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PARAXIAL LENS-ACTION In IZEC'PRIC IOIT OPTICS OR GX0~'PRICAL OPTICS 

-- useful f o r  extended (diffuse or  thick)  lenses  -- 
1. Ba.sic Equations 

Least Action I Fermat s Principle 

I ~ f n d  = o Y 6' 

These ec,uacioris aze fo-nsllji i3 .ni t icd. ,  wi.th n proportional t o  p 
or., zlassicalJ.y, prol;rrt:.ii:.zl t o  the ec~?~a;.e m o t  of the k ine t ic  energy. 

For rays c lose t o  pa ra l l e l  with the z-axis. 
Choose an ax is  locat ion a 2  cosrdinate direct ions  so tha t  

V 

with the po ten t ia l ,  d ,  measured from a point axial ,symmetry 
where the k ine t ic  energy i s  zero. n = n  

7- xx YY ' 

p,&= p ( l + x 1 2 +  y l ~ j 1 / 2  az n d ~ n o ( z )  B + ax$+ nyyy2 . 

3; Character of General Solutions 

Use, f o r  brevi ty ,  the symbol n i n  place of no . 
Given two solutions,  %(z ) .  x2(z): 

,12+ y ' 2  Y P E  + -- 7 
2 - 

2no I 

'B  + 
xI2 + y'2 

, 1 2 + ~ 1 2  2 - 7 az 
= (E - ~)'/'/i - + ---$;- 7 dz i32n1 

I ? , . ~ ,  
I with n, s -1, e t s . ,  BIIL axies 

= c-qd)l/2 + "--- 1 x-I* - 2 - 1 s t a t  P = n  = n  = 0 .  
Y xy 

Qxxx2+dyy~27n + ~ 1 2 + ~ 1 2  = ( -qdo(z))1/2~i  + - r- - 7 d z  1 2 - 

+ I(:lY bx21)1 x2 I a !  dz q l  5 n x l  2 

3 0 + 

= 51 
nxll nx; 

3 x2 by v i r tue  of the f a c t  
n n x ' tha t  xl and x2 sa t i s fy  

. . 
i .e.,  

XX' xx the d i f fe ren t ia l  sqn. 

= 0 ;  

E n ( ~ r o n s k i n )  is  constant. 
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(a) Corrollary: 
%(o) 0 1  x2(o) = 0 

With par t icu la r  solutions 
(0) = 0 xz1 (0) = 1 , 

the general solution is  

x = xo 3 ( z )  + xo' x2(z) 

XI = Xo 5 I ( z ) +  xol x z t ( z )  : 

4. Relation hetween (t-r,nsvsrse) Linear- and An@llar-EIagnif i ca t ion  --- -- --- 
For conjuga.te f oc i i ,  B = 0 ( t o  insure x independent of xd  ) . 
Magnificaticn = gi = A 

3x0 
Axi 

Angular Mag. = -- L X )  = D 
0 

5. Solution -- of Different ia l  Equation by - -- I q d . s e  Approxima.tion 

If n,= 0 ,  save &t a narrowly-localize3 region, 

Ax 4 0 and 
n pf 

-- - - 
~ ( n x ~ ) = x . ~ n ~ d z  : z* 

i .e. ,  a 
( c  = ( 

1 U A B k 
U/TLXK~Z 1 .' O 1 (C D) = ((l/nf)rsdz 

\-- 
1 0 C - - (-p/nf no/nf ) with ~ ~ - 1 n ~ d z .  C' 

6. Evaluation, - and Interpretation,  - - -  of P f o r  b a n s ~ i s s i o n  through 

one Surface - 



(a) Interpreta t ion 
n . / n~ 

- 
f 

I Refracting eurface characterized by 

1 0 
( P n/nl ) 

For s i tua t ion  depicted For e i tuat ion depicted 
i n  drawing a t  l e f t  above I i n  drawing at r igh t  above 

x n f 

out 

7 .  Thin-lens Action --- of  such a Refracting Surface 

($2 ) i s  obtained from (:? ) by the matrix 
2 1 

f o r  conjugate f oc i i  , n P 
el + s2n' - s1s2;;i = 0 

p i n c e  (sect;  6) P = n/f = n f / f '  , t h i s  i s  consistent i n  including 
the special cases 82 = co, el = f and sl = m, e2 = f' .] 

n - Note: Writing our reeu l t  aa  blp e 1. we have - + - f '  = 1. 
O l  e2 

elft + e2f - ale2 = 0. or  ( % - f ) ( s 2 - f * )  = ff l  , which i s  the 

mmmu form. 



(a) Corrollary: 

Wo such refract ing surfaces, separated by a negligible mount, - 
a r e  characterized by the matrix 

1 0 1 1 

1 (p1 2 
O 1, 

2 
O ) = (- +P )Inn n/nn (-P /nlf n' /nnl(-p /nt n/nl n 

showing an over-all P = P1 + P2 ; - -  
1.0.. n" - + - = P = P 1  + P 2 .  

P 9 

- 
If n = nn e no.  -- 

l l P l  1 1  
- 

- + - = - = -  * q fl+f"T' 2 

which is  the usu& thin-lens f o d a ,  where 

&; Thick-Lens -- -such surfaces separated by t 

The l ens  i s  characterized by the matrix 
6 t +I 

where t, 
A = i - -yP1  

t B = n? n n 

c = -  PI + P2 - ( t / n f ) q P 2  p 
I -- 

nil 
- 

n f ~  0 = $ P - $ P J .  
Thus, measuring distances t o  the pr incipal  $Gyn 
planes H1, H2, the lens  may be replaced 
i n  e f fec t  by a thin l ens  characterized by ALL ! - 

O ) .  (C n/n. - 'j2 ", 

In  par t icu lar  1 Hz 
n/sl + nfl/s2 = P = P1 +P2 - ( t / n f  )p1P2 , so that.  f o r  s2 = a~. slz f =a ' 

and, fo r  sl = m, s 2 E f l = n & : l  - 
A- 1 t P1 f '  

H2A2 = 
= nfl- - = t- 

n1 P , since f 1  = nn/P (see inimediately above) 
f'l and f t l  = n' /pl (Sect. 6s) : 

I 

I Y  = 
D - (nln" t pt f 

C n- - = t- . since, similarly,  f = n / ~  n1 P f 2  
and f = n' /p2 . 



Note: Again, i n  a manner similar t o  that  noted i n  Sect. 7 ,  we may write  - 
our r e su l t  i n  the  NE:!TOT?IA?T form by measuring distances from the pr incipal  
f o c i i  -- 

f - f '  + - = 
6 

1,  or ( s l - f ) ( s 2 - f ' )  = f f '  . 
s1 2 

9. IJodal P1.anes - 
For the rays i l l u s t r a t e d ,  

x = Axo + Bxto \ 

Emergent 
X I  = x1 = Cxo + DxIO ; 'N l  *2 

a l l e l  
Xo D - 1  N A  = - - ; . = - = B - A -  x x D -1 to incident ray.  5'5 = - - = - 
xg0 C ' 2 2 x xt0  C 

- - A - (AD-BC) - - A - n/nn 
C C 

Thus the nodal planes coincide with the principal planes when riff = n 
and otherwise a r e  given i n  terms of the matrix elements by the foregoing 
re la t ions  t o  y ie ld  the formulas: 

(n/nl )= + nfl - n - - (n/nv )tp2 + r,?P2 + q P 1  
= - P P 

nII - n nfi - n n"- n 
Note: %IT1 = H2N2 = =  f -=  f 1  - - P n ,-,I' ' 

10. ---. Mc.yi?trz?im. . 

(a)  ??:'?rr?r.g ~~~zr..'...n ,;;o :he thick l ens  o f  Sect. 8 ,  
when c.1 <:>;nr-f.; ? . r n  me:isir?d to  the principal planes the l ens  i s  
characte-l-2rl '3; 1 

O 1 (--P/nl n/nn 

and the mstsix c~nliec:iqg points i n  the image space with points i n  the 
object space i s  

(b) A s  in.dicatsd i n  Sect. 4, conjugate focal points  are those f o r  which 
B = 0 and the l i nea r  transverse magnification then i s  

@y a l i t t l e  d g e b r a ,  t h i s  magnification may e l so  be shown t o  be equal 
d i s t .  f r o m  N? = - 82 + 112A2 - H$2 t o  - &st .  to N1 sl +%% -%5 , 

a s  of course i t  must.7 
- -~ 

n 
Likewise. Angular Plagni$ication = D = - - sl 

;i= - - .  
nn "2 

The product i s  seen t o  be n/nn, a s  indicated generally i n  sect;  4. 



( c )  The longitudinal magnification, ds2/as, , i s  obtained by 
n p = o  di f fe ren t ia t ion  of the iden t i ty  B E sl + s2;;ii - s1 s2 ;;ii 

One thus obtains 

Note: A simple equivalent e q r e s s i 0 n . i ~  obtained by d i f fe ren t ia t ing  the - 
Newtonian expression noted i n  Sect. 8 :  

With 5 s s l -  f ,  x = s f x1x2 = f f ' ,  2 -  2 

whence ds2/dsl 5 d2t2/dxl = - x 2 / 5  . 
11. Separated Pa i r  of Lenses -- 

For a p a i r  of t h in  lenses,  separated by a distance L, o r  f o r  
the equivalent s i tua t ion  involving thick lenses  with L measured between 
the appropriate principal planes, all s i tuated i n  a medim of index n o ,  

( x? ) i s  obtained from (7 ) by the matrix 
2 1 

Jus t  a s  with the case of a single th ick  l ens  ( i n  medium no) -- c f .  Sect. 8 -- 
the lens  system i s  characterized by the focal length F given by 

with principal (and nodal) planes s i tuated to the r igh t  of 1 and t o  the 
l e f t  of 2 by the respective distances 
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