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PARAXIAL LENS-ACTION I ELECTRIC ION OPTICS OR GEOMETRICAL OPTICS

-- ugseful for extended (diffuse or thick) lenses --

1. Basic Equations

Least Action

A‘:pdﬁ =
'

These ecuationg are fo "’nell,f identical.,

Fermat's Principle

with n proportional to p

or, classically, proporticizl to the sunare root of the kinetic energy.

2. Paraxisl Approximation

For rays close
Choose an axis location and
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with the potentieal, ¢, measured from a point

where the kinetic energy is zero.

to parallel with the z-axis,
cnbrdinate directions so that
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with n = E’Qni etc., and axies
£X=
such that n_=n,=n__ = 0.
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Note. With axial symmetry
! nxx b,
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3; Character of General Solutions
Use, for brevity, the symbol n in place of n, .
Given two solutions, x,(z), xa(z):
x oozt x Xo
& . e (nx;") (nxy!)’
Z | Ml DIE nxl nx2 nxl )
= 0 & e *a by virtue of the fact
o5 n T - ' that x; and x, satisfy
x'l Pt the differential eaqn.
= 0 "
i' ' xE = .(
ol 1 o 1] ® @ Wronskin) 1is constant.
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(a) Gorrollary: :r.l(O) P xg(o) e
With particular solutions
x, ' (0) x,'(0) =1,

]
o

the general solubtion is
- !
x =x x(2) + x xa(z)
i ' 1 t .
xt = x X (z)+ x' x, i8] =

i-e'n.
Xy _ (A By 7 APy oy 2 'AZBi____
(x') = (5 p° (x.c) with  (, D) (xl, x%) and n|j, “ const,
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4, Relation between (irsnsverse) Linear- and Angular-Magnification

For conjugate focii, B =0 (to insure x independent of x!),.

Magnificaticn = =5 = A

Axq
P
Angular Mag., = Lx7o =D
A% Ax! A B
Product, = AD = (since B=0)
ix, BX oD
= ny/n |

Bt £ ;
1.8, n Ax Ax! = n, A%, AX s

5; Solution of Differential Equation by Impulse Approximation
If n__= 0, save &t a narrowly-localized region, /
v g
1

xX
Ax = O and

A(nx'):x‘fnxxdz :

.85,
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6. Evaluation, and Interpretation, of P for Transmission through
f"l

one Surface - 1
P = -t;nxx dz -u; n, dz

o
By
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\\ r = rad, of curv.



(a) Interpretation = n!

n /n'

f - £
\.r‘/ % \
Refracting surface characterized by
1 (0]
( -P/n' n/n! )
For situation depicted For situation depicted
in drawing at left above in drawing at right above
e 2o rs o Sl
ar® * o Finit 0 x:.mt U
x n x n'
MR - = = fl & o= = e
Tiotg T Xout F
n M = nlen
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7. Thin-lens Action of such a Refracting Surface
n / n'
/V\\m—
1) T8 il

(xz) is obtained from ( ) by the matrix

)(

(é 92)(_{)}11' fP/n' 5 + san/n‘ - 71321’/11')

n/n' s, P/n!
for conjugate focii, o »
8 S S;pt ~ B18p07 = o}
.ﬂ £ P;'— = P "
i o

[Bince (Sect. 6) P = n/f = n'/f', this is consistent in including
the special cases Bp = ™, 8 = f and 8 = ©, 8y = ; i

1
Note. Writing our result as + —= =1, we have e 8 + e s

gyf' + 8,f - 8,8, =0, or (’1”f)(52‘f') = ff' , which is the.a
NEWTOWIAN form.
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(a) Corrollary.

Two such refracting surfaces, separated by a negligible amount,
are cha.ra,cterized by the matrix

(-Paln" n'/n")(-Pl/n' n/n') 2 (-(P )/n" n/nﬂ)' at

showing an over-all P = Pl + P2 ¢

ilel’ n n"

= 4—aPs= Pl + Pa.

P q A
_I:f; n=n¥an. ,
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which is the usual thin-lens formula, where

. By e $- . ¥ Aty - N n'
T Y ] . —_— ’
fl n, n,Tq f! 5 nt n, n,r,

and %; = [(a'/n) ”1:7[;‘11""""'

8. Thick-Lens -- two such surfaces separated by t

i

A B ) 3 0
( ) - <—P /n" n'/n")( )(-P /n‘ n/n‘)
= (é A-3')/0)(% n/n")(l ( /c)(D- /n")) since AD-3BC = n/n®
(Sect. 3),
where & %
A = 1- I:;'P-' B = n‘ﬁ_f-
P _P1+P2-(t/n')P1P25_i e

ot U

Thus, measuring distances %o the grincigal n ¢
planes Hy, H,, the lens may be replaced 4,/{
in effect by a th:.n lens characterized by e

¥ ey

5

In particular

c n/ o

n/al + ml/sa =P = P1+P2 - (‘t;/nl)PlP‘,_J , 8o that, for s = a, s=f=
and, for s; = o, sp=f'=n

2 and £') = '[P} (Sect. 6a)

s P
AlHl = _D_%ﬁ/_n_“l = n-—t— -52- = t—f- , 8ince, similarly, f = n/P
and fa = n! /Pa »

23

s

A~1 t "
H2A2 L nt— 7 t= , since f' = n"/P (see immediately above)
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Note. Again, in a manner similar to that noted in Sect. 7, we may write

our result in the NEJTONIAN form by measuring distances from the principal
foell ~-

=% == = 1; o tg~0le-)=,
1
9. Nodal Planes \/—r———-b—/

\
For the rays illustrated, ook '“' ‘: e,
x = Ax, + Bx!
o o 1 Emergent
xt = xty = Cx, + Dx'y s ' ray
allel

X0 D~-1 x x D-
T e ity S ) e Y e - __...- to incident ray.
't x'y ¢ TATx x'o ol i
A (AD B6) . A~ B/t
o} ¢ i

Thus the nodal planes coincide with the principal planes when n"=n
and otherwise are given in terms of the matrix elements by the foregoing
relations to yield the formulas.

IT e (n/n' )tPﬁ + n" - W & (n/n' )tPE + raPa + rlPl
Al A P B
NeAE 2 (n"/n! )tPl +n - nf i (n"/n' )17.1’1 - sl » il
P P 5
. o D= n'-n _ n"-n
Note. HiNi = HENE % g T —= £1 = .

10, Mes gnifical 1or

(a) Rerorvire szaln %o the thick lens of Sect. 8,
when ¢istences ore msosared to the prineipal planes the lens is
chara.ctt-:'ir.':rl By

)

( 1
uP/n" n/an

and the matrix connecting points in the image space with points in the
object space is

5 Plsiae n/n" (1 - goP/nt 8 + san/nﬂ- sls%P/nn .

r n" n n" o slP
(b) As irndicated in Sect. 4, conjugate focal points are those for which
B = 0 and the linear transverse magnification then is

lagnification = A = 1 - sp ,_f“
Sl = 5152?/11" n 82

= = - — —

81 nt & ¥
Ey a little algebra, this magniflcatlon may also be shown to be equal
_ dist, from Np _ _ sp + ol - H

to dist. to | = s ra AU_N "L_|,H1 as of course it must.j
‘ = Ry !
Likewise, Angular Magnification = D W W - EE 5

The product is seen to be n/n", as indicated generally in Sect, 4.
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(¢) The longitudinal magnification, dsafésl is obtained by

n ¥
differentiation of the identity B = R e e '

One thus obtains
d32 1 - 82?/11“
i T
71 an " Bige
S8 - 91921-7/11" )
B slsgP/n" 1

I
|
|
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Note: A simple equivalent expression is obtained by differentiating the
Wewtonian expression noted in Sect. 8.

With xlgsl-f, xzssz—f', x1x2=ff',

whence dsafdsl = d:ce/dxl = -xz/xl ;

11, Separated Pair of Lenses

For a pair of thin lenses, separated by a distance L, or for
the equivalent situation involving thick lenses with L measured between
the appropriate principal planes, all situated in a medium of index n, ,

Pa Py P, Py
A .—-—"”'7’] : \

“"’9;.._;__;@“’“““‘"°” : tr;.f__._f‘\‘“

(;,2 is obtained from (:,11) by the matrix

e 1 Gyl L 1 0y o 4 7

Gp = (~Pb/n 1) G 1)(-Pa/no 3 = 4 llF 1)( ) 1/F 1)
1- /r L

(”F*lhb'wF% 1-W%)

Just as with the case of a single thick lens (in medium n,) -- cf. Sect, & --
the lens system is characterized by the focal length F given by

1 1 1 L
-— = -0 = + — - %
i M WS

with principal (and nodal) planes situated to the right of 1 and to the
left of 2 by the respective distances

LensltoH1=D—E-l=§-'—F-, HetoLense=£—é-—]-'—=%E,
b a
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