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Radial ;éillations following injectien into the Michigan Model of %mm 1%
are studied to find optimun ¢enditions (amplitudes and angles of egcillebien,
value of [} , and position of injecter} for survival of the beam in the
absence of &puce charge effects, Vertical escillatiens and vertical adiittance

for this model 8§ well ms a mere complete descriptien of the model parameters ape

given in reports by F. T. Cole.

Injection will be at 25,000 volts, while the Betatron sccelefftioh will provide
on)y L0 volts per turn. The Spiralling of fhe equilibrium o¥Bit per turh nay
se found as follows: 74
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Por injectien, r is sbout 35 cm, k 1s about 3.5. The spiralling per turn, d, is
then

35 X 48 __

s s .

Since a static injecter structure may have dimensions between the mean radius of
the emitted electren and the radius of the maximym extent of the injecter of the
order of a millimeter, the spiralling of the equilibrium orbit is mot sufficient

to miss the injecter en the first revelutien.

III. INJECTION WITH FINITE OSCILLATIONS.

It is assumed that there are no space charge ¢ffects, that the azimuthal
“extent of the injector strycture is negligible, and that adiahativ;:vdming is met
present. We define the fellewing:

D: the radial separatien between the electrerni "seurce" and the maximum
extent of the injecter structure,

xi2 the amplitude of radial oseillatien at injectien.

d: the radial spiralling of the equilibrium orbit per turn due te
acceleration.

In linear theory, the amplitude of eoscillatien, x, is given by
' 3
x=f(e)e'?.
For a givem reference peint in & machine, ©,,

| No
X=f(90)e-‘ =’}L¢MMG~"“ %omgvﬂ,

~ vhere Xy is the maximum emplitude of esc¢illatien of the particle Seen at 84.

We define a phase ¢f oscillatien, @, such that

f eNo = 2T U
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Then
K, = Xy Coor ¢‘; P

and on successive turns,
Xp = X, o (f; + MB).

Since the injector is lecuted inside the equilibrium orbit in all cwses of
interest, let x be positive for r less thafi re of the equilibrium orbit.

The radial separation bgtween the electren source and the position of the
electron trajectory at @, on the ¥th turn, AM o is then given by

LD m r".%’i’,. P (ﬁm "*“Maé)l
vhere /)y is tsken as positive for r greater them r of the injector. A Doy
— be' found explicitly from
Dp = e B - cow (B ¢ ME] +MA.
In the special case where §; = § {corresponding te injectioh #t the centpt of a
sector along a lin¢ parallel to the equilibrium erbit,)
A = % ({1 = ern 149) + M.

In order te migs an injecter, itimust be true that

aAM= D ',zw,,w M.

Curves were plotted of the minimum values of A versus |/ for six sets of
conditions correspending to x; = 1.00, d = 0.01, §; = 0, + L%, ~ 1h.}® and
X; = 2.00, d = 0.01, fly = 0, + 7.2%, ~ 7.20. These are presented in figures 1

- threugh 6. The cmmﬂm oty the P % 0 ewrves give the M values
correspending to the minimm veludd of ) . These mmbers mmy ulse be
’ cengidered as the ardar of resonmndes corresponding to valued of v for the
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minima (e.g., U = 2,66 is & 1/3 integral and Y = 2.75 is a 1/l integral
resenance. )

Frem these graphs it esppears that it is desirable te inject with large
escillation amplitudes. On the §; = 0 curves, there appear several regions of
U between 2.50 and 3,00 where the minimum A has 2 value greater than .10
(for x = 1.8) er .15 (feor x = 2.0.) The largest range of Y where £ min. is
greater than 0.10 {s near Y = 2.93; anether reglon about half as bread in vV
occurs near ¥ = 2,5). By comparing with the graphs for finite §;, it appears
that each of these regions allow abeut an equal mh‘itta.nce‘, er spread in
angle §; for a given injecter. It mey be noted that if [/ lies just below a
resenance, the injecter is more easily missed by siming the beam away frem the
equilibrium erbity it L/is just gremter than a resemance, the beam would be
ummmummmMmmm(mn“mMﬁmmwmmmﬁm
escillation mmxims.)

Frem the graphs, seme typical mtt.m?:es may be read. These are given
belew, where D and x are in units such that d is 0.01.

|

: i . S S——

t b <} b U Ad»

Lo i sl el

| 1o .10 | 2.93 ; 1h.L°

! 1.0 - 065 2.89 28.8° |
240 3y 2,95 ~1% |

| 2.0 015 2,94 , 7:27 ;

| 2.8 W11 2.91 dl® |

SR . e
In the Michigan Model, d = .006 cm, therefere if at the injecter the equilihritm
orbit is 6 mm frem the gun, the gun structure must net extend mere than 0.8 mm
beyond the electren seurce. If the equilibrium erbit is 12 zu frem the gun, a

1.0 mm gun structure is & mascimm,
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Té relate the injecit;ié& osﬁclllamdn phase shift, ¢i 5 te the physical angie‘.
fres the injecter, cemsider enly imjecter lecstisns et peints of symsetry in the
mashine. In this epecial case,

vt : o o LB
%3‘57‘? 'ﬁ"/ﬁf XL -

where ﬁ is thc yarmeter of the transfer matrix at the injecter pesition and
x! 1s the radius ef cmvature; 2 , times the Mim engie & :

A “’PS
Atmimalaog
X; = %, %oar g, arx,(,___é_)

for small §;. But tor small /3 xi,

KiE e (1- Lk )

'nm'crm ’

w%ﬁi “—-"%—5;

In the present model, 4 is sbeut 2.4 ut the cemter ef fecusimg sectors, .hs‘
nmmurofmmmmgmﬁ is wheut 1k cm. Thersfore in the
case where x; is 1.2 'cu-mq L i81.2% 4 5 is sbout 1.4%; the angular
sprend uccepted frem the injectsr. This is at the center of u defecusing secter,
At the center of a fecusing secter; the admittance would be only about one-sixth
s great. Terwilliger has pointe( out that the mexigum amplitude of oscillatien
in & focusing secter is mex/ & min tilmes its mexisum in a Gefocusing
sector. Fer this medel, an millntim_ of 1 om ut the center of & defocusing
sector has 8 makimm ef abeut 2.5 om at the center ef a fecusing sector.
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'For the case @ = 0, we may see quickly the approximaté maximm value of D
~ which can be tolerated in a given machine by mt,mg the intersection of the locus
of higher order resonant minima with the cosine curve for the first turn ( |/
Just under an integral resensnce.) o

The locus of the minime ef higher erder resonances is a hyperbela given by

A~Md, .
Mt}l | saﬁV y where I is the integer nearest L/ (3 in this onse, )

Mf"

The first turn curve is, fer deeny,
4 = P (I“m«ﬁ) = 1,;[/«» e (TS [}Jg‘}‘t (;z?;i{!, &

At the intersection of these twe curves,

(§1)°s 7%£ ,
4 = (aF*dL? 9:)4

Fer the two cases above, this expression gives A = ,126 for xi = 1.0 and
A 3 9157 f“‘ xﬂ E" 2900

V. CONCLUSTONS,

It is pessibie Lo predict whether smy injected rwy will miss an injecter,
eltheugh for & given L/ value and injecter size it is net easy to give an exact
expression for admittance inte the machine. However several features of the
radial injection preblem are indioateds it is desirable h inject in a de-
focusing (rumly) sector with lurge amplitudes of escillmtion. For the medel,
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8 D.C. injecter in the abgence of space charge should presapiy Net nave an
extent grester them 1 millimeter beyond the electron sewrce. With such mn in-
Jecter, & m'm ef & degree or more from the injecter mey be actepted. There
are several regions of J/ whave an injector ceuld be missed equally well.
However, nesr an integral resemance the hreadest band of V ecowrs.
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