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I. INTRODUCTION 

The Mark V or uspiral riitge* F99AG acce le ra to r  i s  a version, 

o r ig ina l ly  proposed by ~ e r s t , l r ~  of the f ixed-f ie ld  c l a s s  of A-G 

machines. I n  t h i s  design the  general  rk increase of f i e l d  with 

radius  i s  modified, t o  produce a l ternate-gradieqt  focusing with no 

marked increase of circumference, by introducing a s p a t i a l  r i p p l e  

i n to  the guide f i e l d  so t h a t  the  p a r t i c l e s  encounter regions i n  

which the l o c a l  "n" and r e s to r ing  fo rces  a l t e rna te .  This i s  

achieved by const ruct ing a f i e l d  which, i n  comparison w i t h  the 

average f i e l d  a t  a given radius,  i s  a l t e r n a t e l y  higher  and lower 

along oblique curves which a l l  par tkclea  must cross.  I n  p r ac t i ce  

such a f i e l d  would be a t t a i n e d  by the  use of s p i r a l  r idges  on the 

pole surfaces,  supplemented, when required, by s imi l a r ly  disposed 

current-carrying conductors. 

It i s  the purpose of this r epo r t  t o  derive ana ly t i ca l l y  

information concerning the  p a r t f c l e  motion i n  the Mark V acce le ra to r  

and, i n  Appendices, t o  record  some terhniques use fu l  f o r  f u r t h e r  

study of the motion'by a i d  of the ILLIAC d i g i t a l  computer. 

IS. TRE MAGNETIC FIELD 

A. Form Aesumed i n  the Median PlaYte'. - - -  
Without ,the use of poles  excessively c lose  t o  the  median 

plane, the type of va r i a t i on  of hagnet ic  f i e l d  which i s  most 

' readi ly  r ea l i zab l e  i s  s inusoidal .  To obtain a f i e l d  which would 

r subject  the p a r t i c l e s  t o  a l t e r n a t e  focusing forces ,  it was o r ig ina l l y  



P 

conceived t h a t  the f i e l d  prescribed i n  the  median plane be of the 

form 

I n  order t h a t  the  f i e l d  scale,  however, i n  such a  way tha t  the  

e s s e n t i a l  f ea tu re s  of i t s  e f f e c t  on a l l  p a r t i c l e s  be the sameP3 

i t  appears des i rable  t o  make the quan t i t a t i ve ly  minor modification 

of adopting the form 

a, = -~~ f r /%) ' [ l  +f sin[ - 
with w constant.  This revised form f o r  the  median plane f i e l d  

w i l l  be the b a s i s  f o r  the remainder of t h i s  repor t .  The momentum 

1 compaction i s  then c l e a r l y  given by ( ~ r / r ) / ( A ~ / p )  = k;r 

P From these expressions it i s  seen t h a t  N' i s  the number of 

s p i r a l l i n g  r idges  passed over by a  p a r t i c l e  i n  going around the  

machine once i n  the 9 di rec t ion .  f i s  the f r a a t i o n a l  f l u t t e r ,  i n  

the  magnetic f f e l d ,  due t o  the r idges.  Final ly ,  i f  the r a d i a l  

width of the annulus i s  small i n  comparison t o  the  outer  radius,  

ro* = 2f? 5 22Rr.oa i s  subs t an t i a l l y  the  r a d i a l  separat ion 

of the r idges.  The angle by which the r idges  s p i r a l  out  from a  

reference c i r c l e  i s  of the order Nw and i n  p r ac t i ce  w i l l  be qu i te  

small. The exponent k i s  taken t o  be posi t ive .  

It w i l l  be convenient i n  what fol lows $0 work with dimension- 

l e s s  quan t i t i e s  defined a s  follows2 



t he  median p lane  f i e l d  may then  be w r i t t e n  

where N$ = N@ 4 %n (rl/ro). 

B. Development of Vector P o t e n t i a l :  - -- 
To o b t a i n  t h e  d i f f e r e n t i a l  equa t ions  governing the  p a r t i c l e  

motion i t  i s  d e s i r a b l e  t o  c h a r a c t e r i z e  t h e  magnetic f i e l d  by s 

vec to r  p o t e n t i a l ,  which should be a t  l e a s t  approximately compatible 

wi th  the  p r e s c r i b e d  median p lane  f i e l d  and with Maxwell" equa t ions ,  

i n  o rde r  t h a t  t he  r e s u l t i n g  equa t ions  be r i g o r o u s l y  Harr~il tonian 

and the  s o l u t i o n s  t hus  s a t i s f y  L i o u v i l l e l s  theorem. I n  a t tempt ing  

t o  w r i t e  s u i t a b l e  expansions  f o r  components of t h e  f i e l d  and v e c t o r  

p o t e n t i a l ,  one may be guided by t h e  c o n s i d e r a t i o n  t h a t  x and y 

w i l l  themselves be q u i t e  s m a l l  bu t  t h a t  x/w and y/w may, i n  c a s e s  

of p r a c t i c a l  i n t e r e s t ,  be  comparable w i t h  un i ty .  I n  t h e  work 

descr ibed  i n  t he  body of t h i s  r e p o r t  terms involv ing  powers of 

t he se  l a t t e r  q u a n t i t i e s  w i l l  be r e t a i n e d  so  f a r  a s  p r a c t i c a b l e ,  

but  no more than  q u i t e  l i m i t e d  accuracy may be expected f o r  v a l u e s  

of x o r  y  n e a r l y  a s  l a r g e  a s  w. kx and ky, however, w i l l  be 

t m i c a l l y  r a t h e r  smal l  ( 1 0.1). Also Nx and By a r e  normally l e s s  

than  kx and ky. 

We under take an expansion of t h e  median p lane  f i e l d ,  through 

cubic  terms i n  x, t o  o b t a i n  

P L B,, = - cr, f / + x l k  CI + +  sin X - 3 x 2 + ! i x 3  
W - N 8 ) 3  



LJL O.!XJFiA)-5 

where A, = I -  +&NO , 

A, = k + ~ . ( h - I V @ - k d m  N O )  
k k -1  k"-') + f [  -$$ - N@ +&j+ - q- ) N@ A2= 2 

k l k - l ) ( k - 2 )  
A3 = 6 

-&2 + 3 k(k-2)+2 - Ne +[ h-1 - h[k + f l  6, 2W2 
Likewise,  f o r  use  i n  what fo l lows ,  

6 

where Bo = I - f & NO 
Bl = k + I  + f (&  c m N B  - ( k + l ) h  N$ ) 

k(k+l )  +,r kt& B2= 2 
I 

- -IN -W(PF~ - k ( k + L )  2 ) a ~ n  NB] 
k+,l k l k - l )  53. 6 

w. t 3 k2-I mNB+[ k /k+k k(k-1) ] N s  2 w2 6 - 
We now seek a vec to r  p o t e n t i a l  such t h a t  A, and AZ van ish  a t  z = 0 

( i n  gene ra l ,  t he  components A@ and A, w i l l  be even f u n c t i o n s  of 

z o r  y w i t h  Ar invo lv ing  on ly  y2 and h i g h e r  even  Powers of Y, 

while A, w f l l  be an odd f u n c t i o n ) .  Tnen i n  the  median p lane  
Y 

AQ must satisfg.ll 

l e ad ing  t o  t he  p o s s i b l e  s b l u t i o n  



where C, = -go = - / f d-Lrr N8 
& - - - k c  l I C2=- p 2 +f(-&-NQ + k" 2 xzimNO) 

To develop the  v e c t o r  p o t e n t i a l  for p o i n t s  n o t  i n  the median 

p lane  we employ a gauge i n  whicli d i a  A = 0 a'nd no te  t h a t ,  i n  t h e  



Likewise 

I n  t h i s  way we f i nd  

primes denot ing  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  8. These compo- 

n e n t s  of t he  v e c t o r  p o t e n t i a l  r e p r e s e n t  expansions  through f o u r t h  

o r d e r  i n  x o r  y and, a s  a  check, can be v c r i f i e d  t o  s a t i s f y  



through t h i r d  order .  

111. THE E Q U A T I O N S  O F  IvlOTION 

A. 'Lagrangian" --- f o r  Use i n  P r i n c i p l e  - of Leas t  Action: 

The d f f f e r e n t f a l  equa t ions  governing the  p a r t i c l e  t r a j e c t o r i e s  

i n  the  aforementioned magnetic f i e l d  may be convenien t ly  ob ta ined  

from the  p r i n c i p l e  of l e a s t  a c t i o n  by use of t h e  "space I ,a&rsngiann 

i n  which we have t r e a t e d  x' and y f  a s  of t h e  same o rde r  a s  x and 

y d e s p i t e  t h e  f a c t  t h a t  t h e s e  d e r i v a t i v e s  may be expected t o  be 

some N t imes  g r e a t e r  t h a n  t h e  dependent v a r i a b l e s  themselves. 



The Euler-Lagrange e q u a t i o n s ,  i f  a p p l i e d  t o  t h e  Lagrangian 

of tlle p reced ing  paragraph,  l e a d  t o  d i f f e r e n t i a l  e q c a t i o n s  f o r  t h e  

motion which might be s u s c e p t i b l e  t o  s o l u t i o n  by d i g i t a l  compu- 

t a t i o n 5 ,  b u t  which a r e  n o t  i n  a  form most s u i t a b l e  f o r  a n a l y t i c  

study. The equa t ion  f o r  t h e  r a d i a l  motion, i n  p a r t i c u l a r ,  i s  

marked by t h e  presence of a  f o r c i n g  term f  sinNQ de r ived  f rom t h e  

term ( l + C q ) x  i n  t h e  Lagrangian. It can,  I n  f a c t ,  be shown t h a t  

the  magnitude of t h e  response t o  t ' l i s  f o r c i n g  t e r n  i s  

s u f f i c i e n t  ( G Z  - f / ~ * )  t h a t  non- l inear  terms i n  the  d i f f e r e n t i a l  

equa t ions  a f f e c t  s i g n i f i c a n t l y  t h e  c h a r a c t e r  of smal l  ampl i tude  

b e t a t r o n  o s c i l l z t i o n s .  6 9 7  It i s  d e s i r a b l e o  t h e r e f o r e ,  t o  under- 

take a  change of dependent v a r i a b l e  such t h a t  t he  f o r c i n g  term i s  

suppressed and t h e  r e s u l t i n g  e q u a t i o n s ,  i f  t h e n  l i n e a r i z e d ,  may 

be used t o  provfde an  a n a l y t i c  b a s i s  f o r  deterrnjrrlng the  c h a r a c t e r  

of small-an~plf  tude f r e e  o s c i l l a t i o n s .  

The Lagrmgian a s  w r i t t e n  i s  i n  a  form somewhat inconven- 

i e n t  f o r  t he  a n a l y t i c a l  work t o  fo l low because of the presence  

of terms a r i s i n g  from c e n t r i f u g a l  e f f e c t s .  S ince  t h e  f i r s t  de r iva -  

t i v e  terms which r e s u l t  i n  t h e  d i f f e r e n t i a l  equa t ions  a r e  i n  prac-  

t i c e  small  f o r  excu r s ions  of t h e  o rde r  o f  t h e  f o r c e d  motion ( a t  

l e a s t  I n  the  c a s e  of " f u l l - s c a l e "  high-energy a c c e l e r a t o r s ) ,  i t  

i s  expedien t  t o  s i m p l i f y  t he  Laprangian i n  such a  way t h a t  t he  

troublesome terms a r e  rernonred b u t  w i t h  t h e  remaining terms of the  

d i f f e r e n t i a l  equa t ion  modif ied only  s l i g h t l y .  "Ve acco rd ing ly  

cont inue by use  of t h e  f o l l o w i n g  Lagrangian,  which y i e l d s  



d i f f e r e n t i a l  equa t ions  f r e e  from terms invo lv ing  f i r s t  d e r i v a t i v e s  

of t h e  dependent v a r i a b l e s  and, i n  t he  remaining terms of t he  

equa t ions ,  modi f ies  only  s l i g h t l y  t h e  o r i g i n a l  terms involv ing  

y29 xy, xy2, x2y, xy3, and x4: 

with 

B. The Forced Motion: - 
With t h e  aim of s e p a r a t i n g  ou t  the  major e f f e c t  of  t h e  fo rced  

o s c i l l a t i o n s  we now in t roduce  the  new dependent v a r i a b l e  u  by the  

s u b s t i t u t i o n  

x=K, a(-N8 +K2 cad. N @ + L  , 

a  n u m e r i c a l  i n t e g r a t i o n  f o r  a  p a r t i c u l a r  example having suggested 

t h a t  t he  fo rced  motion i s  i n  f a c t  c l o s e  t o  s i n u s o i d a l c  The 

r e s u l t i n g  Lngrangian ( a f t e r  s u b t r a c t i n g  a  term which i s  a  f u n c t i o n  

on ly  of 8) is: 



+ p i -  TF, + P F ~  L .  IK, h f i ~ 6 '  +K, - c d  ~ 9 j  

+ 3 E, (K, .&. NH +Kt C- NQ)'+~F. L+ (K, h NO+$ C ~ N @ L  

[~~+.?t, /K, 2-i,m N 1 +K2 c NO) +hE4 (6 din M +& rn ~ 8 7 0 2  
d F 2 + 4 ~ 4 ( ~ l , a i m ~ b  L - 4  +Kz am NQ,JU~ t4 u.* 

L 

2 2  J[~+F(K,&NO+K~ NB)+E(K,-NB+K~ &&NQ) J3 

[ + 2 F; (K, A-: jV8 + K2 c,a  NO)]^, 3 

+ & 0 r y 2  +cY4] , 
of which we s h a l l  be c h i e f l y  i n t e r e s t e d  i n  terms of second o r  

lcwer o r d e r  i n  the v a r i a b l e s  u,y.<. 

Thfs Lagrangian l e a d s  t o  a  r e s i d u q l  f o r c i n g  tbrm i n  t h e  

equa t ion  f o r  t h e  u-motion g iven  by 



and i s  t o  be sunpressed by s u i t a b l e  choice  of the  c o n s t a n t s  

K19 and K2. It appears  frcm t h i s  develoonien? t h a t  a measure 

of t he  adequacy of the  a n a l y s i s  i s  a f fo rded  by the  degree t o  which 

the  v a l u e s  found f o r  Kl/w and K ~ / W  a r e  small  i n  cornparisoli t o  
r 

un i ty .  

The forcing term c o n t a i n s  t he  fo l lowing  Fourier-components, 

which may be made t o  vanish: 

P r I 
c o n s t a n t  Term: I t  i [ l t z  f/& - ~ f a K ,  ' ~ ( K ~ + K ? * )  

where I 
a = - i k + ~ )  

- , f3=-W.  

k2 k a > =  - F  6 = --,r 
1 k2 K = - - r ' $ -  

2 w 2 v 

k A = -5 k2 I 6.-- + -  k k 
2w 614-3 C -  , 



We have a t tempted t o  f i n d  s o l u t i o n s  which make t2;ese c o e f f i c i e n t s  

vanish when the  mac' i n e  parameters  l i e  w i t h i n  what may be cons ider -  

ed  Uie normal range of :ralues. I n  t h i s  way we f ind :  

K," - f - * - - f 
N k t  + g ,- ' (  I' N' - (kt / )  ) 

K Z ,-e+ o r  v e r y  n e a r l y  zero,  and 
2 -  d w N  

The fo rced  motion i s  thus r ep re sen ted  approximately by: 

Xf orced s -' 
f 2  ' &fl- &LNB 2$(j7z) Ce~o j  2 k i - 1  N 

X I  . NP 2 
f o r c e d  = - 

N2 - (kt / )  " ( f I NQ] [-NO 4W ~ 2 :  

accord ing ly ,  a t  8 = 0, t h e  " f ixed  p o i n t s "  a r e  g iven  by 

I 2 
Xf ixed  N - - (-$-) 2 



x' 
f i x e d  2! - 

and the  s v p l i t u d e  of the f o r c e d  motion i s  g iven  npproxir?.ately 

by the  magnitude of t h e  c o e f f i c i e n t  
f 

- ~ 2  - (k+l) 
The v a l i d i t y  of t he se  r e s l ~ l t s  i s  expected,  a s  noted p rev ious ly ,  

t o  be  measured by t h o  degree t o  which K ~ / W  o r  A i s  
~ 2 -  ( k i l )  

small  i n  comparison t o  un i ty .  

C . Charac te r  - of Small-Amplitude Be ta t ron  O s c i l l a t i o n s :  

For small-amplitude o s c i l l a t i o n s  about  t' e equ i l i b r ium o r b i t ,  

the  governing d i f f e r e n t i a l  equa t ions  w i l l  be of t h e  form 

U" + FUu = 0 

On the b a s i s  of the  Lagrangian of the  prev ious  sub-sect ion9 t h e  

sp r ing  f a c t o r s  which determine t h e  f r e q u e n c i e s  of the o s c i l l s t i o n s  

a r e  r e s p e c t i v e l y  ( n e g l e c t i n g  P1 - P , K2, and powers of K1 
P 

above the  f i r s t ) :  



The l i n e a r i z e d  equa t ions  r e p r e s e n t i n g  small  ampli tude be t a -  

t r o n  o s c 3 l l a t i o n s  a r e  seen t o  be of t h e  H i l l  t p e .  Some a i d s  f o r  

the s o l u t i r n  of t h e s e  equa t ions  - e s p e c i a l l y  f o r  the de te rmina t ion  

of s t a b i l i t y  boundaries and t h e  c h a r a c t e r i s t i c  exponents ( b U  and 

6,) 
of the  motion - a r e  noted i n  Appendix 111. As K r r s t  !?.as 

po in ted  out8, u s e f u l  o r i e n t a t i o n  i s  r e a d i l y  provided,  !lowever, by 

e p p l i c a t i o n  of t he  "smooth approximation" technique int roduced 

9 by Symon . I f  the normally-small c o n t r i b u t i o n s  from the cos  21TQ 

2 terms a r e  ignored and i f  k f l  i s  neg lec t ed  i n  c o ~ p a r i ~ s o n  t o  N , 
t he  scooth approximation l e a d s  t o  d i f f e r e n t i a l  equa t ions  of t he  

form 

and 

It i s  t h u s  seen  t h a t  t h e  f requency of t h e  f r e e  r a d i a l  o s c i l l a t i o n s  

i s  s u b s t a n t i a l l y  determined by t h e  exponent c h a r a c t e r i z i n g  t h e  

r a d i a l  i nc rease  of average f i e l d  s t r e n g t h ,  whi le  a x i a l  s t a b i l i t y  

may be ob ta ined  c6ncl l r rent lg  i f  ( ) *  i s  s u f f i c i e n t l y  l a r g e  t o  i n T  
dominate -k. 



I t  w i l l  be no ted  t h a t  t b e s e  f e a t u r e s  of  t he  b e t a t r o n  motion 

d i f f e r  markedly from tl-e performance which nould be  expected on 

the b a s i s  of an expansion about a  c i r c u l a r  r e f e r e n c e  o r b i t  while 

ignor ing  the  presence of t he  f o r c e d  o s c i l l e t i c n s .  This  s i t u a t i o n  

can be understood p h y s i c a l l y  6*7 by refs-snce t o  a  diagram on which 

a r e  drawn contours  of c o n s t a n t  magnetic f i e l d  strerigt'n i n  t h e  

median p lane ,  w i t h  t h e  expected e q u i l i b r i u m  o r b i t  superposed 

F i g .  1). One notes t h a t  the  f i e l d  g r a d i e n t  i s  i n  a  sense  t o  f avo r  

r a d i a l  focus ing  over a  s ~ a l l e r  i : l t e rva l  of 8 i f  one e x m i n e s  t h e  

g r a d i e n t  i n  the  neighborhood of t he  s ca l loped  curve than  i f  one 

merely examined i t  a long a  l i n e  of cons t an t  r ad ius .  

I V .  ILLIAC STUDIES OF TEE ?ARTICLE blOTION 

Although t'ne r e s u l t s  of  t he  foregoing  a n a l y t i c a l  work a r e  

be l i eved  t o  d e c s r i b e  reasonably  we l l  the g e n e r a l  c h a r a c t e r  of 

p a r t i c l e  motion i n  t y p i c a l  Mark V machines, i t  i s  c l e a r l y  d e s i r a -  

b l e  t o  s tudy  the  motion i n  r e p r e s e n t a t i v e  s t r u c t u r e s  of this  type 

by means of d i g i t a l  cmnputation, Such a  program not  only would 

provide a  u s e f u l  check on t h e  a n a l y t i c a l  r e s u l t s  and provide 

in format ion  concerning s t r u c t u r e s  f o r  which t h e  approximations 

which we have in t roduced  a r e  invalid, b u t  can take  account  of t h e  

i n - e r e n t l y  non-lire a r  c h a r a c t e r  of t h e  dynamical  equa t ions  ~ r l d  

provide a c c ~ r s t e  i n fo rma t i cn  concerning s t a b i l i t y  reg ions .  'uliork 

d i r e c t e d  toward t h e s e  ends  i s  l i s t e d  below: 

(i) Exact  d i f f e r e n t i s l  equa t ions  governing t h e  motion i n  

t he  median p lane  have been prepared  f o r  use  w i t h  t h e  ILLIAC 
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( "Ridge Runnerw program) . 
( i i )  R e l a t i v e l y  simple,  approximate d i f f e r e n t i a l  equa t ions  

f o r  t he  three-dimensional  motion have been prepared,  a t t empt ing  

t o  t ake  account  of the  f a c t  t h a t  x/w and y/w may be l z g e  (compar- 

ab l e  with u n i t y ) ,  but  supposing t h a t  t h e  v a r i a b l e s  x and y them- 

s e l v e s  w i l l  be small  ("Feckle s s  Five" program). 

( i i i )  More a c c u r a t e ,  b u t  somewhat more e l a b o r a t e ,  d i f f e r e n t i a l  

equa t ions  f o r  t h e  three-dimensional  motion have a l s o  been s e t  up 

by Vogt-Nilsen, based on r e c e n t  v e c t o r - p o t e n t i a l  developments4 

of E.S. Akeley ("Feckful  Five" program). lo These computer programs 

a r e  being d i r e c t e d  toviard a comprehensive study of t h e  pa? t i c l e  

dynamics i n  Mark V mac::ines, c h i e f l y  through t h e  e f f o r t s  of the  

I l l i n c i s  group. 9 

I n  Appendices I and I1 t o  fo l low we o u t l i n e  the  development 

of t h e  equa t ions  l i s t e d  a s  ( i )  and ( i i )  above. I n  Appendix I11 

we desc r ibe  some techniques  which have been app l i ed  f o r  ob t a in ing  

in format ion  concerning s o l u t i o n s  t o  t h e  H i l l  equa t ion  developed 

i n  S e c t i o n  I V  of t h i s  r e p o r t .  I n  Appendix I V  we make some numer- 

i c a l  comparisons, i n  c e r t a i n  examples, between r e s u l t s  obta ined 

from t h e  a n a l y t i c  theory  and from the  ILLIAC computer. A s  Appen- 

d i x  V we p r e s e n t  a s t a b i l i t y  diagram computed from the  a n a l y t i c  

theory.  --------------- 
.K Note added i n  roof  See a l s o  the s i m i l a r  development proposed 

  ow ell mkm:g . 
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APPENDIX I 

EXACT DIFFERENTIAL EQUATIOXS FOR GlOTION I N  TEE NEDIAN PLANE 

Fc r  t h e  a c c u r a t e  e x p l o r a t i o n  of t he  c h a r a c t e r  of p a r t i c l e  

motion i n  the  median p lane  of the  Mark V a c c e l e r a t o r ,  and f o r  a i d  

i n  checking r e s u l t s  ob ta ined  by o t h e r  methods, exac t  d i f f e r e n t i a l  

equa t ions  governing t h i s  motion were prepured i n  a  form s u i t a b l e  

f o r  ILLIAC c o r p u t a t i c n .  It i s  c l e a r  t h a t  t h i s  i s  p o s s i b l e ,  s i n c e  

the  f i e l d  -- and hence t h e  n a t u r e  of t h e  f o r c e s  -- i s  p r e s c r i b e d  

i n  t he  med!an plane. ' h e  r e s u l t a n t  prcgram h a s  been termed the  

"Ridge Runnerw. 

For Z i d e n t i c a l l y  zero ,  t h e  equa t ion  of motion is1' 

Y e 
?/ y? + r" +-r.8, , 

f; 

With r = rl (Ux), 

x ' I + X  t =(I+X)B~ , 
P 

Px 
4 I - P x 2  ) 

and p u t  k 
e5(b(~&) Y; = p, IVe=Ng + ~ ! r , / ~  1 

t o  o b t a i n  t h e  s imul taneous f i r s t  o rde r  a f f e r e n t i a l  equa t ions  

4 ' = 4- - # 11 + x cf&i,[$ prn (l+xl-hld] 



[ ~ h e s e  equa t ions  a r e  c l e a r l y  i n  H m ~ i l t o n i a n  form, s i n c e  

a ~ t / a ~  = - ~ P , ~ / ~ P ~ ,  t he  "Harr,iltoniann be ing  

P X 
= - ( I  4 x 1 ~  + $j' (/+x)'~' {l+f~~,,.f& lmb+x) -N&'JX) I 

i n  v!l~ich the  second t e r n  r e p r e s e n t s  the  c o n t r i b u t i o n  - L 
F v; A$ 

from the  vec to r  p o t e n t i a l . 7  For automat ic  d i g i t a l  con~puta t ion ,  

r1 may be taken so t h a t  pl = p ( f o r  convenience).  

APPENDIX I1 

APPROXIMATE DIFFERENTIAL EQUATIONS OF MOTION 

I n  t he  a t tercpt  t o  pe rmi t  r e l a t i v e l y  simple e x p l o r a t i o n  of 

three-dimensional  Mark V motion wi th  the  ILLIAC, r e l a t i v e l y  simple 

d i f f e r e n t i a l  equa t ions  of motion have been formulated.  The in t en -  

t i o n  was t o  r e t a i n  t he  dominant i n f luence  of t he  q u a n t i t y  x/w, 

,which i s  no t  n e c e s s a r i l y  smal l  i n  conpar i son  t o  un i ty ,  bu t  t o  

make approximations c o n s i s t e n t  w i t h  t he  suppos i t i on  t h a t  x and kx 

w i l l  be small  i n  most c a s e s  of i n t e r e s t .  The r e s u l t i n g  program 

i s  termed t h e  "Feckless ~ i v e " .  

We employ t h e  n o t a t i o n  



I 

m - i p  = I - ( h e c k  L. + I - N ~ ) W Z  - i (2k4/ )dP 

&' L -(k2--N2)wz -2  ikd" 
NO = Na; + R, (v,/Y; 1. 

/ 

The f i e l d  i n  t he  median p lane  i s  t a k e n  t o  6e 

-3 (,+XIk { ,+f - [&-&(,+x)  -NBJ] B i o =  er, 

dZ -NeyJ 
1 

i n  which we regard  the  l a s t  term a s  a  smal l  c o r r e c t i o n .  

If  the  v e c t o r  p o t e n t i a l  i n  the  median p lane  i s  t aken  t o  have 

a  B-component only,  we employ the  r e l a t i o n  

(3 - -[+ A@J (1 +x)  Bz, 8, 

t o  o b t a i n  
/ j 4 x ) k f 2  fwemt-'Ix 

- ~ ( I + X ) ~ $ ~ ~  i + e  B.L 6 -;tC -NQ +6j 
R 



For developing the  v e c t o r  p o t e n t i a l  a t  p o i n t s  n o t  n e c e s s a r i l y  

i n  the median p lane ,  we no te  

e&+l)x ~f x3 
d ~ v , A ~ ,  A N f ~  ,-E A[$ -NO + ~)+6rm ororder 

and apply the methods4 used p r e v i o u s l y  i n  S e c t i o n  IIB t o  o b t a i n  - - + X k  + k-2 -2  (ItxlAB = ,,, 



The equa t ions  of motion a r e  now obta ined  by use  of these  

vec tor  p o t e n t i a l  components i n  the  Lagrangian 11 

o r  t he  Hamil t on i an  

One t h u s  o b t a i n s ,  i f  pl i s  s e t  equa l  t o  p: 

X I  = (ltx) P, 
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where 

It i s  be l i eved  t h a t  s o l u t i o n s  of t h e s e  equa t ions  f o r  c e r t a i n  

c a s e s ,  involv ing  motion i n  t he  median plane only,  have been i n  

good agreement w i th  s o l u t i o n s  of t he  e x a c t  equa t ions  of the  "Ridge 

Runner" program. More accu ra t e ,  and more elaborate, d i f f e r e n t i a l  

equa t ions  f o r  t h e  t h r e e  dimensional  motion have been i n  prepara-  

t i o n  by N. vogt-Nilsen," guided by E. S. Akeleyfs  t rea tment  4 
of t he  v e c t o r  p o t e n t i a l .  

APPENDIX I11 

VARIATIONAL FilETHOD FOR DETERMINING STABILITY BOUNDARIES 

AND CHARACTERISTIC EXPONENTS FOR THE HILL EQUATION 

By the  change of v a r i a b l e  NB = 2 2 ,  t h e  H i l l  equa t ion  

encountered i n  the body of t h i s  r e p o r t  may be p u t  i n t o  t h e  

s tandard  f  cr m: 



Informat ion r e l a t i n g  the  c o e f f i c i e n t s  of t h i s  equa t ion  a t  t h e  

s t a b i l i t y  boundar ies  may be ob ta ined  convenien t ly  by v a r i a t i o n a l  

methods, s ince  t h e  equa t ion  then h a s  a  y e r i o d i c  s o l u t i o n .  By 

cons ide r ing  t h e  " i s ~ ~ e r i m e t r i c "  problem 

w i t h  -A play ing  t h e  r o l e  of t h e  Lagrange m u l t i p l i e r ,  we a r r i v e  

a t  t he  r e s u l t  

By use  of 
i 

'iF J $ [ Y / ~ - ( B  -2 z t c , ~ T ) Y ~ ] ~ Z  

JRi Y2dz 
t r i a l  s o l u t i o n s  mi n, 

Y = 1+2P cos  2 T  + 2Q c o s  42+.... 
o r  Y = c o s y  4 U cos 3 7  + V c o s  S % + . . .  

t he  exp res s ion  t o  be minimized may be p u t  i n t o  an  a l g e b r a i c  form 

approp r i a t e  t o  t h e  0 = 0 o r  6 = f l bounda r i e s ,  r e s p e c t i v e l y .  

This form i s  s u i t e d  t o  r a p i d  s o l u t i o n  by a  high-speed d i g i t a l  

computer12 -- by the  minor mod i f i ca t ion  of l e a v i n g  t h e  normaliza- 

t i o n  of the  t r i a l  f u n c t i o n s  u n s p e c i f i e d ,  t he  same g e n e r a l  technique 

may be used t o  p rov ide  s imul taneous homogeneous l i n e a r  equa t ions  

s u i t a b l e  f o r  s o l u t i o n  w i  t h  a  desk computer. 13 
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With a  b i t  more a l g e b r a i c  complexi ty  s i m i l a r  methods may 

be app l i ed  t o  e s t i m a t e  the r e l a t i o n  between t h e  parameters  of 

the d i f f e r e n t i a l  e q u a t i o n  and v a l u e s  of 0 away from the  s t a b i -  

l i t y  boundaries.  For t h i s  purpose one n o t e s  t h a t  on the  b a s i s  

of t h e  Floquet  t heo ryp  a s  Courant  and Snyder have po in ted  ou t ,  14 

s o l u t i o n s  may be w r i t t e n  i n  t he  "phase-amplitudew form 

where, i n  t h e  s tab le  case ,  W ( Z )  and Y (Z) a r e  r e a l  p e r i o d i c  

f u n c t i o n s  w i t h  the  p e r i o d  (q) of t he  equa t ion  and. L i s  a r e a l  

cons t an t  equa l  t o  6 / p  . One then  c o n s i d e r s  the  v a r i a t i o n a l  

s ta tement  

2 7 +C - 4  -t)w +(L+ Y?%$T=O 

$2 6 w2dZ = I ,  
t o  o b t a i n  

T + C  ~ b d  4 
A = 

t he  use  of t r i a l  f u n c t i o n s  min. 

w = 1 t 2P cos  2 2  4- 2 Q c o s 4 7  + ... p 

y f  = 2R cos  2 2  + 2S cos  4 %  + ..en 



the exp res s ion  t o  be minimized a g a i n  assumes an a l g e b r a i c  form 

which, by a i d  of high-speed computation, can g i v e  e s t i m a t e s  of 

t he  va lue  of A a s s o c i a t e d  wi th  s p e c i f i e d  va lues  of B, C ,  and 

L :c/Q. 
The foregoing  methods have been used i n  ILLIAC computations 

t o  provide tables ' s  g i v i n g  t h e  e s t ima ted  v a l u e s  of A f o r  va lues  

of the  remaining parameters  i n  t h e  range 

L: 0 (0.1) 1.0 

B: 0 (0.2) 5.0 

C:-2.5 (0.5) 2.5, 

t oge the r  w i t h  t he  va lues  found f o r  t h e  c o e f f i c i e n t s  of t h e  t r i a l  

func t ions .  For convenient  use ,  and because the  e s t i m a t e s  of A 

a r e  somewhat i n a c c u r a t e  f o r  v a l u e s  of L c l o s e  t o  bu t  l e s s  t han  

un i ty ,  supplementary graphs16 have been prepared  from t h e s e  

d a t a  g iv ing  ( i )  A - vs. c o s d  f o r  v a r i o u s  v a l u e s  of B and C and 

(ii) A - vs.  B f o r  v a r i o u s  v a l u e s  o f  C and 13 . 
As has  been remarked, t h e  foregoing  TIE t hods  appear  t o  s u f f e r  

somewhat i n  r ega rd  t o  accuracy  f o r  v a l u e s  of Tj near  b u t  l e s s  t h a n  

u n i t y ,  a l though  v e r y  c l o s e  agreement w i th  known v a l u e s  f o r  t h e  

s t a b i l i t y  l i m i t s  i s  found i n  those  c a s e s  f o r  which comparison can 

be made. It i s  b e l i e v e d  t h a t  c l o s e  t o  t h e 6  = l i m i t  t h e  form 

assumed f o r  t he  t r i a l  f u n c t i o n  which r e p r e s e n t s  \Y' i s  not  favor -  

ab le .  It may, t h e r e f o r e ,  be app rop r i a t e  t o  mention a modi f ica t io r i  17  

of t h e  v a r i a t i o n a l  procedure wnich might be u s e f u l  if more 



accu ra t e  r e s u l t s  should be d e s i r e d  fa-  o t h e r  a p p l i c a t i o n s .  I n  

t h i s  mod i f i ca t ion  the  s i n g l e  t r i a l  f u n c t i o n  w i s  employed, use  

being made of t he  i d e n t i t y  w 2 ( ~  + y t )  = K ~ ,  a  cons tan t .  

S p e c i f i c a l l y ,  
7r 

2 V L = O  =J o ( L + Y I J ~ Z  = ~ ( = . d t  b = K ~ T < & ) ,  

.~ . 
Since,  a s  has  been noted,  - 

<wl2- (B -2 7 +C c ~ ~ z ) ~ + ( L + Y ' J ' w ~ >  
(w2) 

L 
we o b t a i n  t he  e q u i v a l e n t  r e s u l t  ' m i n ,  

42 
A= [ < w ' ~ )  - ~ ( B ~ ~ z ~ c  DQ4%)wP) +(*) 

(we) 
For convenience one may make t h e  chnage of v a r i a b l e  

I min. 

t o  o b t a i n  

L" [$it2> -<(B-?r s,.azjv>+(m A = .  
<v> 1 milt. 

These exp res s ions  a r e  convenien t ly  homogeneous of degree zero  i n  

t h e i r  r e s p e c t i v e  t r i a l  func t ions .  The t r i a l  f u n c t i o n s  should 

be non-zero, cont inuous,  h ~ v e  a cont inuous d e r i v a t i v e ,  be p e r i o d i c  

w i t h  t h e  pe r iod  7T , and ( i n  the case  cons idered  h e r e )  be even 
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about 0 and 77 /2 .  By v i r t u e  of t he  p r o p e r t y  l a s t  mentioned, 

the  averaging need then  be t a k e n  on ly  over the  i n t e r v a l  0 t o  T / 2 .  

A l i m i t e d  number of hand-computed examples w i t h  simple t r i a l  func- 

t i o n s  i n d i c a t e  t h a t  t h i s  modif l e d  procedure w i l l  g ive  good r e s u l t s ,  

even f o r  va lues  of L nea r  u n i t y ,  a l though  i n  p r a c t i c e  some of 

t he  i n t e g r a t i o n s  a s s o c i a t e d  wi th  the averag ing  p roces s  may have 

t o  be performed numerical ly .  

If the t r i a l  f u n c t i o n  v  i s  taken  t o  be of t h e  form 

v  = 1 + 2P1 c o s  2 2  + 2P2 cos  4 2  + ..., 
we thus  o b t a i n  

I ( 4 ~ p ; m 2 ~  + 8 @ d ~ n 4 ~ + , ' . ) ~  a t  -(- L2 I -By-C c 
4 1 + 2 F ' ~ E ' 7 + 2 ~ ~ 4 z + t  J ' ( I + Z F ~ i I + T R ~ l + )  : 

I n  t a b u l a t i n g  the  r e s u l t s  of  a  minimizat ion procedure based on 
I 

min. 

t h i s  method, i t  would be d e s i r a b l e  t o  i nc lude  the  va lm of <1/v), 1 
1 

s ince  an e s t ima te  of ~ / ( L + Y I ~ ) ~ ,  which e q u a l s  [~ (g '  , i s  

u s e f u l  i n  judging t h e  ampli tude r e s u l t i n g  from s c a t t e r i n g  and f o r  

determining t h e  displacement  of t h e  equ i l i b r ium o r b i t  due t o  

misalignments. 

NLThUIRICAL COMPARISON WITH ILLIAC RESULTS 

In the t a b l e  w d c h  fo l lows  we g i v e  comparisons between the  

r e s u l t s  ob ta ined  f o r  r a d i a l  motion w i t h  the  ILLIAC, us ing  t h e  

exac t  equa t ions  of motion, and the  corresponding v a l u e s  p red ic t ed  

by the equa t ions  of t h i s  r e p o r t .  
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The t h e o r e t i c a l  equa t ions  used f o r  e s t i m a t i o n  of t h e  f i x e d  

p o i n t s  a r e  

- - - - N f N x'  - 
f ixeif NC - ( k + l )  'x f i x e d *  

For comparison w i t h  known r e s u l t s  i n  one cese ,  we take  t h e  p r e d i c t e d  

ampli tude - (about  the  f i x e d  p o i n t )  f o r  t he  f o r c e d  o s c i l l a t i o n  a s  

z 

The phase s h i f t ,  OU, exper ienced by the  small-amplitude 

r a d i a l  b e t a t r o n  o s c i l l a t i o n s  i n  t r a v e r s i n g  one p e r i o d  i s  g iven  by 

the  smooth approximat.ion a s  

6, = 2 I 7 . W  N 
For a more r e l i a b l e  eskimate ,  we determine the c o e f f i c i e n t s  A ,  B, 

and C i n  t he  s tandard  H i l l  equa t ion  

us ing  the  r e l a t i o n s  

and then  i n t e r p o l a t e  eU from t h e  graphs  mentioned i n  Appendix 111. 



A s  one measure of t h e  e x t e n t  t o  which one might expec t  

i n  advance s c c u r a t e  r e s u l t s  from the  theory,  we l i s t  t he  q u a n t i t y  

- f / ~  , which should be small  i n  comparison t o  
N2 - ( k + l )  

un i ty .  

It should a l s o  be mentioned t h a t  t h e  exal-ples g iven  do no t  

n e c e s s a r i l y  r e p r e s e n t  p r a c t i c a b l e  combinations of mac!.;ine parame- 

t e r s ,  t he  f i r s t  example being i n  f a c t  a x i a l l y  uns t ab l e  and o t h e r s  

having p o s s i b l y  undes i r ab ly  l a r g e  va lues  f o r  6 
U 

APPENDIX V 

DIAC-RAbl OF STABILITY REGION 

The f i r s t  s t a b i l i t y  r e g i o n  h a s  been p l o t t e d  (F ig .  2)  a s  a  

f u n c t i o n  of machine parameters  on the b a s i s  of t he  theory p re sen ted  

i n  t h i s  r e p o r t  and a s s i s t e d  by the  graphs16 d e s c r i b i n g  t h e  charac- 

t e r  of s o l u t i o n s  t o  t he  H i l l  equa t ion .  The b a s i c  v a r i a b l e s  a r e  

k/N2 and f/(wN2), f o r  k >> 1, and t h e  computed r e s u l t s  a r e  expected 

t o  apply f o r  small-ampli tude b e t a t r o n  o s c i l l a t i o n s  most a c c u r s t e l y  

f  when the  o r d i n a t e s  a r e  smal l  i n  comparison t o  u n i t y  (say- <L ) . 
W N  3 

A more a c c u r a t e  p l o t  of this  c h a r a c t e r  could be prepared,  i f  r e -  

qu i red ,  by use o f  ILLIAC s o l u t i o n s  of more a c c u r a t e  equa t ions  of 

motion. 
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