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I. Genera l  D e s c r i p t i o n  

. A l t e r n a t i n g  g r a d i e n t  ( A G )  focusing1 prov ides  a  h igh  degree  

of s t a b i l i t y  f o r  bo th  t h e  r a d i a l  and v e r t i c a l  modes of b e t a t r o n  

o s c i l l a t i o n s  i n  c i r c u l a r  p a r t i c l e  a c c e l e r a t o r s .  Th i s  s t a b i l i t y  

makes p o s s i b l e  t h e  c o n s t r u c t i o n  of many k inds  of c i r c u l a r  a c c e l -  

e r a t o r s  w i th  magnetic gu ide  f i e l d s  which a r e  c o n s t a n t  i n  t ime ,  

c a l l e d  f i x e d  f i e l d  a l t e r n a t i n g  g r a d i e n t  ( h e r e a f t e r  FFAG) a c c e l -  

e r a t o r s .  These machines c o n t a i n  s t a b l e  e q u i l i b r i u m  o r b i t s  f o r  

a l l  p a r t i c l e s  from t h e  i n j e c t i o n  energy t o  t h e  o u t p u t  energy.  

These o r b i t s  may a l l  be i n  a n  annu la r  r i n g ,  a s  i n  a  synchro t ron  

o r  b e t a t r o n ;  t h e  magnetic f i e l d  must t h e n  change r a p i d l y  w i t h  

r a d i u s  t o  provide  o r b i t s  f o r  t h e  d i f f e r e n t  energy p a r t i c l e s .  I f  

t h e  gu ide  f i e l d  g r a d i e n t  were made independent  of azimuth,  one 

of t h e  modes of b e t a t r o n  o s c i l l a t i o n  would be c l e a r l y  u n s t a b l e .  

A p p l i c a t i o n  of a l t e r n a t i n g  g r a d i e n t  focus ing ,  however, can keep 

bo th  modes of b e t a t r o n  o s c i l l a t i o n  s t a b l e  even w i t h  t h e  r a p i d  

r a d i a l  change of magnetic f i e l d .  (1t i s  i n t e r e s t i n g  t o  no te  

t h a t  c i r c u l a r  p a r t i c l e  a c c e l e r a t o r s  can be c l a s s i f i e d  i n t o  f o u r  

groups  accord ing  t o  t h e  t y p e  of gu ide  f i e l d  t hey  use:  f i x e d  f i e l d  

P 

* A s s i s t e d  by t h e  Na t iona l  Sc ience  Foundation and the O f f i c e  
of Naval Research.  
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c o n s t a n t  g r a d i e n t  ( conven t iona l  c y c l o t r o n s ,  synchrocyc lo t rons  

and m i c r o t r o n s ) ,  pulsed f i e l d  c o n s t a n t  g r a d i e n t  (weak focus ing  

synchro t rons  and b e t a t r o n s ) ,  pulsed f i e l d  a l t e r n a t i n g  g r a d i e n t  

(AG synch ro t rons ) ,  and f i x e d  f i e l d  a l t e r n a t i n g  g r a d i e n t  (FFAG 

synchro t rons ,  b e t a t r o n s ,  and c y c l o t r o n s ) .  

Two t y p e s  of FFAG d e s i g n  appear  t h e  most p r a c t i c a l .  The 

r a d i a l  s e c t o r  type2 ach i eves  AG focus ing  by having t h e  f i e l d s  

i n  t h e  succes s ive  focus ing  and defocus ing  magnets va ry  i n  t h e  

same way wi th  r a d i u s  b u t  w i th  a l t e r n a t i n g  s i g n s  ( o r  i n  c e r t a i n  

c a s e s  a l t e r n a t i n g  magni tudes) .  S i n c e  t h e  o r b i t  i n  t h e  r e v e r s e  

f i e l d  magnet bends away from t h e  c e n t e r ,  t h e  machine i s  consid-  

e r a b l y  l a r g e r  t h a n  a  conven t iona l  AG machine1 of t h e  same energy 

having an e q u a l  peak magnetic f i e l d .  Th is  s e r i o u s  d i sadvantage  

i s  l a r g e l y  overcome i n  t h e  s p i r a l  s e c t o r  type3  i n  which t h e  

magnetic f i e l d  c o n s i s t s  of a  r a d i a l l y  i n c r e a s i n g  az imu tha l ly  

independent  f i e l d  on which i s  superimposed a  r a d i a l l y  i n c r e a s i n g  

az imu tha l ly  p e r i o d i c  f i e l d .  The peaks and t roughs  of t h e  pe r io -  

d i c  f i e l d  s p i r a l  outward a t  a  sma l l  ang l e  t o  t h e  o r b i t .  The 

r a d i a l  s e p a r a t i o n  between peaks i s  sma l l  compared t o  t h e  r a d i a l  

a p e r t u r e .  The p a r t i c l e ,  c r o s s i n g  t h e  f i e l d  r i p p l e s  a t  a  sma l l  

ang l e ,  expe r i ences  a l t e r n a t i n g  g r a d i e n t  focus ing .  S ince  t h e  

f i e l d s  need no t  be anywhere r e v e r s e d ,  t h e  s i z e  of t h i s  machine 

can be comparable t o  t h a t  of an  e q u i v a l e n t  conven t iona l  AG 

machine. 

P FFAG synchro t rons  have a  number of impor tan t  advantages  

over convent iona l  synchro t rons .  A major one i s  beam i n t e n s i t y .  
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Since  t h e  magnetic f i e l d  i s  t ime independent  i n  a n  FFAG 

synchro t ron ,  t h e  beam p u l s e  r a t e  i s  determined on ly  by t h e  

r e p e t i t i o n  r a t e  of t h e  r a d i o  f requency  modulat ion cyc le .  I n  a  

convent iona l  synchro t ron ,  t h e  beam p u l s e  r a t e  i s  l i m i t e d  by t h e  

t ime t o  complete t h e  pu lsed  magnetic f i e l d  cyc l e .  It i s  reason-  

a b l e  t o  assume t h a t  R.F. c y c l e  r e p e t i t i o n  r a t e s  can  be made 

cons ide rab ly  h ighe r  t h a n  f i e l d  r e c y c l i n g  r a t e s .  I n  a d d i t i o n ,  

one may cons ider  a c c e l e r a t i n g  s e v e r a l  g roups  of p a r t i c l e s  

s imul taneous ly ,  s o  t h a t  t h e  i n t e r v a l  between t imes  when groups 

of p a r t i c l e s  a r e  accepted from t h e  i n j e c t o r  may be made much 

l e s s  t han  t h e  t ime r e q u i r e d  t o  a c c e l e r a t e  one group t o  f u l l  

energy.  

The rad io- f requency  a c c e l e r a t i o n  may fo l low a  more 

a r b i t r a r y  f requency-versus- t ime program w i t h  F.F.A.G. 

synchro t rons  s i n c e  t h e r e  i s  no magnetic f i e l d  t r a c k i n g  r e q u i r e -  

ment a s  i n  pu l sed - f i e ld  synchro t rons .  Th is  a l l ows  t h e  use  of a  

mechanical  modulat ion system w i t h  high-Q c a v i t i e s .  With t h e  

high-Q r e a l i z e d  i n  unloaded c a v i t i e s ,  t h e  r e q u i r e d  v o l t a g e  g a i n  

p e r  t u r n  could be g iven  t h e  p a r t i c l e s  by one c a v i t y  d r i v e n  a t  

r e a s o n b l e  power. Modulation could  be  accomplished by a  moving 

diaphragm o r  s i m i l a r  d e v i c e  t o  tune  t h e  c a v i t y  c a p a c i t y .  With 

such a  system, model t e s t s  i n d i c a t e  a  f requency  change of a  

f a c t o r  of 3:l i s  p r a c t i c a l .  Using 5 Mev i n j e c t i o n ,  a  f requency  

change of 10 : l  i s  r e q u i r e d  t o  r e a c h  r e l a t i v i s t i c  v e l o c i t i e s .  

One might t hen  u se  one c a v i t y  o p e r a t i n g  a s  a  s e l f - e x c i t e d  
P 

o s c i l l a t o r  t o  a c c e l e r a t e  p a r t i c l e s  from i n j e c t i o n  t o  about  

50 Mev. The v o l t a g e  on t h a t  c a v i t y  would t hen  be tu rned  of f  a s  
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v o l t a g e  on a  second c a v i t y  i s  tu rned  on, and a c c e l e r a t i o n  

cont inued w i t h  t h e  second c a v i t y .  The change-over could be 

t r i g g e r e d  by f requency  comparison between c a v i t i e s .  The r e l a -  

t i v e  phases of t h e  c a v i t i e s  could be c o n t r o l l e d  by a  l o o s e  

coupl ing between them. (With t h e  U n i v e r s i t y  of Michigan 

e l e c t r o n  synchro t ron  two c a v i t y  R.F. system, it was observed t h a t  

it was p o s s i b l e  t o  make t h e  t r a n s i t i o n  from one c a v i t y  t o  ano the r  

w i thou t  a n  observab le  beam l o s s . )  A t h i r d  c a v i t y  might be 

added and a  second t r a n s i t i o n  made i f  d e s i r e d ,  s i n c e  it i s  

observed t h a t  most of t h e  energy i s  g iven  t h e  p a r t i c l e s  a f t e r  

t h e y  have reached a lmost  c o n s t a n t  v e l o c i t y ,  c ,  and t h i s  t h i r d  
1 

c a v i t y  could be des igned t o  p rov ide  v e r y  h igh  v o l t a g e  over a  

sma l l  f requency  range.  F i n e  f requency  ad jus tments  would be made 

w i t h  r e a c t a n c e  t ube  l oad ing  of t h e  c a v i t i e s .  With t h i s  R.F. 

system i t  appears  r e a s o n a b l e  t o  a c c e l e r a t e  p ro tons  t o  20 Bev wi th  

a  r e p e t i t i o n  r a t e  of two o r  t h r e e  per  second. While t h e  above 

system i s  sugges ted .on  t h e  b a s i s  of exper imenta l  t e s t s  a l r e a d y  

i n  p rog re s s ,  i t  i s  r e a l i z e d  t h a t  o t h e r  R.F. systems might prove 

more p r a c t i c a l .  I n  a l t e r n a t i n g  g r a d i e n t  synch ro t rons ,  phase 

s t a b i l i t y  van i shes  a t  a  t r a n s i t i o n  energy.  It i s  p o s s i b l e  i n  t h e  
L 

r a d i a l  s e c t o r  F.F.A.G. d e s i g n s  t o  have k l a r g e  and nega t ive .  I n  

t h i s  c a s e  t h e r e  i s  no t r a n s i t i o n  energy,  and h igh  energy  o r b i t s  

l i e  on t h e  i n n e r  r a d i u s  o f ' t h e  machine. Negative k d e s i g n s  

appear t o  be no t  p r a c t i c a l  w i t h  s p i r a l  s e c t o r s .  

Another r ea son  f o r  h igh beam i n t e n s i t y  i s  t h e  l a r g e  
P 

i n j e c t i o n  a p e r t u r e  p o s s i b l e  i n  t h e  FFAG d e s i g n s ,  Whereas 

i n j e c t i o n  from a  50 Mev pro ton  l i n e a r  a c c e l e r a t o r  i s  planned f o r  
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25 Bev p u l s e d - f i e l d  a c c e l e r a t o r s ,  a  5 Mev Van d e  G r a a f f  e l e c t r o -  

s t a t i c  g e n e r a t o r  might  be used  t o  i n j e c t  i n t o  F.F.A.G. synchro -  

t r o n s  f o r  t h e  f o l l o w i n g  r e a s o n s .  Eddy c u r r e n t  e f f e c t s  on t h e  

magne t i c  f i e l d s  a r e  a b s e n t  i n  F.F.A.G. s y n c h r o t r o n s  and t h e  

e f f e c t s  of  remanent  magne t i c  f i e l d s  can  be  r educed  by p r o p e r l y  

d i s t r i b u t e d  c u r r e n t s ,  ( o r  by a  d e m a g n e t i z i n g  p r o c e d u r e  a t  t h e  end 

of  a n  o p e r a t i n g  d a y )  s o  t h a t  i n j e c t i o n  i n t o  weaker  magne t i c  f i e l d s  

a p p e a r s  p r a c t i c a l .  By e n l a r g i n g  t h e  i n j e c t i o n  a p e r t u r e ,  s p a c e  

c h a r g e  and g a s  s c a t t e r i n g  e f f e c t s  may be  r e d u c e d ,  a l l o w i n g  t h e  

lower  i n j e c t i o n  ene rgy .  C o n v e n t i o n a l  s y n c h r o t r o n s  must i n j e c t  

i n t o  a  r e g i o n  where t h e  magne t i c  f i e l d  h i l l  l a t e r  be  p u l s e d  t o  

i t s  maximum v a l u e ,  s o  t h a t  a n  i n c r e a s e  i n  i n j e c t i o n  a p e r t u r e  

would r e q u i r e  a n  i n c r e a s e  i n  peak magnet power and s t o r e d  ene rgy .  

The u s e  o f  e l e c t r o s t a t i c  g e n e r a t o r  i n j e c t i o n  w i t h  F.F.A.G. 

s y n c h r o t r o n s  would have  t h e  a d v a n t a g e s  of  h i g h e r  p u l s e  c u r r e n t s ,  

g r e a t e r  s i m p l i c i t y ,  l ower  c o s t ,  and b e t t e r  beam e n e r g y  and s i z e  

r e s o l u t i o n  t h a n  a r e  a t  p r e s e n t  r e a l i z e d  w i t h  p r o t o n  l i n e a r  

a c c e l e r a t o r s .  Al though o n e - t u r n  i n j e c t i o n  u s i n g  a  p u l s e d  

i n f l e c t o r  w i t h  a  p u l s e d  c u r r e n t  of  m i l l i a m p e r e s  i s  t h e  most 

o b v i o u s  i n j e c t i o n  sys t em,  many-turn i n j e c t i o n  migh t  be  used  t o  

g i v e  g r e a t e r  beam c u r r e n t s  i f  methods o f  c i r c u m v e n t i n g  t h e  s p a c e  

c h a r g e  l i m i t  a r e  found.  

O t h e r  a d v a n t a g e s  o f  t h e  FFAG s y n c h r o t r o n  a r e  e n g i n e e r i n g  

and main tenance  s i m p l i f i c a t i o n s .  The d i r e c t  c u r r e n t  magnet power 

P s u p p l y  i s  s i m p l e r  and c h e a p e r  t h a n  a  p u l s e d  s u p p l y  t o  c o n s t r u c t  

and t o  m a i n t a i n .  The magnets  do n o t  have  t o  be  l a m i n a t e d ,  and 
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f i e l d  trimming i s  a l l  t ime independent .  Disadvantages  of t h e  

FFAG synchro t ron  a r e  t h e  l a r g e  i n c r e a s e  i n  c i rcumference f o r  t h e  

r a d i a l  s e c t o r  t ype  ( a t  l e a s t  a  f a c t o r  of t h r e e )  and t h e  i n c r e a s e  

i n  complexity of t h e  magnetic f i e l d s ,  p a r t i c u l a r l y  f o r  t h e  s p i r a l  

s e c t o r  machine. 

Fixed f i e l d  b e t a t r o n s  have p o t e n t i a l l y  a  much h ighe r  

i n t e n s i t y  t han  conven t iona l  b e t a t r o n s a 4  Beam can be i n j e c t e d  

f o r  a  cons ide rab l e  f r a c t i o n  of a  c y c l e ,  i f  e x t r a  a c c e l e r a t i n g  

f l u x  i s  a v a i l a b l e ,  r a t h e r  t h a n  t h e  few t e n t h s  of a  microsecond 

p r e s e n t l y  p o s s i b l e .  The on ly  beam c u r r e n t  l i m i t a t i o n  appears  t o  

be space charge  a t  i n j e c t i o n ,  and t h i s  may be decreased by such 

t echn iques  a s  h igh  v o l t a g e  i n j e c t i o n .  An FFAG b e t a t r o n  h a s  no 

problems of t r a c k i n g  a  pulsed gu ide  f i e l d  w i t h  t h e  a c c e l e r a t i n g  

f l u x ,  and has  a l s o  o t h e r  eng inee r ing  s i m p l i f i c a t i o n s  mentioned 

i n  t h e  synchro t ron  case .  

App l i ca t i on  of t h e  FFAG p r i n c i p l e  t o  a  c y c l o t r o n  a l l ows  t h e  

r a d i a l  dependence of t h e  magnetic f i e l d  t o  be such a s  t o  keep 

t h e  p a r t i c l e  r e v o l u t i o n  r a t e  c o n s t a n t ,  independent  of energy 

even i n  t h e  r e l a t i v i s t i c  r eg ion .  P re sen t  h igh  energy c y c l o t r o n s  

must be f requency  modulated t o  compensate f o r  t h e  r e l a t i v i s t i c  

i n c r e a s e  of mass. A c o n s t a n t  f requency  c y c l o t r o n  should  i n c r e a s e  

t h e  beam ou tpu t  about  two o r d e r s  of magnitude. A r a d i a l  s e c t o r  

cyc lo t ron ,  i n  which t h e  f i e l d  a l t e r n a t e s  between h igh  and low 

5 v a l u e s ,  was f i r s t  suggested by Thomas . The s p i r a l  s e c t o r  de s ign  

seems even more advantageous f o r  a p p l i c a t i o n  t o  t h e  cyc lo t ron .  
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11. Types of FFAG Design 

1. Rad ia l  S e c t o r  Type 

C i r c u l a r  p a r t i c l e  a c c e l e r a t o r s  w i t h  r a d i a l  s e c t o r s  can be 

b u i l t  w i th  t h e  high energy  o r b i t s  a t  t h e  o u t e r  edge of t h e  

machine and t h e  i n j e c t i o n  o r b i t s  a t  t h e  i n s i d e  edge,  o r  v i c e  

ve r sa .  This  d i s c u s s i o n  assumes t h e  h i g h e s t  energy  o r b i t s  a r e  a t  

t h e  o u t s i d e  edge. (we w i l l  r e f e r  s p e c i f i c a l l y  t o  FFAG synchro- 

t r o n s ,  bu t  most of our  comments w i l l  app ly  a l s o  t o  b e t a t r o n s  and 

c y c l o t r o n s . )  I n  t h e  r a d i a l  s e c t o r  d e s i g n  t h e  magnet s t r u c t u r e  

c o n s i s t s  of N i d e n t i c a l  s e c t o r s ,  each  composed of a  focus ing  

magnet and a  defocus ing  magnet. The magnet which i s  focus ing  f o r  

r a d i a l  o s c i l l a t i o n s  i s  of cou r se  defocus ing  f o r  v e r t i c a l  

o s c i l l a t i o n s  and v i c e  v e r s a .  The az imutha l  boundar ies  of t h e  

magnets a r e  on r a d i i  from t h e  machine c e n t e r  (hence t h e  name). 

The magnetic f i e l d  d i r e c t i o n  i n  one magnet of a  s e c t o r  i s  

o p p o s i t e  t o  t h a t  of t h e  o t h e r ,  whi le  t h e  r a d i a l  dependence of t h e  

f i e l d  i s  t h e  same i n  both.  The f i e l d  i n  t h e  median p lane  a t  any 

azimuth i s  

where r i s  t h e  d i s t a n c e  from t h e  machine c e n t e r  t o  t h e  e q u i l i -  

brium o r b i t  and k i s  a  c o n s t a n t  f o r  t h e  machine. This  f i e l d  

shape r e q u i r e s  t h a t  o r b i t s  f o r  d i f f e r e n t  energy p a r t i c l e s  a r e  

s i m i l a r ,  i . e .  photographic  images of each o t h e r .  I d e a l l y ,  t h e  

f i e l d  a long a  c lo sed  e q u i l i b r i u m  o r b i t  i s  c o n s t a n t  through each 
P 

magnet, and t h e  pa th  i s  composed of a r c s  of c i r c l e s .  This  

s i t u a t i o n  i s  per tu rbed  by t h e  i m p o s s i b i l i t y  of a  sha rp  f i e l d  
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boundary. I f  we assume t h e  i d e a l  s i t u a t i o n ,  a  p a r t i c u l a r l y  s imple  

case  occurs  when t h e  f i e l d s  f o r  a  g iven  energy o r b i t  have t h e  same 

magnitude i n  t h e  p o s i t i v e  and nega t ive  f i e l d  magnets. 

It i s  e v i d e n t  t h a t  p a r t i c l e s  d e v i a t i n g  from t h e  e q u i l i b r i u m  

o r b i t  exper ience  AG focus ing .  The numbers of r a d i a l  and v e r t i c a l  

b e t a t r o n  o s c i l l a t i o n s  around t h e  machine, L/, and 1/,, a r e  

determined by k and t h e  magnet l eng ths .  Both 2/ x and 1/ a r e  z 
c o n s t a n t  f o r  a l l  e n e r g i e s .  

I t  i s  d e s i r a b l e  t o  make t h e  nega t ive  f i e l d  magnets a s  s h o r t  

a s  p o s s i b l e ,  t o  keep t h e  r a d i u s  of t h e  machine sma l l ;  t h e  

minimum l e n g t h  of t h e  nega t ive  f i e l d  magnet i s  of course  d e t e r -  

mined by t h e  n e c e s s i t y  f o r  p r e se rv ing  s t a b i l i t y  of t h e  v e r t i c a l  

b e t a t r o n  o s c i l l a t i o n s .  Some v e r t i c a l  f o c u s i n g  and r a d i a l  

de focus ing  occur  because t h e  o r b i t s  a r e  s ca l l oped  and do no t  

c r o s s  t h e  magnet edges a t  r i g h t  ang le s .  I n  machines i n  which 

t h e  number of s e c t o r s  i s  l a r g e  and t h e  e f f e c t s  of o r b i t  

s c a l l o p i n g  sma l l ,  t h e  nega t ive  f i e l d  magnet can be  made no 

s h o r t e r  t han  about  2/3 of t h e  p o s i t i v e  f i e l d  magnet i f  we wish 

t o  p re se rve  v e r t i c a l  s t a b i l i t y .  This  means t h a t ,  n e g l e c t i n g  

s t r a i g h t  s e c t i o n s ,  t h e  c i rcumference of t h e  machine i s  f i v e  

t imes  t h a t  neces sa ry  i f  t h e r e  were no nega t ive  f i e l d  magnets. 

The r a t i o  ( i n  t h i s  ca se ,  f i v e )  between t h e  a c t u a l  o r b i t  circum- 

f e r e n c e  of a  c i r c l e  whose r a d i u s  i s  t h e  minimum r a d i u s  of 

c u r v a t u r e  a t  any p o i n t  a long  t h e  o r b i t ,  we c a l l  t h e  circum- 

f e r e n c e  f a c t o r .  The f i x e d  magnetic f i e l d  i n  a n  FFAG machine 
r\ 

can be made cons ide rab ly  l a r g e r  t han  t h e  pulsed f i e l d  of a  

conven t iona l  a c c e l e r a t o r ,  s o  a  machine of t h e  r a d i a l  s e c t o r  
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type  might a c t u a l l y  be about  t h r e e  t imes  t h e  s i z e  of a  pulsed 

f i e l d  AG a c c e l e r a t o r  of t h e  same energy.  It i s  a l s o  d e s i r a b l e  

t o  make t h e  r a d i a l  e x t e n t  of t h e  magnets a s  sma l l  a s  p o s s i b l e ,  

which r e q u i r e s  a  h igh  f i e l d  g r a d i e n t .  The a l l owab le  g r a d i e n t  i s  

determined by t h e  e f f e c t  of magnet misal ignments .  Reasonable 

v a l u e s  i n d i c a t e  a  minimum r a d i a l  a p e r t u r e  of about  2% of t h e  

r a d i u s  of t h e  machine. 

2. S p i r a l  S e c t o r  Type. 

The s p i r a l  s e c t o r  d e s i g n  of FFAG a c c e l e r a t o r  has  t h e  h igh  

energy o r b i t s  a t  t h e  o u t s i d e  edge of t h e  machine. It i s  no t  

p r a c t i c a l  t o  have t h e  h igh  energy o r b i t s  on t h e  i n s i d e  and i n j e c t  

a t  t h e  o u t s i d e  edge, because s t a b i l i t y  of t h e  r a d i a l  o s c i l l a t i o n s  

becomes v i r t u a l l y  imposs ib l e  t o  ach ieve .  

The gu ide  f i e l d  on t h e  median p lane ,  i f  t h e r e  a r e  no s t r a i g h t  

where r i s  aga in  t h e  d i s t a n c e  from t h e  c e n t e r  of t h e  machine; k ,  

t h e  mean f i e l d  index ;  8 ,  t h e  az imutha l  a n g l e ,  a l s o  measured from 

t h e  c e n t e r  of t h e  machine; f ,  t h e  f l u t t e r  f a c t o r  ( t h e  f r a c t i o n  

of f i e l d  v a r i a t i o n ) ;  N, t h e  number of s e c t o r s  ( p e r i o d s  of t h e  

f i e l d  v a r i a t i o n )  around t h e  machine; and 3 i s  t h e  s p i r a l  ang l e  

between t h e  f i e l d  maximum and t h e  r a d i u s .  The e q u i l i b r i u m  o r b i t s  

a r e  a l l  s i m i l a r  f i g u r e s ,  whose l i n e a r  dimensions a r e  p r o p o r t i o n a l  

t o  t h e  r a d i u s ,  b u t  t h e i r  p o s i t i o n s  r o t a t e  w i t h  r a d i u s  due t o  t h e  

P s p i r a l i n g  per iod  f i e l d .  A p a r t i c l e  going around t h e  machine 

expe r i ences  a  g r a d i e n t  f i r s t  of one s i g n  t h e n  t h e  oppos i t e  a s  i t  
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c r o s s e s  t h e  p e r i o d i c  f i e l d  peaks and t roughs  a t  a  sma l l  ang le ,  s o  

t h e r e  i s  AG focus ing  of t h e  b e t a t r o n  o s c i l l a t i o n s .  The nega t ive  

g r a d i e n t  i s  less than  t h e  p o s i t i v e  g r a d i e n t ,  due t o  t h e  r a d i a l  

i n c r e a s e  of f i e l d .  Th i s  i s  somewhat compensated by t h e  

s c a l l o p i n g  of t h e  o r b i t s ,  which causes  t h e  p a r t i c l e  t o  expe r i ence  

a  longer  pa th  i n  t h e  n e g a t i v e  g r a d i e n t  and a  s h o r t e r  pa th  i n  t h e  

p o s i t i v e  g r a d i e n t  t han  i f  it  moved on a  c i r c l e .  The s t r e n g t h  of 

b e t a t r o n  focus ing  depends on t h e  r a t e  of r a d i a l  i n c r e a s e  of t h e  

f i e l d ,  t h e  s p i r a l  ang l e ,  and t h e  number of s e c t o r s .  The minimum 

s i z e  of r a d i a l  a p e r t u r e  i s  l i m i t e d  p r i m a r i l y  by t h e  d i f f i c u l t y  

of ach iev ing  s t r o n g  AG focus ing  w i t h  a  p e r i o d i c  f i e l d  whi le  

r e q u i r i n g  a  g iven  v e r t i c a l  a p e r t u r e .  A f l u t t e r  f a c t o r  of about  

1/4 g i v e s  t h e  l a r g e s t  v e r t i c a l  gap f o r  a  f i x e d  s t r e n g t h  of 

focus ing  when i r o n  magnet po l e s  a r e  used w i thou t  d i s t r i b u t e d  

backwindings and forward windings .  Th i s  sma l l  f l u t t e r  f a c t o r  

means t h e  machine has  a  c i rcumference  f a c t o r  ( i n  t h i s  ca se ,  

14- f ) ,  c l o s e  t o  u n i t y ,  s o  t h e  r a d i u s  of an  FFAG s p i r a l  s e c t o r  

synchro t ron  i s  about  t h e  same a s  t h a t  of a n  e q u i v a l e n t  energy 

convent iona l  synchrotron.  By u s i n g  a  f i e l d  v a r i a t i o n  i n  t h e  

median p lane  which i s  more r e c t a n g u l a r  t h a n  s i n u s o i d a l ,  some 

i n c r e a s e  i n  v e r t i c a l  a p e r t u r e  and a l s o  i n  t h e  maximum s t a b l e  

ampl i tude of v e r t i c a l  o s c i l l a t i o n s  i s  achieved a t  some s a c r i f i c e  

of c i rcumference f a c t o r .  The minimum r a d i a l  a p e r t u r e  f o r  

r e a s o n a b l e  parameters  i s  about  3% of t h e  r a d i u s .  
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3. Othe r  FFAG Types.  

Both t h e  r a d i a l  s e c t o r  and s p i r a l  s e c t o r  d e s i g n s  d i s c u s s e d  

above have e q u i l i b r i u m  o r b i t s  o f  c o n s t a n t  s h a p e  s c a l e d  i n  

p r o p o r t i o n  t o  t h e  o r b i t  r a d i u s .  There  a r e  many m o d i f i c a t i o n s  of  

t h e s e  d e s i g n s .  Some d i f f e r  o n l y  i n  t h a t  t h e  f i e l d s  a r e  n o t  t h e  

s q u a r e  wave t y p e  used  i n  t h e  r a d i a l  s e c t o r  d e s i g n  d e s c r i b e d  o r  

t h e  s i n u s o i d a l  s h a p e  used  i n  t h e  s p i r a l  s e c t o r  d e s i g n .  There  a r e  

o t h e r  v a r i a t i o n s  o f  t h e s e  d e s i g n s  which p r e s e r v e  b e t a t r o n  o s c i l -  

l a t i o n  s t a b i l i t y .  h o l d  Vx and 1/, c o n s t a n t ,  b u t  do  n o t  r e t a i n  

t h e  p r o p e r t y  of  s i m i l a r i t y  of  e q u i l i b r i u m  o r b i t s .  The magnet 

e d g e s  of  f o c u s i n g  and d e f o c u s i n g  s e c t o r s  can  b e  made n o n - r a d i a l ,  

and t h e  f i e l d s  i n  t h e  p o s i t i v e  and n e g a t i v e  f i e l d  magnets  made 

d i f f e r e n t  f u n c t i o n s  of  r a d i u s ;  ( t h e  n e g a t i v e  f i e l d  magnet can  

e v e n  be  d e s i g n e d  t o  have z e r o  f i e l d ) .  The magnet e d g e s ,  r a d i a l  

o r  n o n - r a d i a l ,  can  be  t i p p e d  i n  t h e  same d i r e c t i o n ,  a p p r o a c h i n g  

t h e  s p i r a l  s e c t o r  d e s i g n .  Machines made w i t h  t h e s e  m o d i f i c a t i o n s  

do  n o t  seem t o  show any s t r o n g  a d v a n t a g e s  w i t h  p e r h a p s  t h e  

f o l l o w i n g  e x c e p t i o n .  It i s  c o n c e i v a b l e ,  u s i n g  backwindings ,  t o  

t r a n s f o r m  f rom a  s p i r a l  s e c t o r  a t  t h e  o u t s i d e  edge  of  t h e  machine,  

w i t h  a  s m a l l  c i r c u m f e r e n c e  f a c t o r  where  it i s  needed,  t o  a  r a d i a l  

s e c t o r  a t  t h e  i n s i d e  e d g e ,  w i t h  a  l a r g e  v e r t i c a l  a p e r t u r e  f o r  

i n j e c t i o n .  Such a  d e s i g n  would have t h e  a d v a n t a g e s  of  b o t h  t y p e s  

w i t h ,  however, a  c o n s i d e r a b l e  i n c r e a s e  i n  magnet c o m p l e x i t y .  

Another  m o d i f i c a t i o n  i s  t h e  s p i r a l  s e c t o r  c o n s t a n t  f r e q u e n c y  

c y c l o t r o n .  I n  t h i s  machine,  t h e  f r e q u e n c y  of  r e v o l u t i o n  of  t h e  

p a r t i c l e s  can  b e  made i n d e p e n d e n t  o f  e n e r g y  e v e n  a t  r e l a t i v i s t i c  

e n e r g i e s ,  b u t  t h e  o r b i t s  i n  t h i s  c a s e  do  n o t  s c a l e ,  and t h e  number 

d c a n n o t  be  k e p t  c o n s t a n t .  of  b e t a t r o n  o s c i l l a t i o n s ,  px and 



References  

1. E .  D. Courant ,  M. S. L iv ings ton  and H. S. Snyder, Phys. Rev. 

88,  1190 ( 1952).  - 

2. Suggested by K. R. Symon. This  s t r u c t u r e  was a l s o  suggested 

independent ly  e a r l i e r  (1953) by T. Ohkawa, Un ive r s i t y  of 

Tokyo, Tokyo, Japan. ( p r i v a t e  communication). 

3. Suggest  by D. W. Ke r s t .  

4. Thi s  had been po in ted  o u t  independent ly  by Miyamoto, 

Tokyo Un ive r s i t y ,  Tokyo, Japan, a t  a  symposium on nuc lea r  

phys ics  of t h e  P h y s i c a l  S o c i e t y  of Japan i n  October,  1953. 

( P r i v a t e  communication). 

5. L. H. Thomas, Phys. Rev. 54, 580, 588 (1938.) 


