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I .  I n t r o d u c t i o n  

Some t ime  ago it was s u g g e s t e d  t h a t  p e r h a p s  t h e  c i r c u m f e r e n c e  of 

Mark I and Mark I1 FFAG typesmigh t  be r e d u c e d  by e l i m i n a t i n g  t h e  

r e v e r s e d  f i e l d  magnets and  r e l y i n g  on edge  f o c u s i n g  e n t i r e l y  f o r  one 

s i g n  of  f o c u s i n g .  With s t r o n g  edge  f o c u s i n g ,  t h e  s l o p e  of t h e  edges  

might  be s o  g r e a t  a s  t o  c a u s e  t h e  e d g e s  o f  a d j a c e n t  s e c t o r s  t o  meet 

a t  some r a d i u s  and even c r o s s  ( p r o d u c i n g  a  l o c a l  t r i a n g l e - s h a p e d  

r e g i o n  of  t w i c e  t h e  g u i d e  f i e l d ) .  C o n s i d e r i n g  o n l y  t h e  r e g i o n  of 

such  a  machine where t h e  s e c t o r s  do n o t  c r o s s ,  t h a t  i s  where t h e  

g u i d e  f i e l d  i s  a l t e r n a t e l y  c o n s t a n t  and z e r o ,  t h e  l i n e a r  e q u a t i o n s  
C 

f o r  t h e  v ' s  may be e a s i l y  d e r i v e d .  A s t r o n g  d i s a d v a n t a g e  of  t h i s  

d e s i g n  i s  t h a t  k i s  v e r y  s m a l l ,  s i n c e  i t  a r i s e s  a s  a  d i f f e r e n t  

e f f e c t .  A l s o ,  t h e  6 v a l u e s  a r e  v e r y  s e n s i t i v e  t o  n  and t o  edge  

a n g l e .  We conc lude  t h a t  t h i s  i s  n o t  an  a t t r a c t i v e  d e s i g n  f o r  v e r y  

h i g h  e n e r g y  s y n c h r o t r o n s .  

11. E q u a t i o n s  f o r  d . 
1 

Using  t h e  n o t a t i o n  and method of  p r e v i o u s  NRIRA r e p o r t s ,  t h e  

m a t r i x  e l emen t s  f o r  t r a n s f o r m a t i o n s  t h r o u g h  a  magnet ,  an edge ,  a  

s t r a i g h t  s e c t i o n ,  and an  edge  may be m u l t i p l i e d ,  and c o s i n e  U' 

e q u a t e d  t o  h a l f  t h e  t r a c e  of t h e  p r o d u c t  m a t r i x .  F o r  r a d i a l  mot ion ,  



-2- 
f l  

WLd 6 x  = 6 +foci- f +p 7 d f 2 e  - - K J ~ ) , + ~  
where ,  r e f e r i n g  t o  F i g u r e  1 a K~ 2 

S i m i l a r l y ,  f o r  v e r t i c a l  o s c i l l a t i o n s ,  

where  a K  

F i g u r e  1 

F o r  FFAG a c c e l e r a t o r s  i n  g e n e r a l ,  



4' 
Here  7 = 1 = - 

s '--t C 

A c u r i o u s  f e a t u r e  of t h i s  d e s i g n  i s  t h a t ,  a l t h o u g h  n  may be e v e r y -  

where p o s i t i v e ,  k may be p o s i t i v e ,  z e r o ,  o r  n e g a t i v e .  

111, P a r t i c u l a r  Example.  N = 50. 
P 

I n  v e r y  h i g h  e n e r g y  mach ines ,  o n l y  l a r g e  v a l u e s  of  N need be 

c o n s i d e r e d .  When N i s  low,  a c c e l e r a t o r s  of t h e  r e v e r s e  f i e l d  t y p e  

become more p r a c t i c a l  due t o  o r b i t  s c a l l o p i n g ,  however low N l e a d s  

t o  low k and  a  r a d i a l  a p e r t u r e  t o o  l a r g e  t o  b e  p r a c t i c a l  f o r  a  

mul t i -Bev a c c e l e r a t o r .  

I n  o r d e r  t o  g a i n  a n  u n d e r s t a n d i n g  of t h e  b e h a v i o r  of t h i s  

d e s i g n ,  s e v e r a l  machines  w i t h  N = 50 and s =,/ were  computed f o r  a  

r a n g e  of  v a l u e s  of n  and  edge  a n g l e  01 . The v a l u e s  of c o s  6. 

and c o s  f l z  a r e  t a b u l a t e d  i n  T a b l e  I f o r  v a r i o u s  n  and A v a l u e s .  

These  v a l u e s  c o r r e s p o n d  t o  a  p a r t i c u l a r  p o i n t  ( s  = /  ) i n  d i f f e r e n t  

mach ines .  



/ T a b l e  I 

* k  N 0. f o r  g i v e n  - v, k  C 0 f o r  g r e a t e r 6  - 
k 0 f o r  s m a l l e r &  

It may be obse rved  i n  t h i s  example t h a t  t h e r e  i s  o n l y  a  s m a l l  p o s i t i v e  

r e g i o n  of k which i s  v e r t i c a l l y  s t a b l e .  Where n  i s  p o s i t i v e  and k i s  

n e g a t i v e ,  t h e  h i g h  e n e r g y  o r b i t s  l i e  i n  weaker  f i e l d s  t h a n  t h e  low 

ene rgy  o r b i t s .  T h i s  i s  p r o b a b l y  n o t  a c a s e  of  p r a c t i c a l  i n t e r e s t .  

To e x t e n d  a  p a r t i c u l a r  machine t o  o t h e r  r a d i i ,  t h e  p o i n t  t a n & =  8 ,  

n  = 144 f r o m  Tab le  I was computed f o r  d i f f e r e n t  r a t i o s  s/_/ . R a t h e r  

t h a n  h o l d  ex and &, c o n s t a n t ,  6 and n  were  h e l d  c o n s t a n t  and 
P 

v a l u e s  of  6 computed. S i n c e  a t  a  g i v e n  s / '  ( s  =!in t a b l e  I )  i t  

appea red  t h a t  0- was v e r y  s e n s i t i v e  t o  b o t h  and  n ,  i t  was s u r p r i s i n g  



t o  s e e  t h a t c  i s  n o t  v e r y  s e n s i t i v e  t o  v a r i a t i o n  i n  s// . The r e -  

s u l t s  of  t h i s  example a r e  g i v e n  i n  T a b l e  11. 

T a b l e  I1 

*This p o i n t  i s  p h y s i c a l l y  i m p o s s i b l e  
s i n c e  ch h a s  no meaning a t  1 = 0 .  

P 

IV. C o n c l u s i o n s .  

I n  t h e  numer ica l  example above ,  k  r a n g e d  between 16 and 32 .  5 0  

t o  60 s e c t o r  Mark I b  o r  Mark V d e s i g n s  have  k  v a l u e s  of  100 t o  200. 

T h i s  a l o n e  makes t h i s  Mark II u n a t t r a c t i v e .  With t a n d \  = 8 and N = 5 0 ,  

t h e  s t r a i g h t  s e c t i o n  goes  f rom t h e  magnet l e n g t h ,  s ,  t o  z e r o  i n  

1/250 of t h e  r a d i u s .  F o r  k z  3 0 ,  t h i s  change  i n  r a d i u s  c o r r e s p o n d s  t o  

o n l y  a  10% change i n  momentum. C o n c e i v a b l y  a  much g r e a t e r  number of 

s e c t o r s  o r  much h i g h e r  n  v a l u e  would make t h i s  d e s i g n  more a t t r a c t i v e ,  

but  t h e  e x p e r i e n c e  w i t h  Mark TI i n d i c a t e s  t h e  c o n v e r s e .  T h e r e f o r e  a t  

t h i s  t i m e  none of t h e  r e v e r s e  f i e l d  t y p e s  of FFAG a p p e a r  more 

p r a c t i c a l  t h a n  t h e  o r i g i n a l  Mark I b .  The s p i r a l  f i e l d  s t i l l  o f f e r s  

t h e  b e s t  and o n l y  way of a c h i e v i n g  a  s m a l l  c i r c u m f e r e n c e  f a c t o r  f o r  

. h i g h  e n e r g y  a c c e l e r a t o r s .  


