
m Snyd ler 

g i t e l  
l i l s  tan 
v i t i e s  - 

Compu t 
~d  S i m ~  
I which . . 

' t he  ~ u b j e c t  Proposed P o s s i b l e  Extensfon of 
D I ; e r  Prc 'or  Studying 
Fa lie R .  I S ;  t o  Includ 
C a  I a r e  I ~d  a t  an Angl 
t o  a  r a r c l c l e T s  T r a j e c t o r y ,  and whlch 
have E l e c t r i c  F i e l d s  whose Magnitudes 
a r e  a  Func t ion  of Radius. 

Der iva t ion :  Because the  formula t o  be p re sen ted  i r :  
t h i s  memorandum i s  u n l i k e  t he  f o r m u l ~ ~ s  of t h e  ; ~ r e v i o u s  
proposa l  i n  t h a t  i t  i s  n o t  oSvious,  i t  appears  be 
e  d e r i v a t i o n  i s  included.  We a r e  i n t e r e s t e d  hcre  
e f f e c t  on p a r t i c l e s  of a  gap which i s  no t  r a d i a l ,  
r a t h e r  p laced  a long  t h e  open s p i r s l  of a  separates 
s e c t o r  a c c e l e r a t o r .  fine might cons ide r  f i r s t ,  t h e  case  
where t he  e l e c t r i c  f i e l d  a lonc  t h i s  c a v i t y  i s  independe 
of p o s i t i o n .  Also, we a re  i n t e r e s t e d  i n  r a d i a l  cav i t i e . .  
which e i t h e r  have e l e c t r i c  f i e l d s  which vary  wi th  r a d i u s  
o r  more extremely,  c a v i t i e s  which te rminote .  I t  proves  
convenient  t o  c o n s i d e r  a l l  of t he se  s i t u a t i o n s  sirnultane,.,~,;. 

hove 
t y p i c e  . 

I n  o r d e r  t o  c a r r y  ou t  t h i s  a n a l y s i s  we must 
some i d e a  of the  e l e c t r i c  and megnetlc f i e l d s  i n  
o a v i t i e s .  I n  t h i s  r ega rd ,  Cavi ty  I1 of The F r o p o s a ~  
aeems bo th  of s u f f i c i e n t  i n t e r e s t ,  and s u f f i c i e n t  s i m p l i c i t y  
t o  be amenable t o  a n a l y s i s .  I t  c o n s i s t a  of an a c c e l e r a t i n g  
s e c t i o n  whose l e n g t h  i s  s!iort compered t o  a  wave-length, 
and c o n s ~ q u e n t l y  3 i s  l a r g e  and independent of  r a d i u s  
whi le  F i s  n e g l i g i b l e .  Tn l s  t hen ,  i s  t h e  k ind  of 
c a v i t y  included In the  l a s t  memorandum. Beyond t h i s  
s e c t i o n  t h e r e  i s  a  p o r t l o n  f o r  t he  r e t u r n  of the  b i a s  
f l u x  which 18 s o  c o n s t r u c t e d  t h a t  the+ 3 f i e l d  i s  a lmost  
c o n s t a n t  over  t he  reg ion ,  and t h u s  E d rops  o f f  l i n e a r l y  
w i th  the  r a d i u s .  By s tudying  t h i s  r eg ion  we w i l l  have 
included bo th  s i t u a t i o n s :  a c a v i t y  where E v a r i e s  
s lowly with  r a d i u s ,  and a  c a v i t y  whlch te rmina tes .  

In t roduce  t h e  coo rd ina t e  systems i n  t,he median p l a  
of t he  a c c e l e r a t o r  a s  shown i n  Fig .  I, where f c l l owlng  
Symon (and not  Jones )  !, i s  t h e  angle  from the  r n d i u s  
Vbctor  t o  t h e s p i r a l .  
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?/ . Direc t ion  down a s p i r a l  s ec tor  
Radle l  D irec t ion  ,$i -3 

Fig  1: Coordinate Systems i n  the Median Plane. 
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The e l e c t r i c  and magnetic f i%lds of t he  c a v i t y  
may be simple desc r ibed  i n   the^ ,i coord ina t e  system: 

!' ELI 3 SC 2 ,  
2 -  i rs - 2 S I C S  4 5  *. 
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5 4 5 ,  

1 &-- S ,  d , 5  L 5 A E - \n/ ( sL-sl) i" 5 , L  5 
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where S ;  and S a r e  d i s t a n c e s  measured a long  t h e  s p i r a l  
s e c t o r ,  4 =- and W e q u a l s  t h e  angu la r  f requency of 
the c a v i t y .  We can concan t r a t e  o u r  a t t e n t i o n  on the  
r e g i o n  S 1 (  S( S2. 

We s h a l l  d e s c r i b e  a p a r t i c l e ,  a s  before ,  namely i f  
r = r a d i a l  d i a t a n c e  of t h e  p e r t i c l e  from the c e n t e r  of 
t he  a c c e l e r a t o r ,  by x and px where: 

Le t  y e q u a l  t he  s w l e  hetween t h e  r a r t i c l e s  t r a j e c t o r y  
and the  r e f e r e n c e  c i r c l e .  

Then: 

And employing: 

-f 
Let  t h e  p a r t i c l e  have i n i t i a l  mamenturn P (no t  t o  be 
confused wi th  px - t he  d imens ion less  nrr.omentum" a s s o c i e t e d  
w i t h  b e t a t r o n  oscillations). 
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We now employ t h e  or thogona l  t r ans fo rma t ions .  

-+ ? -3 
t o  o b t a l n  Po i n  the  system A - 4  where the  e f f e c t s  of 
t he  c a v i t y  be e a s i l y  c a l c u l a t e d ,  and then  t o  r e t u r n  
t o  t h e  ?#-+/system. d 

+ - 
a f t e r  go ing  through the  c a v i t y  b, I s  changed i n t o  b;  : 

Noting t h a t  

and remembering t h a t  ? l o  FI small q u a n t i t y ,  we have: 

Pi j 
ao t h a t  , t h e  velue of a f t e r  t ~ a v e r e i n g  

t h e  gap i s  r e l a t e d  t o  f by: 



L 

Employing the f a c t s  t h a t ,  

t o  f i r a t o r d e r  

we obtain: 

or ,  s i n c e  we wish t o  aPsume the gap i s  very narrow s o  
t h a t  r i s  n o t  changed on t raversa l :  
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We must now simply ce lculate  the quant i t ies  AE, Ap; , AT$: 

where we hnva ignored the higher order corrections i n  
the ime ths part ic le  remains witkin the gap, due to  / + o , and due t o  the modlf'ioation i n  trajectory 
caused by the energy gain within the gap. Thus our 
analysis w i l l  f a l l  i f  5 > 1 .  

Clearly: 

And : A+ E AE - --- - L -,..-.-.,.~v.,. - 

k o 4- 5 *,- p $? 

@ 

where : 



So t h a t  f i n a l l y :  

+ &.?--=K.." ---. 

Progrsm Modif i c ~ t i c n s :  W ( S ~ - ; , )  ( E ~ ~ ~ ) ' L  @J 
We can t ake  the  program a s  o u t l i n e d  i n  t he  p rev ious  

memorandum and modify i t  a t  o s c i l l a t o r s  so  t h a t  t h e  new 
)x ( c a l l e d  P previous1;r)  i s  g iven  i n  t h e  terms of t h e  
o l d  by Eqt .  20. P ~ r h a p s  t h i s  can  be on a  s e p e r a t e  
master  t ape ,  end i n  f a c t  one m1,ht wish t o  s tudy  some 
of the e f f e c t s  included i n  Kq. 20 one a t  a  t ime.  In  
p a r t i c u l a r  t he  two obvious c a s e s  a r e :  

(Th i s  I s  a  ap s t  an angle  t o  R p a r t i c l e  t r a j e c t o r y ,  
bu t  w i th  5 independent of  rnd ius . )  

-3 
(Th i s  i s  a r e d i e l  gap with a f u n c t i o n  of rad iua . )  

Other p o s s i b l e  m o d i f i c a t i o n s  which have been 
s u ~ ~ e s t e d  a re :  



A , )  The I n c l u s i o n  of I n v a r i a n t s :  If the  e f f e c t  of  
slaunched geae end f o i l s  i s  i n  f a c t  t o  damp one type 
of o s c i l l a t i o n  a t  t h e  expense of t he  o t h e r ,  o r  even 
t o  damp o r  undamp both,  a s  some people have s u g g e ~ t e d ;  
t h e  i n c l u s i o n  of an i n v a r i a n t s  r o u t i n e  rnlght he convenient .  
T h i s  would a l low one t o  see ,  w i thou t  p l o t t i n g ,  the 
g e n e r a l  amount and type of damping. One can e n v i s i o n  
i n v a r i e n t s  i n  x - p , , e s  we l l  a s  I n  E - Sp , althou(:h 
t h e  l e t t e r  would on ly-be  of i n t e p e s t  i n  the more r e s t r i c t e d  
ca se  of p a r t i c l e s  s i t 3 l . n  buckets .  

B )  The 1hclusj .on of Bumps: 

It would be f n t e r e s t l n g  t o  see  i f  bumps cause  any 
n e w  types  of resonances with t h e  R.  F. a l s o  i t  would 
be va luab le  t o  l e a r n  i f  t he  energy g a i n  of p a r t f c l e s  
h a s  any e f f e c t  on t h e i r  i n t e r a c t i o n  wi th  bumps. 

C )  Non-Lineer Transformat ions:  

With l i t t l e  l o s s  i n  speed of computation one could 
probably r e p l ~ c e  the  l i n e a r  t r ans fo rma t ions  used between 
f o i l s  and ~ e p s ,  w i t h  Powoll-Type non- l inea r  t raneformat ions  
i nc lud inp  puedra t i c  end cubic  terms. Th i s  would be, 

, i n t e r e s t i n g  i n  regard  t o  whether o r  n o t  R .  F. knockout 
now occu r s  a t  new resonances ,  a s  s e l l  a s  s imu la t ing  
non- l ineer  e f f ec t . s  more c o r r e c t l y  t han  proposed prev ious ly .  

I b e l i e v e  t h ~ t  i n  r e g a r d  t o  t h e s e  l s e t  t h r e e  mod i f i ca t ions  
t h e r e  'should. be cons ide rab le  d ' locussion before  i t  i s  
decided whether o r  n o t  t o  Include them i n  a  f i r s t  
forrnulotion of t h e  program. 




