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Abstract 

The expansions of the equations of motion of betatron 

oscillations in the Mark V (spiral sector) F. F. A. G. accel-

erator in powers of the deviation from a circle and .from an 

equilibrium orbit are discussed, It is found that in the case 

' of large machines where k > > 1 and w >> 1 that compara-

tively simple equations for the combined radial and axial motion 

are quite accurate, while in the case of small machines, where 

these conditions do not hold, no such simple equations appear 

to exist. Co:efficients in these equations are derived, and 

their magnitudes estimated and numerical examples given. 
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Introduction 

It is desirable to expand the equations of motion of betatron 

oscillations in the spiral sector (Mark V) FFAG in order to apply 

the methods of Moser(l) and Sturrock( 2 ) and to investigate the 

possibilities of reducing the troublesome effects on non-linearities 

by judicious choice of the field shape. 

Laslett(3) has discussed this expansion with emphasis on the 

linear terms and Judd(4) has discussed the non-linearities for 

motion in the median plane, The present report reviews this 

work and extends the results to the coupled radial and axial motion. 

I. Exact Equations of Motion and Development of the Vector Potential 

Consideration of the spiral sector accelerator began with the 

median plane field 

{ ~:--y,& ;"( ~/[1 + t~ "t'] (1.1) 

with 

(1.2) 

in cylindrical coordinates. This specif is s the magnetic field 

everywhere by Maxwell's Equations. The equations of motion of 

the betatron oscillations can be derived from the Lagrangian 
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(1.3} 

= 'YVIOC. v' y :a.. -1- Y' .... tf"'"+ j z.. +:[,;.Ar f re A$ + j A J (1.4) 

The equations of motion are simpler if G is used as inde-, 
pendent' variable instead, of t, Thus 

and •· Now 
• cir r - dt = 

so that 

(£ = .-wi
0
cz. /y',_+ >",_ + ;;i'.,_ + :f [v-'Ar+ Y'Ae f-J 1AJ] 

It is customary to use the dimensionless variables x and y 

defined by 

and 

We use units such that 

"'= B =/ I 6 0 (1.6). 
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and since 9 1 = 1. 

(1.7) 

The equations of motion f'ollow from the Euler-Lagrange 

equations 

(1.8) 

In the case of' motion in the median plane (y ; O}, we have 

which can be derived from the Hamiltonian 

The first order canonical equations derived from (l.10) 

are the Ridge Runner equi;itions integrated numerically by Illiac. 

The vector potential components may be developed in many 

forms related to one another by gauge transformations, Laslett(3) 

has chosen a form with \}·,!"' 0 and Powell (5) a farm with A}-::: o. 
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Following Laslett, we wr;i.te 

(l.11) 

in the median plane, where, with ~ = N g, 

]), : -/ + f ~ ~ 
J),2. = - ~;_' r t {-:i1w- CAkL. "i -f ~-;~ 3) 

i"-•fH + J' f ;~ °'"-H (-it.+ ~=1°)"'-~ 
{a_4-r;_'-+7f-/;i_ 1[-ir2- Jif-9i-7 _:.:.......---- + r ~ Y +-

J q ~+vr 

(1.12) 

where the coef'f'icient of sin S in D4 has been corrected f'rom 

Laslett 1 s first edition. Of'f the median plane we assume the 
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form for the vector potential components. 

(1.13) 

By using Maxwell.' s equations. we find 

g. =]) 
Io I 

G~ 0 = D::i... 

e3o = ]_, 

. GL/O= D~ 

60:2. -t ( 1)1 + ~ n,._) 
e1 ... = --k ( -;( n1 +-?... D.__ +(.,Ji+ 1)1

11
) 

e .. .._= -.L ( 1L>- 31) + 31'1+ i2:D,,-~:D/~::D'/) ,;.. I 2 -':3, l:i, 

Go~= ti ( :;oD
1 

- bj)..:a. +I =<D3 +:i.i.J D~-:2D,~"1J{~ 

(1.14) 
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and all other coefficients are zero. (922 and 904 have been 

corrected from.Laslett•s first edition). 

II. Expansion About a Circle 

Laslett and the present writer have carried through the 

expansion of the equations of motion in powers of x and y about 

the circle x = y = O. After solving for x 11 and y 11
9 one has 

:x'lt I (-1-1 +I[ :r ~~- C't.-1-;.)~!JJ = 

= 1~ 5 _ I {~1-1)(-kf2) + 1 ["'" !:l CvQ. --s+ 1-r-t;:;'.!f2Jt{:_~ ;2; 
-ff (~t1)(ft+2) + t f- /-(3-l~tµ~w~ i: f 3(~+1) -k.f{.-1)(l-1-J w-2 . .;il x-3> 

'b,r'1 J wi SIU-!lj bf 

+ ( 1 t3f~sj J'~/{1-t.+4)+J![6-~s'j-l~sJj¥'~ · 
-(N1~-s)~J 1 

- f 1-1~ r J f:'-r 
+ {1+ f [?} ~ 5 -t I+ (~5';) w :a.~ rJ} ~'2.t 
f- / t.3+ 1-f 1tg1:;fk~s+ si 1-tl~"f: 2)w-~~ flJ-!L ::_ 
.·-· Nf [ i ~-s + .;:!;:, sM,., -s J -y_,(jJ i-
+ ( te + 1[fr~5 - ~~rJ} ;cJJ 1 

_;_ 

-[ k_ + f[6~1--r:~iJ}¥'2. (2.1) 
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+ { 1.. + 1 [ ~~.,- -1e ~"i]j ( z'~l11JJI + 
+ Nf { k ~J + f;. s,;,,.,;3] :K-'J.tcJ 

(2.2) 

When y ; O, (2.1) reduces to 

-;t'l-1-[(k.+1) + f[ic-J- ('t-f:z)~-sJ~= 

== fs:.:.v. j-((fr!)(f.r"J) +/[~ ~ % + \ ~ iJ} J 2

-
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-/ f (J,t1)(k-rl) + f [~,_ ~ 3 + A1 µ.., U : 5 t 

! 1+1 I £.C,,., I.J f 1-:_ [1£+«+ lf[!v-C,,'5J ~-· f,c;,,~,f)j ~12 

(2.3) 

where 

A = I 

(2 .4) 
\ = 3 

which is Judd's(4) radial equation except f'or the coefficient 
I 'J. 

of XX sin 3 . The d if'f'erence arises f'rom our taking the 

coef'f'icien t of' x 11 f'rom the dif'ferentiation before expansion to 

one higher power, since x satisfies an inhomogeneous dif'f'er-

en tial equations and therefore x""'-' t and not 'l..J x • 

Laslett has developed in a Fourier series a large mnplitude 

radial motion f'ound with the Illiac. This is the motion at the 

fixed point of order three ( 

boundary of the stable region 

g- ""' := tr ) which lies on the 
$ 

<i!· of the phase plane • It is inter-

eating to compare numerically the Illiac and expanded solutions 

and to compare magnitudes of' various terms of' the expanded 

-i~ A forthcoming report by Laslett and Cole will present Illiac 
data and discuss stability limits found. 
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solution. Thus we calculate x" at several different values,of 

k = 160, l/w : 2302, t : 1/4, N ~ 40. 

NG 
Q) 3'Tr'(2 3 'ft"' 911"' /2 

I f).. x· term 0.120~10-4 0.696•10-6 o.385·10-4 0.174•10-4 

:l. x x 1 term 1.079·10-5 -0.143,10-6 o.L~7J•lo-5 0.991·10-8 

t sinj 0 -0.2500 0 0.2500 

x term 0.29931 -0.02138 O.O~D943 -0.00100 

x2 term -0.01750 0.007;1_3 0.000780 -0.472•10-4 

x3 term -0.03338 -1.28. 10-4 -0.000484 -0.616°10-7 

sum = x 11 o.24e44 --0~26438 0.04132 0.24897 

Illiac x" 0.25020 -0.26647 0.04206 0.25181 

Error 0.7% o.8% 1.8% 1.1% 

The error in calculating x"·from the Illiac data is small 

compared to these errors except in the case NG = 311"', where it 

is about 1%. 
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The 11derivative 11 terms (x1'fl- and xx 1~) are always small 

compa'red to the linear term. The cubic term can be as large 

as 11% of the linear term and the quadratic as large as 30%. 

Note, however, that the cubic term is twice as large as the 

quadratic at NQ "' O, where x/w :: 0.94. It would appear from 

this that the expansion converges slowly for large x/w. How-

ever, these numbers are somewhat fortuitous, since the largest 

part of the quadratic ter-.m is zero at this Q. 

IIIo The Equilibrium Orbi.t 

The equilibrium (closed) orbit is that solution of (2.3) 

which has period 211"/N in 9. Laslett(3) has found the Fourier 

coefficients by direct substitutiun of the Fouri.er Series and 

solution of the .resulting algeb:raic equations. Judd(4) he.s 

obtained more accurate results by an iteration procedure. 

Ribe (b) has discussed the problem in terms of a variable C>l 

which is similar to the f used by Cole and Kerst(?} in dis-

cussing the Mark I equilibrium orbit. 

We expand the solution in powers of t , which gives 

equations similar to Juddts, but having diff~rent forcing 

terms in each order. We assume 
"° 

l' re) = Z f'"r)~t&) 
-11 "' 0 

(3 .1) 
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with 

(3.2) 

Then. substituting in (2.3) • 

A solution of the x equation which has period 2 7'//N 
' 0 

is x
0 

iii Oo 

Then 

-x,,''+(i.1-1) :;c, = ~ j 
X'I +(i+-1) ;e"' = L...L ~J'+-(,:-1-'2-)~:rl:i.;1- ~/'!:, d,i.(.)i;:i-)i(:/2. 

,l. .:2. L w- :._; ,;z, .2 I 

-:S 11-t- (~+-1) ~ =- E 6 e.,-s-;+-(~-1>:J).r • .: •• :3J Z... -l-1f 1:tf.
1 + 

f js:.-4 f ~/= {/<.+i){-k.;.:J.) ~ ~ -
~ (:<-/:.;-3 Cttj f + >../~.,;,,.,;; \, ~ L _ '4fl;,J(-4+:;,) J 

i..r J ..( ';(/ -
z. G - ( 3i .µ./) ;Jt:I '}§I ' 

;i_ 

Jt,/'-f {~ r-1) ~ = [-i,.co~"S .j. (~+.:i)s.iA.•iJ ~ -f'lf ~ + ~'+(3;.:..!Jl {_(... 
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-{ ;)'f:,3~ ff+ A,s;.wJ' )~~ ... - ('Ai c-sgf A:i~J) i3_ 
- ( 3i+-~/ )( Z,_ ~ 1f z;~~) -f( 6: ~-s- t~-JX,J1 1 7.. 

We define 

r'YI = ~+1 - c~N)~ 

and find 

where 

.L CC'.' ... J:' ~= -> I F; 

x = a.~,~ .. 
J F; .J 

e-J-c. 

(3 .4) 

(3.5) 
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and 
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where all terms which contribute morE) than 0.1% of the leading 

term are included 

Then 

(3 .s) 

The results agree with those of Judd, except in the highest 

order where different terms are included, due to the different 

approximation used. 

Fourier series for the closed orbit have been obtained 

from Illiac data by Laslett. We compa:re below values of O\'. n 

and (3 n calculated from the development above with those of 

Laslett for two cases, characteristic of large and small machines. 
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Large Machine 

k ::: 160, 1/w = 2302. { = 1/4, N = )+o. 

Calculation Illia:c 

°' -230 -216 0 

oll - 86 - 78 

f; l -1612 -1651 

oL 2 6 - 13 All x 10-7 

~2 - 80 ~ 73 

Oc:'. 3 - 0.7 - l 

~3 - 5 - 4 

Small Machine 
, t k = o.8. l/W :: 23.0. :: 1/4. N :: 5. 

Calculation Illiac 
OL -177.J -173.~ 

0 

~l - 43.2 - 40.B 

fl -1049.8 -1052.s 

()( 2 - 4.7 - 6.9 All x 10-5 

f 2 - 31.5 - 30.0 

~3 - 0.3 - 0.3 

~3 - 1.1 1.3 
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The agreement between leading terms is quite good. In 

the large machine case, the difference in (21 could be reduced 

by including ~ 5". terms which are ·<rbout 1"% -01'-·the -total and 

in the oqrrect direction. 

Numeric!J.lly, in both cases the closed orbit is dominated 

by the forcing term (f sin~ ) ar+d the linear term. The 

dratic 2 :i.. terms · (x and x 1 · ) contribute an amount only 6% of 

leading term, while the contribut:l.on of ·the cubic terms is 

very small in this approximation. 

The terms calculated agree numerically with those of 

Ribe(6). 

IV Expansion About the .Closed Orbit 

qua-

t;ne 

If one expands directly the differential equations (2.ll 

and (.2.2) about the closed orbit by substituting 

where x is the closed orbit given by (J.8), spurious first s 
derivative terms are introduced, as found by Judd (4) in the 

radial motion. This difficulty may be avoided by expanding 

the Lagrangian or Hamiltonian, rather than the equations of 

motion. The Lagrangian has the slight advantage that the 
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vector potential does not occur under the square root sign. 

We eipand the Lagrangian (l.7) 

in a Taylor's series about x = xs• x 1 = xs• y = O, y' = O, 

using (4.1). The term independent of the variables gives no 

contribution to the equations of ·moi;l;i.on. The terms linear in 

u and u' cancel1 since to this order 
-,P = '(}I J 'U i- d ;ti 'Vt I f I" 

o<.. ;;::c ; eht' 
where I means that the term is evaluated at the closed orbit. 

Then 

since the equilibrium orbit satisfiel;! the equations of motione 

All terms of the form ym ytn xP ;it v(j: vii.nish wh~n m fn is 

odd because of symra try about the plane of the equilibrium orbit. 

The Lagrangian expanded through terms of fourth order is 

then 
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ct = fa i 14. ._ + tt..). u u '+ } ~ u' .. .,.. ta.If d ,_ + a..s-'o' Y i+ia.6'/j 't 
+I b, u. s-1-f /,J "''3 r t la Ua.1-1/ ff!:>'+ u' u + t br "d ,_ f 
+j b~v.'J._-i- { b7 u(J' ... + t lP1 u~'l-+ k1 1A.J'J- 1+ 
+- .L o. 1 u 'f + .L c,. u 1'f + ..L c.,. '-1 'f + ..L c,, u t'f+ .L. 7l.! 1/1.1 f. 
~ "f ,_ If J.'1 .;J (! :i..11 7 ii .2. 0 

+± Ci. 1.1.~~I f t C!.7U...3t;._I ff CflJ..~l).,,._.f. f C., /,,L1A.1:Z f 

l- z._ .J... 1- I :Z. .LC Li 1q / Z-+ + -ft C.10 'IA. rJ f "/ C II U) .f- f 12 c7 

I 3 I I u 1,/ }:/ ::z._ + { c,'3~ d + f.i c,"' o 

Define 

Then the coefficients of the Lagrangian (4.3) are 



0 

•l£ 
"~x1r-e·/?t -1- haer--e (~tt J 

21 07 
(r,x+/) 1 ~..SI .f rS:C~f)E -

'l. 'C -..' 

I
,.&,,. f,;J 

"' l1. e 

I ~~ :: .;J 
':'. 7/,e 

.... \"' ><"e - 'tv f!,e -
Q7 C1 ! ~ 9 0 /. 7 17 )(e I 

C;,e1-1ef}(~t-1J+["K: 77efrr-+ %i~~+ .,,rs.x+o~/;:,~r;; +"'~- = fil = 
0 

-z: 5c IX£ tslt 1x-e + 'i;. -= \'"'~~e = b~ 
~7 -(,,fe,,xe 9 

;S'X - - h_( ::: CJ 

~7 \'C'fext ? 
(?ct1) - = r.e = "q 

( .. file ,...e 'a 
$'_ .,, 'X f; + Sjc -i:X '1!i .:: ;;r', e ::: I 

"'Z' ;;,:: 'i' c 
~ . 

("::ixb-i"X~)1 ~+(.r.;i:-i:~&-i~~i-J(Jr+o+~ .. 7'
11 t'ez:+ •xt1ee1"0

Qee =(,,Re' ... s9 

G(i:., ,, .7 ,,11_ - \~,~e'l<'<f' i.. 
"I-" f/) ~1 'XCJ(lf.+1/ - lie "' 9 

t ~ - (SJ(,+! J~'] fl. ,. \'ff.Xe .= E"f 
L'!:' -r 1"' .rre 

}7 ~ c - = / ,,xe "' ""a 
-.. (r;ci'/) I /''i.C, I 

(}to"e;,-c·l~ fj( 5r. +! J+ {:~ Q f?e-e 1-f. ~Pee '+ o-ce ~] E + (J3./x. f. - ,,. / J;~ = 4-
07 (.._,tf I! ,.,,., 
T ""7:e-="' 

£"~I)<,._ ,'.i '.:< + ~ X = { ~fe ~ sl:J 

G"~ .. 11Xr + 1;( .. )<t") 
1 
~ +~~t"f9~ .f- ~-i:1e-e+-c~e] (5cri)-{ .. ~ = ~-o l!' ,e.e. 

f-O.:td/ 'lflIDJ/'1 -oz-
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- tt/u 1 -t (a1 -a:;,1)11.+ ~ [b1 -J:,/]it. '-_ f(J:,'l+b./)11. 1
':_ 

- b~IA.t<.I+ f(J,,-b/)d2f f( b,-);!1)0'+ 
f-, ( h1 - b, )~ ~ 1 + i ( c1 -c/)u 3 _ f {;;ic1 1- e/) u'~-;­
- kc/ vt.

1
1A

1 
- (Ce +-C:,/)1.,1._u.. 1 ~-+ j(c, 0 -Cs-')v«!J .... + 

-f (c6 -cs-)u.g!J!.;. f(c11 -C1,/)"J'a.- ~ c 1 ~ u.'y'.,_ 
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~·1 [a.~+ h7 u..i-1g-1A.
1+ i_c4 ~'+. t-c11 u.:-fj__ c12u'+c1'fu~J-r 

-r- 1A 11 [ ht d I+ C1 i u lg I + C1 tJ UCJ J "' 
- -a_f ~I+ ( °-'f -~!) 'tJ. + { b5"° - b/) ~ f (h~ - bq )t.,;g..;. 

- ),,: ~I - ( b7 f b1/) lA~ I -j-

-1- t (cs - c,~ )d- '.3_ t c.4 d ,,+ i Cc,~ -c/ )u.J +-
1 I , 

-+ (cs---cb) u.uj - fc.1(fu..';j1)-(c11+c11)u.u8'-

- .L (:< C + C I ) IA I z.IJ I 2. 14 ,,_ C7 

These equations are of the form 

and have ''solutions 11 

t..{_ 11:: 

0 I/ : 

f:_ F- JG 
/,h-- ;'-
/iG- -J F 
f.1-~ -! b 
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We expand these quantities, keeping terms through third 

order 9 and derive the differential equations.-, 
l 

a v. ''+ct i tl1 (tt - a.I) i<. = .L 1(6,-/,;/)-;;).~(a.1-q_I) + J 3 - I ;2 .;i_L.1 _,, ..i. 

+ .;i. J:..1 r a.1 - tr! JO 'U "- + cz, 

+ ± [- ( j,,f-/- J;.,_1) +,)a/ cl;. - ,;_ bg tfd I] U I"-+ 
"{ ' 

+ !- b: +~'~ - d:l (O.;-o..j) + f. [-a.; 67 + bg (O.; -t<} [/} v. u 
1+ 

f ± [bs- - bb] 'J ;i, +- ; [};7-J;t!I+ ~!bj<f ,-z-f 
b ' + [b1 - b, - ~ (a..'f-a$!.J]0(j 1 + 

+- ~ [ ~ -c/ - 3J1 r /,1 - J;.J1) -3d:i (cc, -~1) +cc~ [ i7rb, -~1)+ 
+ C11 ((// -ctf) - :) ~ ~ ( ct 1 -tt:; "'i ~ 1.{. :3 + 

' - j 
+ ~ [- e; ~:JC"/+ 3 cf;_( bf./+/;; -f-;!. b~;!Jj + 3c/;;a.} + i;;fbt(-b4-b,J-csct~13t-

f ±-f-c/ +;i.d1 f)~ - tJ-h/1/+ h8 (o.,-a:/)jJ -J.,.[tq-b/+ ~7 (a.,-«.Jil tdg'</-

- .:2 d.r (it1 -t(J ) + k(. [-.:i. b7 b4~ bhJb1-b./ )- C11a.; + ~Cl'! ( ci.1 -O.j iJ j 1.l"'1./ t 
·+ff -'j>-C1 I +J}(bff4_~ ~~<r3) +:lcli [b~~: (- k7~+brS(a,1-tiiJ- d1/tt1-'{./) + 

+ ;;ids-a.) -i-~ f b7 (h,l+ J,,_t) -(,) b1 l::i/+c12 ro.., -a})-;ic1t''-/ J j uq, f-
+ l f c,o-c.f + f:lb1Cbs--b'D-d,Cbr-b/)] "'-(f:if 
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f ( c1; -c~ -J1(li7-b,) + #r~f- 'V)t di E7(~-16)-bi b~-b/)-c,"il~,rci~0J Judie~(+ 
+ i{c.1rC1/-d, (~ -};?1+ i_;.1.~J-d,(a., -~/) + i;:[b7 ();1--4 )-+ c'I (a.I -1,.jl; 

T ')hf /::i/ ~ ). ~If tt(/ J j L\ ~ I 2-+ I ' , z._ 

i- i f-c,i- d2(~-' + ~o>) +Jb~1+i1.[5'68(b1-~J-C'ftf/+;20~r:<Jf "'d T 

-t- ~ [ - d). ( h~ -.bl)+ ei! { b~- - b61) J u~ z...+-

+ {-J;,[~-J,, - J:'r"-11-tLJ fl+~ (!bg(b~ -1~)-c1 i.Cct1.rV JJ}~ct:.10 , 

and 

a"')' 11+ ab l (__ (ct'/- CLs] 0 = [ /,s--li11 +-j;rC/11-o/-)-~ (fir'}/)} 'CJ r 

+ / bt,-61 i- ~a.(er.1/-tt/)-J,. {af_af)j uJ + 
+-/-/,71+ ~ ql + ~ [-~./ ci./ - j,f(tl.1-CStj} ~ + /-67 -4 ~ 
+ d3[ -6,_ 11/t 4 t1..j) f c{ a6j uJ- 1 _,_ t- 1· CJ- t;3/j d Jf 

+ f f-c,/ + -fsf- 30,_tt_6 I__ 3 /;2 (/;7 -~ ]-t ? cit at]} d 11 f 

+ -1 { c,0-c/+ rG f31'L1 {b~- -J,/) +cs: ra.1-Cf.j )]-:id1 [b5--~ ~~1(qfqj J]-
- d3 (tt1-a.s1

} u. J + 
+ { c~-c~ +-~[6,_tf;"-.k/J r!Ji./(b6-b7)+cr (q_1-a.J)-di[bt-b1)+ 

+- ~i { ""-4' _ ct6~) J-d,. Ps-· b1~ ~ (tt~-'Y2-dr (111.'1"t1.} jl u..uJJ. 
~ j 

t 
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+ ~ {-cJ + ~ f ibL/b/- c6J 1.61_ 4 (b, -b3 J- J. c14 ca_1-~ fl-
- .?d 1 tb/+~(-b1 a:- br(a.1 -ti~f[J + cl3 af J u2;}j

1
+-

+ t -c,
1
-c,4 + ±-J [-b,_b;-b,J.b7 f b/)-c1 a/+ ;,Rb/- e 12ra.,~1) f 

+a:,/c1{]- J1[-i.7-h/+ ij{- b,_o./+ btf~1)J-

- d;. G i,.; + ~ (- b~ C\!-bd' (<ti -tti TI + ds a./ j ().. /.(.61 + 
+ i_ {-C!1:-:ze;/+af tJ.J,,fb7+k/)-e:;.ce6f ~(b1+ ~1 )-+ ~c,2 tt.~ J -

- d. d;. [ - b7-.bJ 1.,. ti; (- 4- ac, i + b? ~) J t Jq a:c/} l.J.. i ~ I+ 
+ ± { d

3 
[;i_ b;. { b(,-bq j +c;;((J,f-tt/LJ -,:JJ-.[b6-l9 + j;- (a'l-tiJ)J 

- dJ/(alf- te~-1)} ui:J f 

+ :}: [ -f3 [c1a. (~-tA.f )-;;. ~,p (/;'f - ~,)-~(of-~_!~ cYJI- 12:;. 

t 1_ { - }{ ( bs- 6, J}J 'J I 

(4.11) 
where 
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c1, "" C{6 blf + Cl3 .b7 
tZ 3 ([.{, 

' d :<, - ce6 b;.. -f &!.3 ~ ,f 
J' 

tl. 3 ~, 

d3 O-t,, c?' f- ;;_ b-; J,7-f Cf'3C;1 2-= ,;J. d, 
?l3 Cl{, 

d1 "' a i:. c... .+:;6.i. bt -f t13 G '2- 2-
- ..J d-;,., 

.t(.,,.Q.., 

ct' c'I f 6'1 ~1+- /;;. /?1 + ~ C11 :;. d; cl,_ 
(4.12) 

eds " 
czaq' 

cl(;, :: 
ar,, c1z.. - bg ~ q& -t-~ c 'I 

a:i Q" 

It may be noted that a3 and a6 are always different from 
!.", 

zero, since . /xJ <<.. l andJx~j <-' 1 0 so that the denominators 

offer no difficulty. 
' Equations (4.10). and (4.11) are obviously much too complex 

to be useful. In the next section we estimate the sizes of' 

the terms and find that most are negligibly small. 

v. Approximate Expanded Equations 

To estimate the sizes of the terms occurring in (4.10) 

and (4 .• 11), we must estimate the sizes of the vector potential 

components. We see from (1.14) that the Qmn' .JSnn and Ymn depend 
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D of (l.12}, which are the form n 

::D. "' A (i)+ 8 tl1AY)~~+ C'\\(~)w)~s 
11 i1 11 ! v 

so that 
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(5 .l) 

\1)'\\ l :S I A11 I+- V 13'1\-\ -z-+ c"".,_ <.5.2> 

and 

(5 .3) 

From Section III, we see that the closed orbit is of 

order of magnitude 

We carry through the estimates fon three different sets 

of paramets 

A. k tVl.50, l/w N 2.103, f - 1/4. N ,.., 40 -
B. k N 100, 1/w ,.., 103 ,, .f :: 1/4, N !'-' 40. 
c. k (V 1, l/w rv 20 • :f .. 1/4, 1!T (\.; i.5 
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A is an example of a proposed full scale machine design, 

while B is a full scale machine with more conservative parame-

teri;. C is an example of a model sized machine. 

We give orders of magnitude below 

. 

A l 3·102 105 108 

B 1 l.2·102 4•104 107 

c l 2.5 20 80 

A 1 3•102 105 108 3•102 3•105 5·108 108 

' 

B l 102 4•101 lo7 102 105 108 167 

c l 3 20 80 3.5 60 500 80 

. 

A 40 lo4 l/3•104 40 104 4.106 l/3•104 .J-" 10 6 
. 

B 40 6•103 2•103 40 6·103 l.6•105 2•103 2•10 6 

c 5 25 6 5 20 100 6 150 
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, 

A 7•102 6°10 3 l 7•102 . -6 ·10~3 .l . 
B 2.5 .• 10 2 6°103 l 2,f;•102 6°1~3 1 
() 10 0.06 l 10 5•10-2 1 

b b . ' 4 5 
. 

A. 106 2·10-2 2°10-2 l 10 6 10-2 1 6•10-3 /±O_ 

B 3.105 . 2•Lo-2 -2 .2 •10 . l 45.•105· 10-2 1 6•10-3 ho 

c 150 0.2 0.06 l l S'O O~lJ 1 0.06 5 

e6 . e 
. 7 .. 

' 

A 2°109 10 2•109 3 80 2•104 l.t 0 10-2 
... 

' 
2 ·101~ B . 2•108 10 2°108 3 80 h-10-2 

c 2•103 10 2•103 3 10 50 0.3 

cs 
-,,,.,__~ 

A 10 6•10-3 2•109 1 1 2•104 2-10-2 .. 

B 10 10-2 !i.•108 l l . 104 .. 2°10~2 
··~« 

() 10 0.06 2•103 l t 40 0.15 
~ ·- _., 
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. 
A. l 2•10°2 10 10 r:; • :i.o-2 3 
B 1 . -2 2•10 10. 10 5·10=2 3 

c l 0.2 10 10 l 3 

We estimate also the following derivatives which appear 

in the equations of motion. 

a' 5 a6 
... 

A l 6·10=3 o.2r:; 6·10=3 

B 1 . 6·10=3 0.25 6°10.,3 

£ l 0.06 Ob25 0.06 

b' b' 7 8 
. c' 

2 

A 6•10=3 1 2•103 6 -2 ·lo . 
B 6•10-3 1 2•103 6•10=2 

c 0.06 1 25 o.6 

c• 
9 c'11 

A 6 6·10=3 2•10=2 

B 6 6•10-3 2°10=2 

c 6 0.06 0.25 

b' .2 

3 

3 

3 

b' b1'. 3 'f 

2 l.2•10 -2 

2 l.2•10 -2 

2 0.12 

3.10=2 . 3•103 8• 105 

3.10=2 3• 103 8•105 

0.3 50 250. 

8•105 3 . 

h.·105 3 

200 3 -

o.r:; 

0,5 
o.r:; 

6 6·10=2 

6 6•10=2 

6 o.6 
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When we substitute these estimates for case A, the difi'er-

ential equations (4.10) and (4.11) have the orders of magnitude 

a3 u "+ a,./1"' 1 + [7· IO:_} -u "' j [! o .!} u FJ-+ j [ '!] -v. 1 '=t. [':; oJ uu '· 

+ j [10'] J .,_ + ~ 8,J ~ 'i- [s-o:J (J/:j 'f 

1-f~.10!.Ju 3 + f[;Ju'3
-f 

-I .£_ [J.1u:Ju'-u 1f ; ['7- JtJju,u''+ 

+ ! [:J.110'.J llJ 2. f [J. N 'f] V.!J tJ. I+ 
f i [1-!!J~'(J 12-f f[10-!)u(J 1 f-
; [ d' / {) '.] u J -;_ + [7, I() :J 1.;.. 'yd 1 

a_ 
11 a 1 1 [, '-7 r r,, 7 11 1 'd f 'J + 1·10_/) = L/fJ _; d -,•· /6-o.JuJ -f [Ji_; d + 

./-- {:i.] u~ I -f i [.:L· I()~] d :s+ 
+ ~ [10-l]d ' 1+ j [). 109)42! f-
t ~.10'!]1.1..u./;j+ :f[6•!03J'-'-;y+ 

+ [7./o;;.Jv.v.J 1+f[G]uJf-

-/. ~ b10V 1-1.'j+; P· 1~!J!!cJ 1f. 
f i_ [6·/o"3Jd) I . 
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If we take / 1..i//"" /II/ u/ and / (/- 1
/ l\.J /V lif 1 which is 

probably an overestimate, then the only terms containing deriva-

tives which are as large as 1% of the leading term of the s.:.me 
I ';l I 2- the u. equation poW,er are the Uu.. and U(j t~:rms of and 

the ().I 1-'# and I ;2.. Closer ~ ~ terms of the y equation. 

examination shows that the two large terms in each of these 

coefficients oaqoel exactly.0 so tpat th\il overestimate is gross • 

. Thus no 11de:rivative 11 term is larger than 0.1% of the leading 

term of the same power. 

Though the numbers are changed in case B, the same conclusion 

holds as in case Ao 

In cases A and B, all terms greater than 0.1% of the leading 

term of the same power are included in the approximate equations 

whieh may be derived from the Lagrangian 
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In case C the situation does not appear from the same 

estimates to be so favorable. (4.10) and (4.11) have the 

following orders of magnitude in this case~ 

ag u1' f- ~<u 1 f- [)o] u = f [!so] v.-'- -f ;f £</.] u 12 + D:JulL
1 
f 

+-j_ [1:,-Q] d -z_ -f- ;_ [:i] '(j I~ £6] /ffj/T 

+f;fa.10:] ·u 3+ ~ [s]u' 3 + 

and 

f i. [:z] U 2..-Vl I -f J. [:io] IJ.U i:Z + 
I 

-J- 1 r~. / {J s] L.lef 2 + [ISO] V-/:! J T 

f ~ [;,-] ud12 + ± [~] LL1!j1Z + 
+ ~ [so]'-'-J 2 + [1<lJ (,lJ.d 1 

a(,,0 '' r-- a./; 1-1 [10J(j = [1su2C! r IsJttj f [o,IJ"C) 1+ 

+ /?.] uJ 1
f : [J-10'!)~ 3f f [o,3)(1 11 

t -J. [J,;o3]'U'J + £6o]1.,1.ul f 

f i [ 9] U ~ I + [ 'f] 2-( U l / f 
+ i [6 J U I j' I f l ro. u ti J; f 
~X [0,3] dd ,zf-}_ [1} :J)I 
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The only terms which are less than 1% of the leading 

terms of the same power fusing again ju /rv N /u/ and IJ'f "-' N!y/ J 
t "'}.. I t 1Z '-jl 1"2--are he v" tL erm of the u equation and the U '; and !lr/ 

terms of the y equation. Closer examination of the u';_.term 

of' the u equation as an example shows that there is no cancella-

tion tending to reduce this estimate. There appear to be no 

simple approximate equations anaJ{ogous to (5 .5.) in the case of 

small (model-sized} machines. 

Even in the. case of large machines (cases A and B) • the 

validity of the approximate equations (5 .,!) ) is open to some 

question because of the unknown influ-Snee of higher terms 

(fourth andhigher powers) neglected in our original expansion. 

This is clearly closely connected wi 1;h the slowness of convergence 

of fhe vector potential expansion (1,13). 

It appears from the digital computer work that /U111 ,,_x (v ~ 
though Vogt-Nilsen (unpublished) has found a case Where /'U,,,,,,,y/= 
=/,8'W. Then in case A above 

Q. u'""' o. 3S-I 
;_ /,. Y. ~,.... 0 I J. S'" ,_ I , 

I ~ G C; u /\.J 0. OL.f-2. 

and if a fourth power term is included with a coefficient 
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then 
_L e u 1 ""· o 01 ,;;. 'f I • 

so Tu~at the fourth power term would be about 3% of the linear 

term. 

In case B 

C(, I 'U "'-' 0 , 2 fJ 

..L b u;."'"' o. 1::r 
;?.. I t c1 U ii '\..I CJ, 03 

.Le U 'I '\... 0, 001 ,) 'f I 

so that the quartic terra is again about 3% of the linear term. 

One may therefore doubt the validity of the whole expansion. 

It should be pointed out, however, that Moser(l) and Sturrock(Z) 

find that instabilities due to non=linear terms arise only from 

quadratic and cubic ·terms, It might be supposed the thj). same 

difficulties ·would enter the determin1>tion of the coefficients 

a 1 , bi and ci' but he.re the convergenc~ is much more rapid 

because /x
8

\ << l. 

Expressions for the coefficients appearing in (5.5} in 

terms of the parameters are given below: 
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[r1-1 14 )._-1- ~'Jk 

°"'f = [ k. -f ;_J.r-16: 1 ( i.2 - 1
2

+ 'k- -1+/J )] f 

f-t-.-s S [t + .1.if~H~!li)" ( ?f Z-_t, i r-;;.-N 2:_ /,~ )J -f 

+~ s [-if Jt ~ ~ s &ifl"!tv2

2-) (l2--t-r-1-;;~ tj+ 
+ c.m.. .?J r /1, ..L L"'~ z.r( 'k r1 - tJ ')'2-{ 1<.ra- -

I 
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All terms less than 1% of the leading term of the same power 

of the variables have been neglected. 

The terms linear in the first derivatives u' and y1 arise 

from the variation of inertia due to the scalloping of the 

equilibrium orbit. These terms may be eliminated by the 

substitutions 
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(5. 8) 

Now 

I - J:'.'s -f o (,l's~ x/2) 
and to better than 0.1% 
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which is negligible. 

a.II_ I/ 11L 
<: - - Xs - 3 ~ + O ( X.s) 

and 
~ I/ .. f ~ 5 -f 0 ( X.s) 

so that 

aJ 
11 

"' - f ~ f- :;/L a.'J' f oc~) 

=- - / ~ 'j - ~ "1-1-(1- e..i-... .2 .J) +-o C Xs) 

(.').10) 
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In the same way, 

= I to better than O,lfo 

= 0 ( ?(/) • which may be neglected. 

which changes a4 to 

er,, = 4,, + .L a.~ = It- 1 I- (1 . -k ~1 'k-:t+:;.JVj + 
I 7 ;(_ i :;... WI... .;( ;). 1-J-;V 

+ ~s [-rte 1t)1]r 
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-f-,, . 

(.5.11) 

and (5.9) becomes 

f ,,_ CL;/ .L t,;2- + I b 2. .L c.1 :J -f L c I $ 2-- - -'J+ .;1. 2- (;) 6 7 ,;t. lb 

I/ bJ /'f J.... r 3 + 1. 2. 

J <21 '5 = -+ (, s c10/ S ;;2 

(5 .12) 

where the coefficients are given by (5,7),(,$.lO) and (5,11). 

As shown above, the quadratic terms in these equations can 

be as large as 50%, while the cubic terms can be as large as 

12%. The effect of the closed orbit is lar~est on the quadratic 

term coefficients where it is of the same o;rder of magnitude 

as the original terms, while tbe closed orbit has only about 

5% effect on the linear terms and a negligibls effect on the 

cubic terms. 
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