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ABSTRACT 

It has been proposed that the  t r a j e c t o r i e s  of pa r t i c l e s  in an  
FFAG accelerator of t he  spirally-ridged @ark ' l ~ )  t y p  nay conveniently be 
obtained with an  electronic  d i g i t a l  computer by storage of values from 
d i c h  the f i e l d s  may be derived. Based on the  saaling properties of the  

r' 
assumed struoture, the  present repor t  suggests sui table  coordinates t o  be 
used i n  representing the  f i e ld ,  dewlops the d i f f e r en t i a l  equstion 
describing the nmgnetostatic problem in these ooordinates, indicates t he  
mans  of obtaining the field-components from the solution of t h i s  
d i f f e r en t i a l  equation, and discusses the use of these r e s u l t s  i n  the  
dynamical equations for  the t ra jec tor ies .  Proposed limits for t he  
parameters a r e  indioated, cer ta in  cases i n  which l/w vanishes being 
admissible. 

* A t  the University of I l l i n o i s ,  on leave from Iowa Sta te  College. 

' Assisted by the  National Science Foundation and the Office of Naval 
Research. 

Referenoes a r e  given in Section IX. 



I. INTRODUCTIO~ 

The des i r ab i l i t y  of high-speed o r b i t  computation, for  both rad ia l  

and ax ia l  motion i n  the  Nark V FFYlG accelerator ,  and the recent increase of 

interest1 in the use of f i e l d s  not conveniently representable i n  terms of 

a simple Fourier expansion i n  the  median plane, has given inoreased 

importance t o  D r .  R. Chris ta ints  suggestion2 tha t  the mgnetosta t ic  

potent ia l  or  f i e l d s  be stored -- on a grid f o r  inmediate use in t r a j ec to ry  

oomputations. A s  Kerst has pointed out? t he  scaling property of t he  

Nark V aocelerator permits these data t o  be stored a s  a two-dimensional 

array. The solut ion o f t h e  potent ia l  problem m y  then, moreover, be 

reduced t o  the  solut ion of a second-order d i f f e r e n t i a l  equation i n  - two 

independent var iables  only, thus  reducing tremendously the  computational 

work required. We present here  some d e t a i l s  pertaining t o  computations of 
r 

t h i s  nature. 

11. TBE POTENTIAL PROBLEM 

A. The Scaling Properties: 

The character of the potent ia l  representing the magnetio f i e l d  

of a Mark V type accelerator is convbniently seen f r o m  a se r i e s  expansion 

similar t o  t h a t  given by P-113: 



and the quant i t i es  MJ;* , a r e  constants obtainable from 
P 

recursion re la t ions  given by ~ m l l ~ .  From t h i s  developmnt it i s  evident 

t h a t  (/+X*t$ has the same value a t  a l l  points for  which both 

Y/c/fx) and have the same values. Also, with Y/c/+)C) 

constant, 
<K+4 

</ +x> 3? i s  periodic in with period 2Z . 
The potent ia l ,  with i t s  soaling factor ,  i s  conveniently expressed 

in terms of a ftmction of the  two var iables  

From t h i s  re la t ionship the  d i f f e r en t i a l  equation fop fl m y  be derived 

and, secondly, expressions found f o r  the  field-components i n  terms of fl 
and i t s  derivatives. is periodic in $ with period unity. 

The equation may a l te rna t ive ly  be interpreted ( i )  a s  re fe r r ing  

&f)f@ff' t o  the value obtaining i n  t he  8 =O plane a t  

4 = C/+x) ~NJVW@-/ o 3 =Y C/*&I/</+$ or  ( i i )  

r e l a t i ng  it t o  the value a t  xo = 0, )6 sy/(/+y) 
a= e-&)/hc/sx) 

The Equation fo r  the ~ u a n t i t y n  Characterizing the Potential: Be 7 -- - 
By straight-forward d i f fe ren t ia t ion  of the  r e l a t i on  given a t  the 

end of the preoeding sab-seotion, one finds 



('This r e su l t  w i l l  a l s o  be found t o  follow by transformation of Sess le r l s  

equationY5 which i s  expressed i n  terms of the variables ffs q@twg) 
Zh > 

v E d ~ ; r  7 ev,c2%w~), $WLL V )  cc R. e ~ c - ? t  wg) I 

It i s  visualized t h a t  the d i f f e r en t i a l  equation for  fl , 
obtained by se t t i ng  v2$ - 0, be solved on a 5 17 net by a 

relaxation method, employing - the per iod ic i ty  property - ci ted and noting t h a t  

fl w i l l  be an  odd function of )( , vanishing a t  7 = 0 ( the median 

plane). For the var iable  we have selected a range of u n i t  width, a s ,  

f o r  example, -/,< L$=< 0 . It may prove expedient f i r s t  t o  solve the 

relaxation problem on a coarse net ,  covering the complete magnetic gap 

above the median plane, and then pass t o  a f i ne r  net  covering a region above 

the  median plane not much greater  than t h a t  of dynamical in te res t .  

The boundaq  m y  be characterized i n  t he  reference plane by the  

curve 

uhere 

To define the potent ia l  problem completely it i s  necessary t o  

specify the boundary conditions on the  aforementioned curve. It i s  

perhaps most natural  t o  specify t he  quanti ty i t s e l f ,  although 

other forms of boundary conditions involving the  normal derivative of 

fl might be visualized. Specification of fi must be i n  confo-nce 

with the per iod ic i ty  condition (periodic in £$ , with period unity). 

A par t icu la r ly  simple specif icat ion would take f i  t o  be constant on 

the boundary, corresponding t o  the  po ten t ia l  5 varying along the  

pole a s  rk+' . 



It m y  be mentioned a t  t h i s  point  t h a t  p r e s m b l y  mny, i f  not 

most, cases of p rac t ica l  i n t e r e s t  may involve a mirror s p e t q ,  - R 
and G being in suoh cases even functions of about planes spaced 

one-half u n i t  apart. By making provision t o  take advantage of such 

symnetry whenever present, t he  computational e f f o r t  can be reduced o r  t he  

acouracy of the  computations increased. 

C. The Pole-Wce Currents: - 
The poteht ia l  h c t i o n  which r e s u l t s  from solution of the  problem 

defined i n  sub-section B w i l l  require the  presence of pole-face currents f o r  

i t s  realization.  Considering these ourrsnts  a s  ourrent sheets, 

A 
where n is the u n i t  n o m l  t o  &e pole-surface (directed in to  t he  gap). 

These currents w i l l  be source-free. The cuwent density can then be wr i t ten  

exp l io i t l y  in terms of fl and i ts  d e r i v a t i w s ,  evaluated on the pole 

surface, and in terms of t he  funation G and i t s  der iwt ive .  To accomplish 

t h i s  computation, one m y  note tha t ,  in cyl indr ical  coordinates, 

The r e su l t s  do not appear t o  be par t icu la ry  simple, bu t  one o b s e m s  t h a t  

t he  current density (current  per u n i t  width of conductor) scales a s  r k 

wVth the dominant term being 

4 T Jo (k -f- I )  (n /~)  rk 

- - (kt 1 )  ( Q/r). 

This l a s t  r e s u l t  is understandable in l i g h t  of the f a c t  t h a t  the potent ia l  

increases by a fac tor  of t h e  order 1 + (k+ 1 )  A/r in one wavelength 

and so gives r i s e  t o  an  amrage tmgen ta l  f i e l d  -(k $ 1 )  ?F/r along the  
F 

pole. The nature of t h i s  term moreover suggests t h e  s u i t a b i l i t y  from a 

prac t ica l  standpoint of taking -f?. a s  constant. or  substant ia l ly  so, 



along the pole boundary. 

111. TIE FIELD COMPONENTS 

In terms of the  coordinates 6 , introduced p r e ~ o u s l y ,  the  

f i e l d  components my be obtained by d i f fe ren t ia t ion  of the  iden t i ty  of 

Section I1 A which re la ted  the potent ia l  @ t o  the quanti ty fi : 

The field-components have been expressed i n  terms of - in the  thought 
7 

t h a t  t h i s  quantity, being more constant than fl i t s e l f ,  would be the 

quanti ty t o  be stored (as  1/3 -words) i n  the computer memory, and 

d i f fe ren t ia t ion  a s  well a s  interpo!ation could then  best  be performed on the 

quanti ty . This quanti ty w i l l  be an even hmction of 7' and 
periodic in 5 with period unity. B, w i l l  a l so  be an  even function of 

7 , while B, and Be w i l l  be odd. 

IV. 'DIE BASIC GRID CELL I N  TAE DYNAHICAL REGION 

The quantity corresponding t o  t he  potent ia l ,  a s  Ah, , is t o  

be stored on a grid which in e f f e c t  covers un i t  range f o r  the  variable F . 
Since A/ is an even function of 7 r e  (r i t s e l f  being an  odd 

funotion, t he  range of the  var iable  3/ may extend e o m  zero t o  some 

naxinnrm value. This maximum value preferably should be le f t  somewhat 

f lexible ,  but w i l l  be substant ia l ly  Z max/h , where within t h e  



r- 
dynamioal region t h i s  quant i ty  my be expected t o  have a value 

(denoted 1 ) ly ing i n  the  neighborhood of 1/6 o r  1/7 f o r  practioable 
9 

structures.  The useful range of ;? should be broken up in to  M i n t e r n l a ,  

each of s i ze  1/617 , with M preferably a t  l e a s t  a s  l a rge  a s  186 If t h e  

in te rva ls  of $ a re  taken, f o r  canvenienoe, t o  be of the  same sige a s  

those f o r  , the  number of such i n t e i w l s  would be M Z  . If P represents 

the  mximm n u d e r  of ne t  points  f o r  which storage ( i n  the  fonn of 1/3 -words) 

is possible within t h e  f a s t  memory of the  oomputer, the parameters determining 

t h e  mesh s ize  must then be selected so t h a t  

If 7 'were 6,5, a possible value f o r  M might be 1 8  i n  that 
6.5 x 18 x 19 2223 8 3(741); similarly,  f o r  T = 6e0 and H = 19, tve 
f i nd  6.0 x 19 x 20 = 2280 = 3(760). 

V. TRF INTERPOLATION FORMJLAE 

As noted previously, the  f i e l d s  a r e  t o  be obtained from quant i t i es  

stored on a net  by processes of interpolat ion and interpolaklon- 

differentiation.  The suggestion has been made that, i n  addi t ion t o  giving 

reasonable accuracy, an  interpolation-differentiation formuh su i tab le  far 

the  present purpose should exhib i t  a continuous der ivat ive upon crossing 

Prom the region oowred by one c e l l  t o  t h a t  oowred by a n  adjaoent oell.  

Sessler has proposed f o r  t h i s  purpose an  interpolat ion fornnala which, 'in 

one-dimensional fonn, i s  



CORRECTION TO MURA-LJL-8, REV, 

Proposed Method f o r  Determining Mark V 
Tra j ec to r i e s  by Aid of G r i d  Storage. r 1 

February 21, 1956 

D r .  R .  Chr i s ta in  (L.A.S.L.) has kindly pointed 

out t h a t  t h e  exis tence  of mi r ro r  symaetry i n  the  

boundary conditions of the  po t en t i a l  problem consid- 

ered i n  MURA-LJL-8 does not necessar i ly  imply tho 

exis tence  of mirror s p n a t r y  i n  the  so lu t ion  n. 
This s i t u a t i o n  i s  evident ly  the  r e s u l t  of the  appear- 

anae of both even and odd der iva t ives  of n with 

respect  t o  f i n  the  ~ o v a r n i n g  d i f f e r e n t i a l  equation. 

The suggestion made i n  the  paragraph a t  the top of 

page 5 may therefore  be inappl icable  i n  cases of 

p r a c t i c a l  i n t e r e s t .  



CORRECTION TO MURA-LJL-8, REV, 

Proposed Method f o r  De te ra in ing  Mark V 
T r a j e c t o r i e s  by Aid of Grid S torage .  C 1 

February 21, 1956 

D r .  R .  C h r l s t a i n  (L.A.S.L.) has k i n d l y  po in ted  

o u t  t h a t  t h e  e x i s t e n c e  of mi r ro r  symmetry i n  t h e  

boundary c o n d i t i o n s  of t h e  p o t e n t i a l  problem consid- 

e r e d  i n  MURA-LJL-8 does  n o t  n e c e s s a r i l y  imply t h e  

e x i s t e n c e  of mi r ro r  synne t ry  i n  t ho  s o l u t i o n  A. 
T h i s  s i t u a t i o n  i s  e v i d e n t l y  t h e  r e s u l t  of  t h e  appear-  

anoe of bo th  even and add d e r i v a t i v e s  of w i t h  

r e s p e c t  t o  i n  t h e  rovern ing  d i f f e r e n t i a l  equa t ion .  

The sugges t ion  made i n  t h e  paragraph a t  t h e  t op  of 

page 5 may t h e r e f o r e  be i n a p p l i c a b l e  i n  ca ses  of 

p r a c t i c a l  i n t e r e s t .  



and for which the derivative i s  then given by 

This formula haa the following properties: 

it being observed that  the expressions for 4 '  and ~'(1) are 

consistent with the mquiremnt of continuity for the derivative in 

addition t o  continuity of the f'upction i tse l f .  

For direct  interpolation of a function, rather than the 

formation of i t s  interpolated derivative, a more conventional Bessel type 

6- of central-difference would seem preferable a 

A (6 + ~ h ,  = uA, +(I- (j)/lg $-$0 (1 -u)(* +A/ ~ A @ - / I  -11 
# & u(& -?!)(I-(A)(& -3~,+3/lo-A-/) 

=A, +&u(-& +6/t -3Ao -24-12 

+$UZ(/-Z/~M,) f & L ~ ~ ( A ~ - ~ A ,  f34-4-1). ( i i )  

I n  double interpolation, we would propose the use of ( i i )  twice 

P t o  obtain an interpolated wlue of the Pandion i t se l f ,  and the use of  ( 5 )  

in conjunction with ( i i )  t o  obtain an estimate of a f i r s t  derivative. The 

formulae m y  be applied in the directions in ei ther order. 



VI. THE DYNAMICAL EQUATIONS 

The dynamical equations conmntionally might be wr i t ten  7 r 3  i n  

cylindrical  coordinates a s  

where primes denote d i f f e r en t i a t i on  with respect  t o  t h e  independent var iable  . 

e and R !! J ( 1  + x12 + ~ ' 2  + 1 , or* expressed 8s a s e t  f f r s t  

order d i f f e r en t i a l  equations, 

If these equations were employed, the  quant i t i es  t o  be printed cut would be 

X, y, x'. y' or. perhaps better,* x, y, xl/R = &, gl/R - py. 
For an  a l te rna t ive  formulation, avoiding the inclusion of a 

logarithm routine i n  t he  coqu ta t iona l  program, Dr. Symon has suggested 

t h a t  the following coordinates might be employed: 

s = / r = / O ( ~ + X ) ,  

T = z/r = y/( l f  x ) , a n d  

e (asbefore) .  



- 
Introducing Ps = 8' and % T' + TS' 

dl+ sl2 + ( T ~ +  T S * ) ~  dl+ s12+ (T! +TS t l2 . I 

the differential equations which vmre expressed in cylindrical coordinates 

transform t o  

where, as  before, k' E k -f 1, the constant i s  normally chosen to be 

2%- , and 

The quantities which mould be most directly interpretable in l i ghC  of 

past experience would be exp (s) - 1, Ps, T exp(s), PT. These 



quant i t ies ,  therefore,  might well be t he  quant i t i es  t o  be printed out 

during a run. A t  the  end of a nm it would be useful t o  pr in t  t he  

quant i t ies  S and T themselves, a s  well a s  Ps and PT , t o  good 

accuracy i n  order t o  provide adequate s t a r t i n g  values i n  case 

continuation of the run should prove desirable.  

It should perhaps be mentioned a t  t h i s  time t h a t  roam should be 

l e f t  i n  the code t o  permit t he  inclusion of "bumpsne 

VII. ALGORISMS AND RANGES OF PARhMETERS 

A. Algorisms: 

( i )  Dr, Snyder has brought t o  our a t t en t ion  an algorism f o r  

c 4 5  + R1l which i s  pa r t i cu l a r ly  acourate i f ,  a s  i n  the present 

case, the  dependent variable s a t i s f i e s  o r  very-nearly s a t i s f i e s  Isplace's  

two-dimensional equation in Cartesian coordinates: 

A check of t h i s  algorism f o r  a harmonio function simulating the po ten t ia l  

i n  the  neighborhood of a pole-corner suggests t h a t  t he  improvement in 

accuracy would be desirable and would no+ be oompromised a t  such points by 

the inaccuracies resul t ing from the  use of simple algorisms f o r  t he  

remaining comparitively-small terms ~ h i c h  enter  i n  the d i f f e r en t i a l  

equation f o r  e 

( i i )  To develop an  algorism for  the  quanti ty 

6 ~+)-n,l, , which i s  t o  be stored a t  those points  
7- 

for  which 7 = 0, we suggest proceeding i n  the following nanner. Tie 

take note of  the f ac t  t h a t  fl i s  an odd h n c t i o n  of - 



expansions i n  terms of der ivat ives  a t  the po ia t  0,  0. Then 

Noreover, d i f fe ren t ia t ion  of the  d i f f e r en t i a l  equation f o r  and 

taking t h e  l i m i t  37 - O 

Solution of these simultaneous equations then gives t he  resul t :  

f o r  use with the 5 , 7 net. 

B. Ranges of Parameters: 

( i )  It i s  proposed t h a t  the  fallowing range of machine 



( i i )  It i s  believed that the following l i m i t s  oan then be 

established. 

( i i i )  

NP, 
and very probably l ess  
than unity. 

E These estimates, based in pa r t  on some r e s u l t s  obtained with the 

"FL" potent ia l  code, a r e  s l i gh t ly  greater  than estimated previously 

(18 Fbb.) i n  an  intor& communication (L.J.L.). 



The wr i t e r  would l i k e  t o  indicate h i s  appreciation of 

discussion with h i s  colleagues Drs, Snyder, Kerst, Symon, Sessle i ,  

Christian, and Akeley during t h e  course of t h i s  work, 
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