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COMMENTS ON SEVERAL MODIFICATIONS OF THE MAGNETIC
FIELD OF SPIRAL SECTOR MAGNETS.
Tihiro Ohkawa®

University of Illinois and MURA™#

Several variations of magnetic fielcds are examined searching
for better focussing properties and for the improvement of design
of a ¢ - w cyclotron. They are "cross ridges", Malternating ridges"

and "phase shifted ridges".

A) Cross Ridges

In Mark V the frequencies of the betatron oséillation are

given in the smooth approximation by

VX ] R+ / (1)
VJZ - “k 1 Z(A-CT’)

These relations help the design of a ¢ - w cyclotron because
of the presence of 2(A.G,) in V to keep y-focussing. However.
there are difficulties at the energies of proton where } cross
integers due to change of k. The cross ridge type 1s tried to
avoid this difficulty since this type is nonescaling type and
presumably both ), and )% have the A. G. terms which vary with
rediys.It turns out, however, that it is difficult to compromise
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the requirement for a ¢ - w cyclotron and the cross ridge focussing.

or

The magnetic field in the median plane is given by
.t
B,= BD(%)h{ u+;§m9:‘v aosl\feg
(2)
= B[ $4alBo vy f - (1 4 E T )

Since this field is obtained by superposing the spiral

ridge fields with opposite direction of spirals, the computation

is carried by Laslett's procedure with the same notations in

MURA LJL-5 and LJL-5 Sequel.

The coefficients of the vector potentials are given by

D=~/ — Japeosne

P2=~’Qz—2 + 4 {hh’—w—s.rfec—u\/s——k;@btpwr\/c?é (3)
E._ - 2

), = -&———*3 -r:f- [—a—a—r LM?&Q(MU\/G— (—- gw,j /e;zkt?)/»-‘pcm/@_]
D= — /8—419 w7k 2 o~ 3R FR- )

A 2e +—§'['——~ZZ:;~— ces?c&yVQ-

=2 (—w + 3~ ¢k5 0k —-f-?)AJ[acm/@J
where &CJL
rr—p

and the epproximate Lagranglan is written as follows,

Pa— 3 : ()
z:%L-,-x-f <L [ Ex o+ B+ Esx t+ Foy'+ 5 xy%]
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- i b o 28
5 SRR LETATY A Cos N 6 J
fl.
By putting X = ko+ k AdNg + Kytes e + AL where K, Kl

and K2 are chosen in such a way that the forced motion terms in
the equation of motion are removed, we separate the forced motion
and the betatron oscillation.

Kg» Kl and K2 are determined by

=Kotk 1) = e (oo (kraymmip) — s K238 (5)

, . x
~- Kk tf LT :,_mefw 3 @-;:?é-"z(k,z'—f-kj) .

VKi—(kr1) K = (ks +2 )kolg = o
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N* k2 - -§ M’njv ~— fRY-1 ) Koy = f%{(;&-@%?—#/&-n)m? )
5 =k
_(kz—rji? +2)|’<Of<2—f- k_ai)( h—f%rjmf_h&-;itny)
4 Lk k,_‘)(_ 858 e — _“";h"‘r,‘s_t}—, ) =o
and are given by approximately
1 ddep - £
Ko = j—243
2_ oA 2(kr /)
N— (f+/)+ 3 erl)
(6)
k= o
. ‘fiwi?‘
2 Ar’-.mﬂ)+§%73

where d:-LcmF,_m@_“) MF

The linear parts of the equations for betatron oscillation are
u” = /T:va. “

, (7)
7y =%y

where )C
Froo=—(k+1)— Ko(kisk+2)— LE K,
—(fot —+ § B kot ke (RT3 12))cosN e

= ]—;é K, cos 26 K
- 2R+ R <
]_; = i 5 z Ko ol
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= —WT@—w;p + (-4 TR+ S ) denlp
r= ey SRz,
ol = “HII‘CW? + k /(/\'F
Using the smooth approximation, we get }/'s
W= k1) + KoClerikrey + LR,
"';;,J:('J‘OH'JLP Kot f<z ff@%séﬂ))zﬂ‘;,ﬁ%iﬁz (8
1;.:_/9_& zli’}leko_ _z/j-](a, o
* ;7\,’: (o + () Fod r) -+ ;;/g —é;if

or by putting ](
2 /
-fPadp o
N2 2/ k+1)

K, ~ —%*MP

Ko ~

we get a rough estimate of J's
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PE~ R+ / + wz{ 1?,(__L___£)}
“ (9)
z o /ﬂ?"ll'le,—*/ 2 fe?
§ R o G o £ s B —conp 45, )

or

2 10

W € szfwfﬂ-ﬂf*)
bty = \:Lz-z? ) /(&2
= (- £)/ (7L

w(&+2

At a redius where 2 7’” = 0, i.e. absence of scelloped motion

(9) is "
A T O gt
e (11)
1/2 __;E = §1-—'_.
;7 217 W2

and both Vs have the same amount of the (A.G.) term. On the

other hand, the full size scalloped motion, i.e.

2F’= m gives
the following V's
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by~ R+ (- L+ /k’w*))

v n

s Mg -k + w;{#—r -,_“—"—r/e’)

(12)

The A.G. term in )/, has the negative value, if ,;‘z > kF+§"
while the A.G. term in Uy is alx}uays positive.

If 1/w is large, like in the ordinary design of Mark V, ),
oscillates with large aemplitude and )jy is nearly constant. In
case of the ¢ - w cyclotron, since we want to use the narrow range
of 2? where the A.G. term of J/, decreases and of )/Tf' increases
with radius, the range of 2¢ must be less than T .

A
L
2.._.3’_‘:._% < T

And also the phase difference '7& — 1/), must be about 77 to get
the opposite gradient of }/x and ))y. If we choose the large value
of 1/w to obtain a large ¥ — ) T’E must be very small
and this means the narrow energy range of the accelerator. It
might be possible to obtain desired change of M's with small l/w
and N. But in this case ;ﬁl terms can not be neglected and it

might be more convenient to compute numerically.
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B) Alternating Ridges
A unit of magnet structure conslsts of two sectors which
have the opposite direction of the spiral ridges. The magnetic

field in median plane is givén by
3 v s
B,= BAD ] 1+ f B vorg)| e <wocy

o L
= Bo(‘%fg | + }M(Wmﬂ/@——rﬁ)‘g 7 ANB 2T (21)

Neglecting the effects of fringing field end of the straight
section, the magnetic field is expanded in Fourier series of N 6.

as in (A)
The same metthAis used to obtain the equations of the betatron

oscill ation,

The coefficients of Lagrangian are given by

62—/+ 3(' (--MEDCG‘S(/\/Q#%)A- Am?‘ mfzfﬁ'_'/&m/)\/ﬁ'

2 w%m}pz C"Q‘Sd oy ] (22)
R+2
5_ - -—t- +j— [—— m? (:G'O(/V@-F;D)—‘e 24wj0¢66(4/9+%
-+;; 4»wg> k e

i (‘Tu’rr' Cop suip— BRI CO;aOC‘@FJ>Z/ Codd/\/@—J
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kB Rt<e 4@ +3
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Fu—
2| e op tap (L _ﬁﬂ’ Yeog wp}g dn/&]
where ?=£n5%_+ﬁ_:ﬁ/ %___%‘_f?
= o th j = eren

The forced motion is separated by putting

X= Xy + M
(23)

= '<o ) |<|C19§(RIG-+F0)+ -Z—/(q(/'cﬁ(r,vcg_,_épwd,ﬂ/s)n'_ v
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Ko and Kl are given approximately by
. Ada
K = ZJL 2
N=(R+)) (2L)
_ —kd / k+2
K= /e‘+/ (;W. CoOp—+ ——du )

Since this type 1s non~-scaling, ) 'schange with radius and first
of all we must examine the amount of change of M!s. Though all
coefficients contain the higher harmonies such as .A#ﬁJUVG}
and cody/NE- these terms contribute to )) only by order of
Czﬁﬂz e Actually, even if all higher harmoniecs work in
phase, their contribution might not exceed EJ;i%T:Zj-g)N;and
this is of the order of 25% of the fundamental.., Hence we can
consider only the fundamentals to look at the change of Y. Then
all coefficients of Lagrangian are equivalent to the type (A)
and consequently‘D‘s are given by (8).

The above consideration shows this type has the same

characteristics as (A) except the contribution of the higher

harmonicse.

C) Phase Shifted Ridges

The magnetic field in the median plene is given by
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B: = B.(x {“"J(M(g"wr—“”ﬁfﬁ,)f o <HO< T

le
-8 (1 + JaiBFseerdf 7 oo

The coefficients of Lagrengien are evaluated as in (B) and

it turns out that the fundamental parts of the coefficients are
all multiplied by factor cos %Ejﬁ and all higher harmonic parts

are multiplied by factor sin _Eg:ﬂ o
<

For example

L=-22 4 { [ {-skeswe-p)+ 2 Mw-p)}cwf‘——-f
*“*’“‘uf"'(‘ i Ll ony) 32 ity

(= mmeopr L) 7't g un]]

0.
where e Yo, eL—+p
C‘D W >

If the phase shift is small, the harmonic parts are small and the

machine is nearly scaled. And when the phase shift reaches T/, the

However, all coefficients of Lagrangian

cos _E%?&L in each

fundamentals vanish.

have the same factor sin jﬁij? and
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harmonic and very little is gained by introducing the phase
shift between ridges.
For instance, if we want to reduce the non=linear terms

¢ Tl 7

and introduce T2z linear terms are also reduced.

The above three types do not give the desirable features
unfortunately. But with small 1/w and N the above approximation
is extremely rough. A combination of small 1/w and N might
give some improvements of the design of a ¢ - w cyclotron.

There are also the other possibilities by inserting the phase

shift or changing the direction of ridges oftener.



