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1. Purpose:

The proposal has bsen made by the MURA group 1-3

to prepare
tables giving the characteristlo exponent in the solution of the
Hill's equation |

da’#/dt2 + (A + Beos 2t + Qcos Lt + Decos 6t)Y = 0
for values of the coefficients more representative of those
characterizing particle motlion in typlcal Mark V FPAG structures
than are listed in the coarse-mesh tables prepared previously.h
Although this proposal may have become less pressing aa & result
of recent res-emphasis within the MURA program, the present notes
are intended to outline a method for preparing the tables in the
event that such tables ahould be felt to be of value. As a by-
product, the derlvatlve of the phase-function appearing in thé
phase-amplitude form5 of the Floquet solutions would be avallable.

2. General Methodty

Although variaetional methods have been-devised6’7’1’8 to
relate the characteristie exponént to the coefflcients of the
differentiasl equation, and one of these methods employed in con-
atructing the original tablea,u it i1s felt that direct integration
of the differential equation may prove equally if not more satisfactory.
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By virtus of the symmetry of.the equation the numerical integratlion
need be performed, for two sets of Inltial condlitions, only over
one half pariodl -~ 1,0,, for the range from t = 0 up to and in-
cluding t = "/2. The two solutiona which are to be found in the
interval 0,w/2 mey conveniently be those solutions (Yi,Yé) for
which the following initial conditions are prescribed:

¥1(0) = m " Yo(0) =0

Y,1(0) =0 ¥o'(0) =n ,
the values m . and-zx being introduced merely for possible conveniencs
in scaling. The characteristic exponent ¢ im then glven (for detalls
sea Appendix) most directly in terms of the solutions et ¢ = w/2
by evaluating

cosa & = 71&11"" [YI'(E)Yz'(;') + Yl'(;')Yg(g)] s

and o = Foos [ LELF + LELED 7/}

for the stable case /[ -1 cosd ¢ 1.7/.

In order to retaln 1nfofmation concerning the nature of the so-
lutions to the differential equatlon, without printing out an excessive
number of quantities 1t seems most appropriate to list quantitles
representing #', the derivative of the phase function. This quentity,
from which the smplitude function w and the fhase function itselr
may be obtained, 1s perhsps also of partloular physical Interest
becauss it enters dirécbly in the expression for the displacement
resulting from an mgular scattering, If the values of the two
solutions (¥y,¥s) found at the successive steps of the integration are

retained 1in the computer memory untll the integration bhas been
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carried through the complete range Q0 to “12 s one yway then

evaluats

= 2 7 LY 2 ) [ 16
25 = A b @Ee)? -y @ ke)P).

This quentity may be directly interpreted as describing the square
of the emplitude function, since w2¢' iz invarlent.

It is sccordingly suggested that the following quantitieg be
printed out for sach problems
(1) As table-headings, the values of the coefficlents A, B, ¢, D;
(2) 51“: , 1 =0,1, ... N,

where N denotes thé number of steps between t = 0 and t = w/2
(2.3., 7 values for § = 6);

{3) cos €@

(4) o/ , provided -1 £ cos o & 1, the valuss then being selected
such that 0 € o/ $ 1. /If |cos ol> 1, it might be of interest
to print out -(1/w)coshrl(oos @), the negative sign being a marker

to denote lnstebllity and the quantlty itself representing the average
rate of incresse for the logaritpm of the sscending eignnfunctiong7

3. The Expected Range-of-Values of the 3olutions:

For 8.H.M. solutions, with we¢l, we would expect the magnitudes
of ¥y, Y2, Y1', ¥2' not to exceed mn, (wv/2)n, m, and n, respectively.
In typioal A-G problems the magnitudes may be expected to be posslbly
some three times greater then for the S.H.M. case and limits of

25m, Esn, Esm, 25n would appear to be genserally very llberal,

4. The Recommended Ranges of the Goefficlents:

Based on the potential application of the proposed tablez to
problems concerned with Mark V FFPAG synchrotron desipgnsg, we proposs

the following valuss for the ccefficlents:



D = 0
C: "'005(001)0-5
B: 0(0.2)0.8(0.1)1.6(0.2)2.0

At ~0.5{0:1)-0.2{0.05)=0.15(0.03)0.15(0.05}0.2{0.1)0.5 3}

D: -0.05(0.05)0.10
¢ = 0

B: as Lefore

A: aa before .

This proposed gchedule Involves 4275 dlfferent combinations of
yrlues for the coseificlents.
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APPENDIX

Derivatlion of Relations Cited in Sectlon 2

If wo denobe the matrix which carriss the mobion from O Lo %

by (g 3) snd that which carrics the motlon freom 0 4o the mid-point

w/2 by (:: 2:) , then sppeal to symmetry permite matrices covering

other ranges to be written. We llst the metrices of interest below.
a, b )
0 to Tf/:.: Hl = (cs dﬂ

(ds by
Ca &B

(a d, + b_e 2bgdg

s, * bs0s )
Eascs egdg + bgeg

“'/2 to Wy M?_

L]

i}

Q0 to wq M2Mi



O 5o a'b
{or ™ to ™) M = (0 a

. g,0 = b.c bge - agb
t o w/2: MB = (c:d - d:c dgn - ¢gb

t to wtis Mﬁ = M ﬂa H3 , ,
. (aaas +bye, + 2(agebd-bodome)  2(bydga’ - ajegh”)

2{ascsd2-badg02) e d, + bgog ¥ 2(bgd ac =~ ago bd) /

The elemncsnta are glven la terma of the fundamental solutione, for which

Yl(GJ =m Yg (0) =0
7y'(0)=0 ¥,'(0) =,
by & = (1/m)¥, (%) b = (1/n)Y,(%)
o = (1L/m)¥yt{t) = {1/m)¥,' (%)
and By = (/)7 (3) by = (1/n)¥,(3)
o = (L/m)¥y'(3) ay = (/MY ()

We then heve, firstly,
1
COB O = 'é‘ %(Maml)

= asda + baoa

L [y Ty o T (L]
= = [nERG + @@ .
Secondly, the upper right hand element of Mﬁ may be indantifiedg
with %%%E? s Which we may term.ﬁfw{tl7aa

2 Z
g %I;._g = 2(bgd " - 8,04 b")

= 22 5 = 2 T il -
,-mgn {Ygfz)iat(g)[&'l(tﬂ - Yl(z)yli(a){yz(tjj f
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