
W U R f i  7 \  
EdIURA -AP;S-1 
I n t e r n a l  

L)ETI;~tI:lN:^,TION OF SIGT4ii 

I I J  Yii;!: T"1OUEL FFACt I.L.'iIZK I b  ACi=T;L1::1ATOR 

A. PIo S e s s l e r  

June 24, 1955 

1 In t roduc t ion  

The methods f o r  determining i n  t h e  9iiarl.; I b  l.iodel, which 

a r e  t o  be descr ibed i n  t h i s  r e p o r t ,  have grown out of  a number of  

d i scuss ions  by t h e  members of t h e  NURA Sumrner Study group, A 

P proposed source of near ly  mono-energetic e l e c t r o n s ,  eminating 

very nea r ly  from one p o i n t ,  i s  accomplished by means of cold f i e l d  

po in t  emission, This  source i s  placed a t  a poin t  of symmetry of 

t h e  machine, and t h e  subsequent l o c a t i o n  of  t h e  beam i s  accomplished 

by use of a  f l o u r e s c e n t  screen. 

An equi l ibr ium o r b i t  i s  loca ted  approximately by varying 

e i t h e r  t h e  r a d i a l  l o c z t i o n  of t h e  source o r  t h e  a c c e l e r a t i n g  

vo l t age  u n t i l  t h e  beam i s  loca ted  a t  t h e  same r a d i a l  d i s t a n c e  a t  

corresponding p o i n t s  i n  two s e c t o r s ,  The equi l ibr ium o r b i t  need 

not  be loca ted  p r e c i s e l y ,  f o r  w i t h i n  t h e  v a l i d i t y  o f  t h e  l i n e a r  

approximation f o r  o s c i l l a t i a n s  about t h e  ec~u i l ib r iwn  o r b i t  t h e  

d i f f e r e n c e  between two o s c i l l a t i o n s  obeys t h e  same equat ion a s  an 

o s c i l l a t i o n  about t h e  equi l ibr ium o r b i t ,  Thus i f  we use two 

r" e l e c t r o n  beams near  an equi l ibr ium o r b i t  and measure t h e  

d i f f e r e n c e  i n  v e l o c i t i e s  and p o s i t i o n s ,  we may apply t h e  theory  
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P developed here  f o r  o s c i l l a t i o n s  about a known equi l ibr ium orb i t .  

3.1 F i r s t  ;lethod 
--*---- 

I n  t h i s  method t h e  source i s  fitted wi th  a screen  which has  

a sc1a11 hole so  t h a t  t h e  source emits electrcms primari ly i n  one 

d i rec t ion .  I t  i s  placed on an equi l ibr ium o r b i t  at t h e  cen te r  

of a p o s i t i v e  ( n e g a t i v e )  s e c t o r  and s e t  s o  t h a t  it emits  along 

t h e  o r b i t ,  a s  shown i n  Fig .  .I, 

! Fig ,  X 

I I 

---.- _ _-___- _ .__._---- 

The source i s  d i sp laced  rac i ia l ly  by an amount yo. The d i s -  

placement yn, at the cen te r  of t h e  nth p s s i t i v e  s e c t o r  a . f te r  the 

source, i s  ~neasured, c2.earl.y: 

.eczuse ,,: t.hc i i r l e c r i t y  thearen;, y need not  be  xeasured 

c.xactiy f~'r91ii an i;yu-S.:! lbriurr, o r b i t ,  an!i i f  zhe source d o ~ s  n o t  



emit i n  a ( i i r e c t i o n  exac t ly  tangent  z n  equi l ibr ium o r b i t  t h e r e  

i s  no e r r o r ,  f o r  a s  long a s  ;, i s  t h e  same i n  both p o s i t i o n s  (as  

it i s ,  i n  p r a c t i c e )  t h e  terms i n  fop  s i n r S  cancel.  

Let H, = Yn I: cos n c 
Yo 

Then t h e  t o l e r a b l e  e r r o r  i n  Kn  i s  given by: 

A Rn = - n s i n  n g ( d ~ )  

Using t h e  approximate va lues  v;< = 2.75, V x  = 1.75, and 

s e t t i n g  A t  r 2 ,1, :.ihich should be s u f f i c i e n t  t o  ensure not  

being on a resonance, t h e  va lues  Rn and Rn given i n  Table I 

were evaluated.  

Table I. 

2 r r o r  i n  ii arises frm e r r o r  i n  y, and yo. The error i n  yo 

i s  probably ve ry  small  s ince  one can l o c a t e  t h e  source quite 

a c c u r ~ ~ t e l y .  Lrror  i n  y,, l e a d s  i n  or1 e r r o r  i n  3, given by 
A Yn a ii = -. Sor rec t ions  -).ue t o  o r b i t  d i s t o r t i o n  i n  t h e  source 
Yo 

T h i s  nethod i;Lay be l~seci ;ri~en only 1 1./2 sectoxls a r e  avail.eble. 



r' It i s  s u b j e c t  t o  d i f f i c u l t y  i n  t h a t  it i s  hard t o  make a source 

which w i l l  d e f i n e  a beam s u f f i c i e n t l y  accura te ly ,  

111 Second Biethod 

For t h i s ,  and t h e  t h i r d  method, t h e  source c o n s i s t s  simply 

of  t h e  a c c e l e r a t i n g  mechanism wi th  a d e f i n i n g  ape r tu re  which i s  

r a t h e r  wide. This  i s  placed so t h a t  t h e  enl i t t ing p o i n t c  A ,  i s  a t  

t h e  c e n t e r  of a p o s i t i v e  (nega t ive )  sec to r .  A t  t h e  cen te r  of t h e  

next  p o s i t i v e  s e c t o r  a g r i d  wi th  bwo small holes  ( o f  known 

separa. t ion)  i s  loca ted ,  The d i s t a n c e  between beams i s  measured 

a t  the c e n t e r  of t h e  next  p o s i t i v e  s e c t o r ,  

The displacement of a beam from t h e  equi l ibr ium o r b i t  a t  t h e  
r- 

cen te r  of t h e  n th  p o s i t i v e  s e c t o r  a f t e r  t h e  source i s :  

yn = (cos ncf)yo + / ( s i n  n ~ ) f o  

Consider t h e  r ays  which leave  poin t  A ,  yo = o ,  f o  # o: 

- 
Thus a xeasurement of y2 - y2 ,  tho  d i s t a n c e  between beams i n  



P t he  second. s e c t o r  frm t;hc sGurce, y i e l d s  6 d i r e c t l y .  Once again  

t h e  l i n e a r i t y  argument ei-r,urc;s t h a t  t h e  above i s  v a l i d  even i f  

t h e  source i s  not  exact ly  on an equi l ibr ium o r b i t ,  s i n c e  t h e  

terms i n  c o s r  yo w i l l  cancel a s  yo i s  t h e  same f o r  both o rb i t s .  

The l i m i t  of e r r o r  t o l e r a b l e  i n  R i s  given by: 

-For  A 6  = 2 .1 t h i s  y i e l d s  (Anx)  = (ARy) = .SO. This  

can be improved by measuring a t  s e c t o r s  which a r e  f u r t h e r  apar t .  

Th i s  a n a l y s i s  assurnes t h e  e l e c t r o n s  have constant  speed 

throughout t h e i r  motion. This i s  not c o r r e c t ,  and t h u s  we should 

consider  t r a j e c t o r i e s  corresponding t o  constant  v e l o c i t y  which 

d e v i a t e  from t h e  t r u e  t r a j e c t o r i e s  w i t h i n  t h e  a c c e l e r a t i n g  

F mechanism, Fig,  I1 i n d i c a t e s  %he t r u e  t r a j e c t o r i e s  and pro jec ted  

curves of constant energy. These i n t e r s e c t  a t  t h e  po in t  h, 

shoul.d be a t  a p o i n t  of symmetry o f  t h e  rflachine. s h a l l  

:how i n  Appendix I1 -I;li._i'c 6 i s  t h e  same f o r  a l l  o r b i t s  leaving  
r ii15thin a small  s o l i d  : a g l e ,  and t h a t  4 i s  d isp laced  from A by 

a n e g l i g i b l e  amount. 



P This  method needs a t  l e a s t  2 1/2 s e c t o r s ,  but y i e l d s  t h e  

most accura te  va lues  of CT ,Mote t h a t  one only has t o  measure t h e  

d i s t ance  between two simultaneously viewed beams. 

I V  Third ;lethod 

I n  t h i s  method t h e  source i s  loca ted  a t  t h e  cen te r  o f  a 

p o s i t i v e  ( n e g a t i v e )  s e c t o r ,  and t h e  screen  i s  loca ted  i n  t h e  

cen te r  of' t h e  a i r  gap between t h i s  s e c t o r  and t h e  next,  The ob- 

serv ing  screen  i s  placed i n  t h e  next  a i r  gap, 

The genera l  expression f o r  an o s c i l l a t i o n  is: 

y = $0 ( 8 )  C O S ~ S  + id, ( s )  s i n r s  

where s i s  t h e  pa th  length  measured i n  u n i t s  of t h e  path l e n g t h  

through one s e c t o r  and Wand g, a r e  pe r iod ic  funct ions .  
P 

Consider a  r a y  which has y = o a t  s = o ( t h e  source)  and 

t h e n  goes through a  hole i n  t h e  screen  i n  t h e  middle o f  t h e  f i r s t  

s t r a i g h t  s e c t i o n ,  and i s  loca ted  i n  t h e  middle o f  t h e  second 

s t r a i g h t  sect ion.  

Yo ' $0 ( 0 )  = 0 

Y l  = go ( ~ 1 )  C O S b  51 + PI1 (sl) sine s l  

Y* = ido ( s 2 )  C O S Q - S 2  + (s*) s i n r s 2  

Thus Y 1  - g1 ( s ~ )  s i n  cr S 1 

Y2 " g1 (s2)  s incr  52 

By symmetry go ( s2 1 = @I ( S1)  id1 (s2)  3 -$ (sl) and thus:  

R = -y;! = s i n  cr s~ -- 291 -yi: sin G 52 



Again t h e  l i n e a r i t y  theorem holds .  One obta ins :  

From Cole's vrork one cGn ob ta in  very accura te  vnl-ues of s and J. 

Thus approximately ( u s i n g  V, = 2.75, l2 : L.75, ) we ob ta in  

These formulas i n d i c a t e  t h a t  t h i s  method w i l l  not  be good t o  
/4 

ob ta in  accura te  va lues  o f  g . Because it i s  t e d i o u s  t o  obta in  

from R2,l, t h e  last expression nay be used t o  c a l c u l a t e  6 i f  

t h e  measured va lues  o f  B 
281 

a r e  c l o s e  t o  t h e  est imated values,  

Appendix I 

I n  Nethod I a cor rec t ion  must be inacie f o r  t h e  change i n  yo 

due t o  d i s t o r t i o n  of o r b i t s  wi th in  t h e  source,  
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I Fig,  111 P o t e n t i a l  app l i ed  between A & B ! I 
I I 

The source i s  loca ted  so t h a t  4 i s  a t  t h e  cen te r  of a  

p o s i t i v e  sec to r ,  The curvature i n  o r b i t s  i s  due t o  t h e  magnetic 

field H, and i re  s h a l l  c a l c u l a t e  assurriing t h e  v e l o c i t y  i s  constant  

over t h e  d i s t a n c e  from k t o  C, :illen t h e  source i s  displaced a 

d i s t a n c e  yo, t h e  averzge , a g n e t i c  f i e l d  i s  increased by amount 

dH, d.istor.ting o r b i t  (1) i n t o  o r b i t  ( Z ) ,  

The r a d i u s  o f  curvature  i s  changed by 

Sy simple geometry 

dx.: 1 - I I" 
*I-..- *,'.em**--- 

\: ja- ?+ r 1 dJ 
which a u s t  be added -Lo t lAc  Sisp: lu~e:~iei~t  yo o f  -the source i n  oriLcr 

l;o ob ta in  t h e  true yo. . lploying tha Tact t h a t  L < < S 
;ft$,, 
,/. 



Typical ly  r = 50 cm, k = 3.5, f =  20 cm, L = 1 cm, which y i e l d s  

Thus dx is,  i n  p r a c t i c e ,  a  n e g l i g i b l e  co r rec t ion ,  

Appendix I1 

I n  ;*Lethods I1 and IIJ it i s  e s s e n t i a l  t h a t  t h e  e l e c t r o n  

t r a j e c t o r i e s  i n t e r s e c t  a t  a p o i n t  of symmetry of t h e  machine, 

/? 
Since t h e  e l e c t r o n s  s t a r t  from a p o i n t ,  but undergo a change o f  

v e l o c i t y  i n  t h e  e l e c t r i c  f i e l d  of t h e  source,  o r b i t s  corresponding 

t o  constant  speed e l e c t r o n s  do no t  i n t c r s e c t  a t  t h e  po in t  source, 

\be s h a l l  show that t h i s  s h i f t  i n  i n t e r s e c t i o n  po in t  i s  neg l ig ib le ,  

An e l e c t r o n  i n  t h e  presence of a uniform magnetic f i e l d  H,  

and a r a d i a l  e l e c t r i c  f i e l d  ( p o t e n t i a l  V(g\,) i s  descr ibed by t h e  

Zagrangian 'L : 

where (3 ,  e,  ?) are cylindrical coordinates, and we are confining 

our a t t e n t i o n  t o  t h e  t = o  plane, Stnce 0 i s  a c y c l i c  v a r i a b l e ,  

3~ = cons tant ,  Conservation of energy s u p p l i e s  another  constant  m 
of t h e  motion, Zrnploying t h e  b o u n d ~ r y  cond i t ions  a t  t = o, 

r a ,  6 - o,  Q = 0 ,  o = 0 ,  vie obtain:  



where: 

Thus t h e  t r a j e c t o r y  i s  defined by 
8 

V a Fle a r e  i n t e r e s t e d  i n  ~ ( 5 ) : :  f o r  s p a ,  but t h i s  proves 
!5 

d i f f i c u l t  t o  evaluate.  We s h a l l  choose ins tead  V(S) - Vo (1 -S/PO), 

Evaluat ion of  t h e  i n t e g r a l  y ie lds :  

Let qG=d *?, = r a d i u s  of  curvature  of a n  e l e c t r o n  wi th  a 
am- 

v e l o c i t y  equal  t o  t h a t  obtained from f a l l i n g  $ 

through t h e  p o t e n t i a l  Vo. 

Then S 
1. s o L  = -- C1'*@3 $3 P 3 & ' d l  c 

F o r  our i n j e c t o r  ro .;rt 1 cm., z 20 cm. and thus 8 5 s  0. 

;fe now wish t o  match t h i s  o r b i t  a t  $ = ro t o  a c i r c l e  of r a d i u s  

e . This y i e l d s  a  c i r c l e ,  whose e q u a t i ~ n  i s  

f o r  y CE 0 .  

r' 
NOW cans ide r  another  t r a j e c t o r y  which d i f f e r s  from t h e  above 

i n  t h a t  it s t a r t s  from t h e  same p o i n t ,  but i n  a d i f f e r e n t  d i r e c t i o n ,  

spec i f i ed  by 8. For our  ma-chine Q GsLO, The equat ion o f  t h e  
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r' c i r c l e  corresponding t o  t h e  pro jec ted  o r b i t  i s  given by replac ing  

x and y by x * y 8 and y - xQ i n  t h e  above. 

These curves i n t e r s e c t  a t  a p a i n t  which i s  independent of e 

and given by x = .O05 em., y = 0.9 cm. Th i s  change i n  x i s  

negl ig ib le .  It i s  easy t o  show t h a t  t h e  use of v($ = k w i l l  

decrease x. 
9 




