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It Is w e l l  known that. t h e  A.O. pr inc ip l e  can be 

applied t o  t h e  phase o s c i l l a t 1 o n . l n  synchrotlaDS, The re- 

s t o r i n g  force f n  the  phase equation i s  very weak and the 

appl ica t ion  seems to  glae no advantage. 

However, i f  t h e  A,G. pr inc ip le  i s  applied i n  the  

sense of' FFAG pr inc ip le ,  it can be shown t h a t  b'oth-.jaftei+ 

vals,rtring phase and f a l l i n g  phase of  r-f voltage, become 

s t a b l e  and give the  cor rec t  acce le ra t ing  voltage, This 

f a c t  i~ advantageous t o  avoid the  d i f f i c u l t i e s  a t  "Transition 

Energyt1 because Wieentire acce le ra t ing  phase i s  s table .  

S imi la r ly  t o  FFAG, the re  a re  severa l  a c tua l  ways 

t o  r e a l i z e  the  FFAG focusing. The examples show Mark I 

type and Mark V type. Mark 1 type has a l a rge  t tc i rcumf~rence  

f ac to rw  which means i n  t h i s  case a l a rge  cav i ty  voltage com- 

pared t o  the  ac tua l  energy gain per turn. Mark V requ i res  

two f ~ e q u e n c i e s  of r-f vol tage ,  acce le ra t ing  voltage and 

focusing o r  "ridgen voltage,  which correspond t o  momentum 
K 

compaction f i e l d  ( r / ro l  and ridged f i e l d  S in  (A X -Re) i n  

M a ~ k  V. 
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a. Mark I type 

The phase equation i n  synchrotron i s  given by (1) 

cn I 
where K I 4 - - I - "  p.' 

Ed ' t o t a l  &ergy of a p a r t i c l e  

(.Qb : angular frequency of a  p a r t i c l e  

neglect ing the  damping term due t o  r a d i a t i o n  loss .  This 

equation i s  wr i t t en  as  follows: 

[ Actual voltage on a 

-2 - [ required voltage per t u rn  f o r  
ZTT a  p a r t i c l e  0' 

For convenience t i s  replaced by ?.- 

Then 

. If two c a v i t i e s  with voltage V1 and V2 and angular f r e -  

quency w,= wz =. WA , are  applied i n  such a way 

t h a t  the  phase d i f ference  between two voltages seen from a 

p a r t i c l e  i s  Z ( f o r  ins tance ,  two c a v i t i e s  a re  l a i d  on 

the  opposite s ide  of the circumference of machine and work 

i n  phase& 



the  phase equation becomes 

%,+ z2 = required voltage gain per turn 

= V b  

m : in teger  

pu t t i ng  f - $, -t x , the  equations f o r  x a r e  ob- 

tained.  

Deve l~p ing  i n  terms of x, we get  

Now we choose the  f ixed point qk s imi la r  t o  de- 

termined by momentum r e l a t i o n  i n  the  motion i n  FFAG. 



namely 

(T- iz I&+,, = IZ 
I7 

Hence the  circumference f ac to r  i s  given by - 7 - 7 z  

I n  l i n e a r  epproximation, the  equations f o r  x are  

t h a t  
These a r e  the  same equations/appeared i n  Mark I., i f  

we neglect the  slow va r i a t i on  of E, , K, and with 2 . 
Hence, the  circumference f a c t o r  i s  about 5 and / i s  

about 1.3. It can be sa id  analogical ly  t h a t  the  f a l l i n g  
the  

phase corresponds t o /  P -d i rec t ion and the  r i s i n g  phase t o  

z-direct ion excepf. for  the absence of the  c e n t r i f t l ~ l  term. 

b. Mark V type. 

This type has a l so  two accelera t ing voltages.  

One has the  voltage V1 and .'"' . angular frequency (U,=W.A 

resonant t o  the  frequency of a p a r t i c l e ,  another has the  

Voltage V angular frequency GOz is  nePr but 

not equal t o  some higher harmonic: of UA The 

two voltages a r e  super~osed .  



l.u,= 1\1 = (d l+ S )  wn (9) N; in teger  (Order of 
harmonics) 

: f r a c t i o n  of one 

Relat ive t o  a  f ixed  phase of the wanre V1, the wave V2 moves 

vib th velocs ty  -q per  t u rn  i n  units of ")a, 
where 

A p a r t i c l e  of phase 0 r b l a t i v s t o t h e  fundamental wave V1 

i s  under the fo rce  of V2 given by 

where Qb i s  the i n i t i a l  
phase and can be chosen 
$0 m 0  because of 
presence of 2 ~i 6 2 term. 

If we neglect  the  slow v a r i a t i o n  of E d  , K and with 7 , 
the  equation i s  w r i t t e n  as 



Putting + - 4, + g / 
we get 

where a = 2 ~ s  

Then developing in terms of x 

@ d + A ~ ; $ ~ - c  + B ~ S  

+ K [Ace+ +. dl3 ~ @ _ 1  
xa  - -5 [ A  a+&- D~.J\~'A.L@J 

X 3  - [ A  + R@-BJ - .... - o 

is obtained. 

Now is determined by 

Similarly to Mark V, the forced motion Xf and oscillating 

motionbre separated by putting X = Y j  + I ,  



This equation shows there exists a llscallopedll effect. 

The forced motions are solved as follows 

with a slight modification of the relation of an@ 'K 

Inserting this expression of gj into the equation (A71 



This i s  the  same a s  H i l l ' s  equation which descr ibes  the  

motion i n  s p i r a l l y  ridged magnetic f i e l d .  I n  t h e  ordinary 

phase equation the  res to r ing  force  i s  weak and A and B i s  

small. Then i n  rough approximation the  s i n  terms i n  (20) 

are  neglected 

~f we put d+,,- 27Tg7 = 
i s  obtained, 

the  standard form 

The required voltage gain per t u r n  and the  cav i ty  voltages 

determine the  equilibrium phase by (19) and the re  a r e  two 

possible values of cos +b , namely and K- p4 . 
Both equilibrium phases can be made s t ab l e  a t  the  

same time by choosing the  adequate values of parameters. 

Now both phases, f a l l i n g  and r i s i n g ,  a re  s t ab l e  

and the  width of phases accepting p a r t i c l e s  a t  i n j e c t i o n  

increases  by f a c t o r  2. Also it may be t r u e  t h a t  p a r t i c l e s  



can go through t h e  t r a n s i t i o n  energy wi thout  app rec i ab l e  l o s s .  

Across t h e  t r e n s i t i o n  energy,  K i n  t h e  phase e q u a t i o n  changes 

i t s  s i g n .  

The above t r e a t m e n t s  a r e  pot  c o r r e c t  if t h e  smooth 

approximation of Symon (*) i s  v a l i d .  If t h e  wave l e n g t h  o f  

t h e  phase o s c i l l a t i o n  i s  much l a r g e r  t h a n  t h e  s e c t o r  l e n g t h ,  

t h e  smooth npproxina t ion  t eaches  u s  t h a t  t h e  A.G. terms a r e  

averaged over and themotion i s  desc r ibed  on ly  by . In  

Mark I type ,  i t  means t h e  r i s i n g  phase is  u n s t a b l e  i r r e s p e c t i v e  

of A.G. terms. So i t  i s  necessary  t o  choose t h e  s e c t o r  l eng th  

of comparable o rde r  t o  t h e  wave l e n g t h  of o s c i l l a t i o n .  To 

r e a l i z e  t h i s  t h e  v o l t a g e  i s  tu rned  on f o r  a  per iod  of o rde r  

of  t h e  per iod  of o s c i l l e t i o n  2nd tu rned  o f f ,  whi le  t h e  vo l t age  

77, i s  tu rned  o f f  and on i n s t e a d .  In  Nark V t y p e ,  t h e  l a r g e  

s e c t o r  l e n g t h  means smal l  s . If i s  l a r g e  cam- 

p-red t o  ~k t h e  r i s i n g  phase can no t  be s t a b l e  i r r e s p e c t i v e  

o f  t h e  r i d g e  term by t L e  smooth approxina t ion .  T h i s  i s  a l s o  

seen  from t h e  developed eoua t ion  (18).  The equa t ion  i s  

n e a r l y  t h e  Mathieu type  X'L ((P + f c ~ n z t ) ~  = O . I ts  s t a b i l i t y  

zone near  t h e  f a x i s  i s  shown i n  t h e  f i g u r e .  

The boundary l i n e  of t h e  s t a b i l i t y  

zone near  t h e  o r i g i n  i s  almost  a  

parabola .  The r a t i o  o f  b/g i s  

determined by t h e  v o l t a g e  r a t i o  

2nd t h e  harmonic o rde r  andfrsepresented 

by t h e  s t r a i g h t  l i n e s  through the 
' k 

o r i g i n .  \ 



I n  the region where b <  o , the  s t r a i g h t  l i n e s  

c ro s s  the  parabola and below these points  the  r i s i n g  phase 

i s  unsteble.  Hence we nus t  choose t h e  value of and 1 
ib 

l a rge  enough beyond these points.  This equivalent t o  

choosing a small value of S guided by t h e  smooth 

approximation. 

Another use of the  phase focusing i s  a s  a debuncher, 

which makes it possible t o  give a s t re tched pulse a t  the  

period of beam out-put, e spec ia l ly  use fu l  i n  the  case of 

synchro-clash. The accelera t ing voltage i s  turned off 

a t  f i r s t  and thenridge voltage i s  changed so  t h a t  the  phase 

o s c i l l a t i o n  becomes unstable.  Then beams a r e  s t re tched overthe 

whole circumference of machine. 

c. Other p o s s i b i l i t i e s :  

A s  the  phase equation (14) shows, the re  must be a 

resonant term ~4 &-d+ t o  keep p a r t i c l e s  accelerated 

continuously. If an amplitude modulated r-f voltage such a s  

l T r n ~ , t  ~o;t  
q ) ~ :  modulating frequency 

w, = h f w ~  = (nJ1+8 ) L L ~ A  

i s  applied,  the  phase equation becomes 



Here if we choose 

u), - J L u ~ =  o 
Ov W, t Swb= 0 

the above equation is equivalent of (121, and we can acceler- 

ate the particles by fixed W, , and varying UJWI . In the 

language of electronics it means use of the side band. 

Physically, phases of particles, of whicvfrequency is not 

resonant to r-f voltage, sttp after each turn and, if the 

voltage is small by modulation while i3articles lie in 

the decelerating phases and large during acceleration phase, 

they can be accelerated. In this case, since A is equal 

to B, AG focusing is usually not fulfilled and one phase is 

stable. 

Equilibrium phase is determined by 

+ 2 = Vi 

and it shows the "circumference factog 2. 

The modulating frequency G is varied slowsly with 

time and the stable particles around $! continue to be 

accelerated. When the r-f voltage with frequency N W A  is 

applied, particles which have the frequency WA, t U 4 . . - .  Nu4 



is accelerated by this voltage and the modulating fre- 

quency &,=O and the gaps between these frequencies is 

covered by amplitude modulation o < W ,  < W A  . However the 
equilibrium phase is given by (2%) and it changes with 

the change of the harmonic order. To overcome this 

phase transition between harmonics, it is necessary to 

keep Wm = 0 for a while at the transition frequency 

which is chosen not resonant to the particle frequency. 

Then the phase oscillation become unstable and particles are 

averaged in a whole circumference and next we begin to 

modulate the amplitude with an adequate K.'** to bunch 

particles again around the new equilibrium phase. 

Or, if we choose WM $A < C  / , both phases near 
a$, -b / can be stable by the ridge term and it is 

unnecessary to worry about the phase transition. Prac- 

tically the amplitude modulation requires a low (a cavity 
it 

and it is a question -#is preferable to modulate the 

frequency itself or to modulate the amplitude modulating 

frequency. 

(1) D. Bohm and L. Foldy, Phys. Rev. B, 249 (1946). 


