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l. Purpose: 
. 1-3 The proposal has been made by the MURA group to prepare 

tables giving· the characteristic exponent in the solution of the 

Hill• s equation 

d~/dt2 + (A +Boos 2t + Ocos 4t + Dcos 6t)Y = o 
for values of the coefficients more representative of those 

characterizing particle motion in typical Mark V FFAG structures 

than are listed in the coarse-mesh tables prepared previously.4 

Although this proposal may have become less pressing as a result 

of recent re-emphasis within the MURA program, the present notes 

are intended to outline a method for preparing the tables in the 

event that such tables should be felt to be of value. As a by-

product, the derivative of the phase-function appearing in the 

phase-amplitude forzn'5 of the Floquet solutions would be available. 

2. General Method: 

Although variational methods have been devised6, 7 ,l,8 to 

relate the characteristic exponent to the coefficients of the 

differential equation, and one of these methods employed in con-

structing the original tables,4 it is felt that direct integration 

of the differential equation may prove equally if not more satisfactory. 



By virtue of the symmetey of t.he e111uation the numerical integration 

need be performed, for two sets or initial conditions, only over 

one half periodl -- i.e., for the range from t = O up to and in-

cluding t =w/2. Th• two solutions which are to be found in the 

interval o,w/2 may conveniently be those solutions (Y1 ,Y2) for 

which the following initial conditions are prescribed: 

Y2(0) = 0 

Y2'(0) = n , 

the values m and n being introduced merely for possible convenience 

in scaling. The characteristic exponent 11 is then given (for details 

see Appendix) most directly in terms or the solutions at t = -rr/2 

by evaluating 

cos 11 .. ~ [ Y1(i)Y2' <i> + yl I (i>Y2<i>J ' 
1 -l sr Tl" 11' 'Tr 'II' } and 11/'fr = ;r cos l Y1([lY2

1 (2) + Y1
1 (2)Y2(2) ]/(mn) 

for the stable case ["-1 ~ cosO' 4 lJ. 

In order to retain information concerning the nature of the so-

lutions to the differential equation, without printing out an excessive 

number of quantities it seems most appropriate to list quantities 

representing¢•, the derivative of the phase function. This quantity, 

from which the e.xrplitude function w and the jlbase function itself 

may be obtained, is perhaps also of particular pJ:l1sical interest 

because it enters directly in the expression for the displacement 

resulting from an angular scattering. If the values of the two 

solutions (Y1,Y2) foUnd at the successive steps of the integration are 

retained in the computer memory until the integration has been 
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carried t.brough the complete range O to -rr/ 2 , one may then 

evaluate 

This quantity may be directly interpreted as describing the square 
2n1 of the miplitude function, since w l"' is invariant. 

It is accordingly suggested that the following quantities be 

printed out for each problem: 

(1) As table-headings, the values of the coefficients A, B, c, D; 

(2) sin a i o 1 N ¢' Ct1J ' = • ' • .. , 
where N denotes the number of steps between t = O and t = ~/2 
(e.g., 7 values for N = 6)J 

(3) cos t:I 

(4) a/~ , provided -1 ~ cos er~ 1, the values then being selected 
such that O ~ o/rr ~ 1. [f.r 1cos er\> 1, it might be of interest 
to print out -(1/«)cosh".'l(oos oo), the negative sign being e. marker 
to denote instability .and the quantity itself representing the average 
rate of increase for the logaritJ!lll of the ascending eignnfunction_J 

3. The :Expected Raqse-of-Valuea of~ Solutions: 

For $.H.M. solutions, with W£.l, we would en:pect the lll8.gnitudes 

of Y1, Y2, Yi'• Y2' not to exceed m, (1T/2)n, m, and n, respectively. 

In typioal A-G problems the magnitudes may be expected to be possibly 

some t.bree times greater than for the S.H.M. case and llmits of 

25m, 25n, 25m, 25n would appear to be generally very liberal. 

4. ~ Reoommended Ranges £! ~ Ooeffioients: 

Based on the potential application of the proposed tables to 

pr-oblems concerned with Me.rlt V FFAG synchrotron designs, we propose 

the followinc values for the coefficients: 



D = 0 
C: •Oo.5(0.l)0.5 
B; 0(0~2)0.8(0.1)1.6(0,2)2.0 

A: -0.5(0ol)-Oo2(0.05)-0.1$(0.03)0.15(0,05)0,2(0,l)Oo5 J 

D: -0.05(0.0$)0.10 
c = 0 
B: as before 
A: as before 

This proposed sebedUle involves 4275 dif1'ere1'l.t combinations of 
values for• t;he coefficients. 
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APPENDIX 

De!'..!Yatio~. of' Relat~ Ci~ J.E Section..?.. 

If' wo denote -~he matrix which Clil'rias tr.a m-::>tion from o to t 

(ca bd) by e.nd that which cs.r•rios the motion from O to tho mid-·point 

-.r/2 by (~: ~:) , then appeal to symmetry pernits matrices covering 

other ranges to be written. We list the me.trices of interest below. 

O to -.r/2: M1 = (as 
Cs 

bs) 
ds 

w/2 to "IT: M2 = ( ds b 8 ) 
ca e.e 

0 to ,.,. : M~l = (a8d~ + b 8 c 8 
as 0 s 

2b 8 ds ) 
asds + bscs 



-$-

0 to t (: ~) (or "'" to 'll'+t): M = 
to "lf/2.: (aan - b 0 bse. - aeb) t 1'i "' 5 

csd - d 0 dse. - osb 3 s 

'J:he aluJ:1,Jn~s n1'" given in terms of' the f:'undmnentn.l solutions, for which 

by 

aud 

Y1 ( 0) ::: m Ya (0) = 0 

Y1 I (O} ""0 Y,,, I ( 0) 
(;. = n ' 

e. = {1/m)Y1(t) 

0 = (l/m)Y1 ' {t) 

11' 
e.s = (l/1t1)Y1 (~} 

CS =- ( l/m }Y 1 ' ( ¥) 
We tben have, firstly, 

cos cr ::: ~ Tr(M2M1 ) 

= asds + bsos 

;: ~ [ yl ( ~)Y2 t (;.} 

b 

d 

b s 

ds 

hand element oi' 

term f:w< t.272: 

;: (1/n)Y2(t) 
::: ( 1/n}Y2 t( t) 

"' (l/n)Y2(;} 

"" (l/n)Y2 t(i) 

'!!" 11' 1 + Y 1 (-)Y(-)' i222J• 

. 9 
M4 may be indentlfied 
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