a t  thas* fs an exce l l ent  agsesmsnt betwarn the 

app~ox%m.wotsr and aecurate rcnluee of c a 8 6  Pas small valuss  of 

the paa'rmtas 8; while Pcs largek B t,he accurate veluee are 

amewhot isrger (more p o ~ ~ t i v B ) )  then the approxiantats ones. 

The lmrgret erros in tbe range tested. occurs i n  the third 





Expansions f a r  the Flcquet Solutions. 

It i s  a 8implc mat tes  t o  wr i t e  down sbenlutcllly and 

unf fomly  comorgsnt  s e r i aa  f o r  the  Ploquet Solut ions  rJ(t) 

(j 1, 2, 3 , )  cPefined by eqs. 651, (61, By tth r e s u l t s  (14) 

to (19) and (261 the specie1 so t  of Ploquat soButions w i t h  

inltiml vnluss yI(0) = .;,lOl 2 '/2jT), ~ ~ ( 0 )  = 0 are  
+ 

given f a r  by the sseursion fornialms: 

Simi lar ly ,  s e ~ i o s  f a r  the Floqiaet func t ions  9 (elb 
K. 

(k = 1, 2, 3 %  ape given by i n s e ~ t i n g  the  a e r i e s  (281, ( 2 9 )  

i n t o  the equations (16, (171, (19). These funct ions  may 

nubsaquently be Fouriex--analyzed i f  des i rad .  However, i n  

tha presence of s f a i r l y  complicated funct ion n ( t ) ,  these 

compulst%ons a re  apt  t o  be very involved. There i s  a l s o  

the  p o s s i b i l i t y  t h a t  tlarsss e x i s t  simpler s e r i e s  Por the 

F l ~ q u e n t  so lu t ions  end funct ions  thnt do not depsn8 exyll-ity 

on the constant  6 r s  do the s e r i ~ s  (&6)*  



Owtlina A- - a f  g d i f f e r e n t  method. k 1 

737 lntrcducing the new dependent variable z ( t )  de f ined  by 

g s  E? 1 b 

i n t o  tho baa ic  equo t lon  ( 3 )  one o b t a i n s  W i c c s t i l s  d i f f e r s n t i s l  

equiuttoon 

(k8 1 P I  - z2* ey9+ el&). 

Hence, the g n n a ~ a l  solution of t h e  b r s % c  eq. ( 3 )  I s  i n t l m a t s l y  

connectsd with the ganaral s o l u t i o n  of t he  f i r s t  order  

nom-linea~ R i c c a t i  s e a u a t l o n  (48). 
P k w ,  f o r  s m e  p a r t i c u l r r  s o l u t i o n  Z =  ~ ( t )  of 

WPccati's equa t ion  (48) t h e  orfginel dependent f u n c t i o n  $ of' 

eq. (3) w i l l  become t h e  Flaquet s o l u t i o n  y? (e l :  

It 1s a a i m l o  mattar t c  determine t h e  c o n d i t i o n s  t h a t  

must be fuBfi l l .@d ?y the p a r t i c u l a r  s o l u t i o n  wit) 
such that ?b,(t.) becomes p e r f o d i c  with p e r i c d  T and 

.- ^"I,, - 
4 j f J 4 ~ i l r e d  independent ly  a l s o  bp DT. P. i. Co:e. 



en& t h a t  d becomes a constant .  F i r s t  4 ( $ r ~ )  - 4 ~ t )  if 
I I 

(51 1 
te (LC- i.r7 w ) 

whereby 
t*v 

( 5 2 )  - ihdt + abk, 

and t h i s  ,s e constant  L f  and only i f  the fntegrand w ( t )  i s  

per iodic  of period T. Hence, t h e  following statement i s  t rue:  

If z = w ( t )  1s a per lodlc  so lu t i on  with period T of  

R i e c a t i ~ e  equat ion (46), then the  constant  Q i s  gtvan by 

(53 1 s- 6 T' v7l) + Jrk ,  ( k =  i n t c p )  
and the  condition f o r  s t a b i l i t y  is  

.-p 

(54) w&) - pure imaginary. 

Due t o  the f a c t  t h a t  the Ri-cat1 equat ion i s  of first 

order  while the  o r i g l n a l  eq. ( 3 )  i a  of sezond order,  there 

ail1 genera l ly  e x i s t  two per iodic  eo iu t ions  z = w (t), f J  = 1 , Z )  
j 

f o r  each i n i t i a l  condi t ion  for z. Corresponding t o  the two 

ordinary  Floquet so lu t ions  ( 5 )  one must have 

Also by eq. (48): 

A method f o r  obta in ing euccesaive qpproxfmations t o  the 

per iodic  so lu t i on  r(t)  h ~ s  heel1 d8.j.bloped. A f a i r l y  rap id  



cranv:Psrg@nes was auppas@dly abtrinsad by snt iaP$ l .ng  the condition 

( 5 6 )  st each step of the p~ocnadurm. Hownvor, s ertpict 

msthemetlcnl proof of the cranvissgrncs has not  been ob'cmincd.. 

In Bay cosa the epproxiprret.ions canverge mere alowPy t h ~ n  the 

series far eon& darivad o o r l i o r  in this paper. There might, 

however, sxist more fngmnlous m@theds based an rq. 6539 that 

baed to. valunbls resultam 


