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In  consideration of cwi?uc wce le rn t c r  d.esigas amploylng the 
alternate-,-dient ~ r i ~ c i p l l e .  ozs i s  often ips;crd ait'h thv problem of 
c?steminlng the w l m a  09 the d e s l p  p~?*metesn st thn i i m l t ~  GI s t a b i l i t y .  
if one b a r n  the g e n e r a  c l~as~ . c t e r  cE the eolutiou to tha ciifferential 
equation at slich pointz one nqv subsfltnke o euitable simple t r i a l  funct.f.on 
(or silnple Crld f . j ~ c t l o n a ) ,  contai.dris: eSLjlm ha316 p m m c t v s ,  in to  
esaociatod vmiat i on  probblem and rsudilg Oetezmlma t:ie etgnavaluea v3 Ch 
considerable eccwazy.' I t  i9 f h  pzyoze  0:' tfis pr*:s@nt note :I) t c  
i l i u a f r a t e  the ups of vari~tiona~ *'.t:Qnda 2.3 a s l w l n  bomdary-rsluej 
problem whore the depulldand vwi83le i s  I:xe& at tb ba~a&zles, !it) t a  
apply a similar t e c b i q m  t o  the ?fathiat ~ c , ~ x ~ t i o n .  f o r  whit:$ the e l m -  
uolutioas are per4.03la. rcll ff.uLly ( i l l )  t o  point nut the npOalicshtlitj 
of the method to  n prcbloa w i c i ~  i n  c c n n e c t t o ~  wit21 tha ee,d.ysis OF p. 

Hk. Q YFbcJ ~ C C ~ ~ ~ T B ~ O F .  

2. F m l e  --. Concerain~ -.- 9 Bo~nd3~ :~ -Td lu~  T)rohLen i n  which ths  m n d h n t  TarirBle --.- - --.- -- ~----.---. 
is  Pissd st tha 30u.r.dnrioe - -- -- 

Ye consider the d i f f e r en t id ,  e!pa.tion 

yn + h r =  0 .  with y ( + ' , ) = O .  -- 
Tho s i q l e s t  s o l ~ ~ % i o n  to t h i s  poblero i e  I~'.oMI to  he of the f o m  

n 772 
8'1 = "08-x m d  i e  obfajead when I. = . 

2 

The above problem 1 s  equiralcnt to  the isoper lnetr ic  variation mcblm 
in whlcfi we seek o YX~ction, r x h  that y e l l  = 0,  f o r  which - 

A 9 1  

x O. ~ ~ J C F I ,  t0 J' y 2 d X  a C0-t .  (FHS. 1.1 ; 
-1 

tbst i s ,  fntroatxirg  the Lsg-facge upivitipliar -X , M o r ' n  cquotfoo f o r  
" 

is o w  original Oifferent ia l  eq.mtLon 7" k y  = 0 . 
4. trial solut icn (even In  x), Fatieffing tha h ~ ~ ~ n d b r g  candlti61ts, 

nay be talken of the form 

y = (l-z")? + 9 r 2 ) ,  

for  which "1 8 16 15 ( y i 2 - ~ $ ) d *  = ( - - - - 1 > ~ ~ 2  .+ ( 5  3 a + (-!!*---4)s2 J-, j r5 15 Is5 1 2 5 35 2 • 



- Ye Rccordingiy fir?& t k e t  k r.sat be ~ i r a n  by 

A* - 2 g k  + 5; = 0 ,  
k 

of which tho  les:si  r i o t  i r  h i i l k  - (?.j))'/2 = 2.1i67:i.g 313 2. - 3 . 2 ~ 1 7 3 .  
n2 "1 

This nal::o of A m y  1;9 cc:~p?r%d w i ? 5  r- :- . L 6 7  h01 L3CC2:i - . -: ths igcl~ls!.nr 4 
of add i t ion? l  ~ a r m e t . . r s  IT. t h e  t z i d  Pw~c:Scr!. r:cu3d pemf i; Cui-tlinr i,r.vrone- 

r-. ment of t he  ec!ll;;ated. ~ a l n c .  /";:lo 'As? of t? . rcs  ccunt~.r.l.s (P *;,, E, ,  z7 )  jms -- 
--a ., r q n r t o d  (Siic!~) t o   loo k = 2.467 ~ C ; I  lDj :[ 

i I f  nay bo n3C,?L t2p.t with t b s  t r l ~ l  ~ n ? u . t i o ~  n+rrnIi:ce!l ao C,L?.t c~ ri,>:,rlli~i-;u 
-1 - R i ~ t e g r n l  (i;: :hie  c a ~ n ~ /  >d. 3x1 1.5 Tmit;;, the v d y i c  35tair .vr i  for<l.;:;:'-..-y 

I -1. ~. 
m a r  be s??ovn t o  ba car TBLZ$ of x13 wtli 50 rio.%:nr t h n  tha er:a.t ?iqxi.~nl!:e, 

liha e<c. ivnient v?wiaL!.on p r o F . 1 ~ ~ ~  f 'J? n t h t r  d! f f:.r.rr.?l.?.l n o ~ . ~ ? t . l @ % o  v? 5'1 ,. 
nther  t ypes  of bnundary conditions n r e  :'rccestc?. : a  Co:,.rnxi-;?Zlb?rtr:, $5. IT, 
Pect. 5, en7>. p.lG2. Sn2 an::. f7.1rtber nnte *,k t ,  in > c . r t f m l r r ,  w : f h  
J of tns f orz  

. c ' r  

- 

PP' accordln&ly i f  ;;;;i :R i?.to?rnden? G? x c r  >*riq?ic (n.rt.?d x 2 -  r ) tc x , I 
bo7mdary c o n ~ i t i r j ' c s  requi.:-in.: g t c  1's ;lerio?:l? (rurioCi x_ -- 7- ) r.i?~tlt 13 

d i 

the v m i a t l o n  p r o b l m  n.@n re3.11cing t o  t h e  pro'slcn, gorer:.;':l by P d e r ' s  

j. CLi.rnctar of the  ??~tnc!clukiono o f  t:il tmthieu J:::lur."ic,". - -- - ------ -. ---. - 
A t  t h e  o te? i l . l ty  b c u d a r i n r .  f o r  t! ie Nnthinu ne::~>t,io.-, 

* 

the c h a r a c t e r i ~  t i c  5omdelr m ' iu t ions  c:o per io? ic ,  w i th  ;?erizd :: or ?7 . 
Tnen q:= 0 , the  ~ e r i 0 d i C  so lu t ion3  ire. of c m r f c ~ ,  

1 C3A X CSS 2X C O B  3.K . . . 
sin r s i n  2-c p i n  3r .,. 

the Ksthieu  functionr.  which rcduco $3 ",~e.;e f o m l  v??n q-0 RX 

floeignated (no ta t ion  of :Xl-ttdar m.3 :~atmcjj  

c ~ ~ ( x , ~ )  nel(x,q) ss2(x,q) ce (z.q! .., 3 ' 
me, - ( x , ~ )  ec2(x,q.) s ~ ~ ( x , T )  .- .  , 

the func t ions  13 t he  first 1 t ~ o  ? o i v  e 7 e ~ .  fcnctlonrl o f  x end tt?:c i n  
ths seconli l i n e  ~ r l d  f-usti'~na. 



p.e sttibilit:; b m . n Z ~ r i e ~  r z o  ;;ive;: 5 1  ?e?it:t t a r n  fr.7 t'e flrst far:  
l, . cases3 and ere also l i s t e d  I n  t a o i z a  , ~ S ' J ~ ~ ~ C : P S : I L  I c y  : i i ~ ~ : ~ r i e ?  Expa-.- 

sion of t h e  eigeriur,ctic:'ltl e.rc likzwls3 aSall~x3io~.". The. ~tilhll . i t : i .  
boundaries are s a p h e n  i n  Fig. 1. =d t he  ~k.~z; :ctcr  of tFm F.~~G?~OLIE 111ue-. 
t r a t c d  i n  the  mcaizpanylnfj Tahio  I .  I:?e no?.r~:iur.a r i  the t%>lo  arc e.rrar,ged 
i n  tho same order  as t!10 qwintitica z p o m  03 !.h$ E ~ q ; 7 .  3 8  qu:~r\t,!tios 

1 
b3,, box ,  he1. . . . n r o  tab-~leled ~s f t ~ n c t b r ~ n  c f  a : 211.6~1 i n  rc.F.'b, fis 
R ~ G  the c o e f f i c l o : ~ t s  Yc?.r ier  s,xp?asi.or'r r;f thr: 9 ~ ~ 3  F i ~ f . c t i ~ r ~ ~  SqC, 

So,. ... and cf the orld f';.l?t.inns Sos, C o ?  ... ; f?r qe: 9, t'lsca i;:r.cticng 
L 

eive the Geeire3 r s l u t ~ o z s  if we s e t  3 :: 2:-' ,.Gq), ' wi?:I.e, fe r  q>3, rm 
ca t  s = ~ ( 1 6 ~ )  en$. replace  t h  .-..rp.z*r.t 3.v x T/? 

The f?.rat  e i ~ s n v ~ l u e s  of Eathl.?rilts ~?>*?.,*,:on (5ir+~;1 ty boo, h3.! , ?I!> \ 
.. .. 2 /  

nn;; be e ; ~ ~ r o r i ~ a t a ?  bv e. prococ?we parnilcling tkrr?, e:.:"lr>-o-?, l u  t h , ~  a x r i q i e  
cf Sec t i ca  2 .  Me cons ider ,  in this ccnnect?cc,  thh .ra~ls~;'.e?. prcb!.m fcc 
the  f o m  - .~ of tb3 ~igo-&unction3 - 

(i) For t t o  f i rs t  ctnbillty ho*,md?.:-y ::n rn.!~l.o-r trial ~ ; c l . u l i r ~ c * ,  ew:?  il z 
and of "eriod n . 0:' th?  Corm 

A~ + %con 2" + A ~ C O O ~ X  + .... 
If only  two terms are rstaincc?. the i n t e n d  bccmer 

an6 g i ~ o a  uu a m l s t i o n  f r o a  which ono o5ts$.ns a ~ o o d  f i ra t  ne".me4? of tha 
F i r z t  s t s 3 i i i t y  boundary: 

(16 q)2 - 2a!a - 4 )  . 
Wa thus obtain, for the f i r s h 8 t . 3 1 1 i f ; y  ho~mr?s:?i. 

- I aud. 

by way of e r m e ,  if 1.6 a =- 24 , 

a & -ash@ , j~~ -- 0,732 ( t h ?  eigm k e i c , ~  tha: of y 1. 

[%m aacoild r30t f o r  b w  i s  2Dl r 32q2>1i2 + 12 o r .  i n  this r.xmplo, 
5&& with  %/b, I 2 . 7 ~  - .I 



m. 1 
Stability Boundarise and 1Eigen 8olutiono 

for Mathleu Xquation 
2 
9 + (a + 1 6 ~ c o r  2x1 y = 0. 
dr2 





C 'If ue reCino o w  c:>aroriz,e.l;.lon C:: inz:z,:tfn& t . k ~ r ?  ~ r t m ~ w t ~ r a  i n  
the trixl frlnc t l o r ~ ,  the 1 n t : o ~ r d  h9cumas 

We tnuo ob ta in  the ~ i r o u l t ~ ~ e o u o  eqmtl.;ns 

- 2a A. - 1 6 q q  
L 

= 3 

-I 6 q~~ * ('4 - a) - 8 q A., -2 3 
,- 

-3 ct A, c (IF; - n1.i = CI ; 
* 2 

ur t hus  obto.in f o r  the f f : rnt  ~ t n b l l i t y  S ~ ~ x i d a m  (for 16 q = 24 1 
a = -1. -51 , + , 5!rc, .- -- 0 .75'X2 , a 2 /A o = +G,oZ& 

Vfe thv.s e re  c\tp.in:ni: what, t:?penrs t c  3 s  a good ~p-cs2rns:ion t o  the 
f i r z t  e i g m v d u ?  an-: i t s  ;i~cocie.t,ed s n l i r i i o r .  e3 w e l l  81: i.. r rsz~ona3le  e s t i m t e ?  
of t h e  v d u e  and so:"t!in corrc.qon&ing t o  ce,. ??IF! c o r r e c t  v c h e s  PZ& - 
F i r s t  so lu t ion:  e = -1 :51336, 5,'~~ = 3.7570 .  A,/A = -a-~;!~g ; 

< 0 
j. Second solu t ion:  a = 5.1.7266, A.,/A, - 72.5G63. A>/-$ = -0. i f lO . .. .. - %a f i r s t  s t a b i l i t y  l i m i t  -rv of c.;.nsn. be e%ltel-.nat?-rel.y ~aL;rn~tcrr! 

by una o f ~ ~ c t - s ? t c o t h  aT?rcfim,t;'&-,j7 i n  this w R 7  tro ~ F E C L  a = - 32 5: , 
which reproamtrr good &~roxirx-.t . inrr to  t h ?  co-rect vs2.w when q I.H 
sm1.l ( 2 s  i s  senn.b:~ e v m r i o n  of our f i r a t  r q s a l t  o r  by ;l?fercn-a to t . h  

series 7 ivea  on p.411 09 ref.3) end eireu thc n n ~ r r i c n l  vzluc: -2 f n r  
l b q =  - +, . 
( j i )  One may procleci s:milwly t o  l o c a t e  tk3 secon? e t e b i l i t y  \ounF,am 
and t o  exanlac tl.s cha rac te r  of th3  ercoclater? c i ~ e n n ~ l u t i o s s .  I n  t h i n  casa 
(when q 7  31 ao omploy trisl 6olut:ons (with xcrioci 277) of tbfl f o r n  

~ C G ~ X  + R Coftjx + P Co35x + a * . .  

2 3 - 
Retalnine; th ree  ternn, t he  5.ntegr.l becon-en 

and leadn t o  tho  equntions 

( 1  - & q  - - =- 0 

-gqB1 + (9  - 0)3, - Sn R :: 0 
c ' -3 

- %B2 + (25 - n)3, = 0 .  
3 

llhe l o c a t i o n  of the  f f r n t  s t ~ . b t l l t y  boundary o f  the presezt,  t p e  i s  then 
est imated t o  be,  when 16 q ;- li , 

R = - 1.39066, -#its E?/% = 0.1953~ an& 3 = 0.01b.3 
r 03 ' 

4 
Tbe c o r r e c t  valuoe a r e  



- 
(iil) Procae8iri.z ts 1 next  @ C e . o i J i t . ; .  i t ,  grm o c 5 . m r s  triG a 3 l u S i 3 . t ~  
( w i n  of perioi, 271 of the f om 

2, s i n  x C C s in  '.r + r, ~ i a  r- 
2 . . j*. C ... . 

.& , 
Sims we are concern??. only with  thin prnbic? ~s an illustrati~n, we 
keep mere17 twc terms hare t,o ~btnin 

with the solution o* in+,erest, for 16 q = ) I ,  

a :: F) - (7:) = 217+$4, *.  c 1- 9 . vp?. , . L,., 

2' -1 

P-e correct vnlces are 4 
P = 2.3792 , C J C ~  = O . l l c ? l l  . 

c 

(iv) !?ha f o u r t n  Qmr. of s t n 3 E l l t y  limit is iw:cst i~;ntod 3y el:! of the trinl 
function (period n? - q s i u a  + D s inbx  + U singx i. . + a .  

;I 3 

&&r we retain only t ~ o  t e r m  to ojtnin 

i c e  the integral. 

He theq obt?in tho cquati~ns 

(b - a)% - 6 q n 2  = o 
- Sg % c (16 - = 0 ,  

<. 

with the oolation o f  Interest, for 15 q = 4. 
s = 10 - OID) I i 2  = >.6?+ ,  -. .,91+al = 0.1623 

L 

%a correct. vdluos w9 
4 

R = 3,6722 , n, /q  = 0.1633. 



g In  the ~ n a l y s i r  of the onci l la t lona ebmt  e scalloped orb i t ,  as 
f o r  a 1 k . V  FFAC a c c e l e r a t o ~ ,  one obtntno d i f f e r e n t i d  equsiions of the f o n  

I t  i s  de.1-ed t o  Qet~rmlns r8Juen ci t h z  p m ~ a o t t ~  'a" #.t thorb r tab i l iky  
l i n i t e  which l i e  new zero. 

(1) Since 6 is e r d l  i t  m6.y be t!qo&te& that A gcd eet lhbte  of t)le q:abL1IC,r 
boundaries m a y ,  i n  f a c t ,  be obtaira3le ty s e t t i r y  b = 0 m d  using $rid 
ndlutions 

A. + .$COB 2 t  + &j+cos I : t  f c r  or." bo-mbry 
- 

m d  lCl con t + A cos jt (In the cnae the w?er a i s  f o r  "or t a   take^) 3 et the othor bounEa-y. 

In  these r e ~ p a c t i v e  cares, procn."ir& by metho3r eimLlzr t o  thoas 
Sofore, on+ f inds  the  cloterrnnentil eq.st:uno 

T;y! first determaaental oquntion loads t o  tho  f l r a t  bomdary 10-ation 
(when b m d  c hsve the vnluam in6.iceited) 

n ?- - 0 . 2 3 1 ~ ~  f o r  c > O ,  

1 The valuoe obtained i n  @nerd from Vale f i r o t  d e t c r a m e n t ~ l  e q ~ s t i o n  ~ ~ M M U J B .  
when b end c aro small, ths value siven by the omoolh ap~cxirnat ion7:  

, -- 
2 but. i n  t h i rd  ordar (orcer c r f  b c!, appear t o  permtt n s l i gh t ly  nore megrtira 

vs;iue of %n when tho nsx2r;.m posi t ive  c ~ c u r s i o a a  of tha  coa 22 m4. c o a 4 t  
tam. add i n  phase. For thc values of b and c ascqmed here the eemirtfi 
crgproxhm~ion gives a - 0.2355. 
Tha second deternansntal sque t ion lbsS~l  t o  the asccllid nta31lity bo&y 
emtirate l  t o  ?m ~eRivm Ly 

P 
la o . $ + z ~  f o r  C > O ,  

R Ci.239 for c < C .  



- 
(it) If we do net c s g l e c t  3 ir. the  c i v e n  p r o b l e ~ ,  I t  then ap~ppenrs -pro- 
p r i n t 0  t o  taka t r i a l  functi.ono of  a Gore eenerffl f o m ,  K t t h ~ u g h  the  ds t e r -  
manental e q m t l o n  w i l l  be found t o  f a c t o r  i n t o  two equations,  corresponC1ng 
t o  olgensolut ions of per iods  7 snd i7W . 

!:e occordinp,ly tdce  as a t23.d f w c t i o n  

Y = A + 5 ~ 0 8  t + A C O R  2 t  + 1. C 0 8  >t .I- C O ~  
0 2 3 

+ 3 sin t + A cric 2% + 3, o in  3t - l$+ sinkt  . l 2 , 
f o r  which the  il.tt?giril which is t 3  t 8 . k ~  On R 3 t ~ t i 0 ~ 2 L ~ y  V C ~ C ?  $8 

t - 56 A -. c cos  E ACA4 + c zin 6 AGT?, 
0 2 
l a b 2  + (" - -  - b c c T i )~ I .  + (-- --to" )$A + - 81" W 3- 
2 2 2 ? 3 2 7 )  

n c 2 b rl + ( 2  - ;; - r c o s  6 ! A 2  - FA& + - e l n 5  A 3 
L 2 2 2 

( 3  r. ;: c + ,-: - --!A c -- in & A B, + ( 7  - - 
2 3  2 3 - ")k2 2 

1 a b c 
2 2 ., 

9 il C 3 + (2  - ;? + ~ $ 0 "  6 13; - -3 I? 
2 2 .1 

+ (9 - 2 + (8 - Ej?? 7 . 
2 2 -j 2 - .  - - 

me resu1tlr.g ~ . e : ? r s r ; ~ e n t d  eq110:ion n:y bbo f a c t o r e d  t o  rnad 

and Is asen t o  re@lce t o  the  previous r e s u l t  i f  5 ic s p h q U 6 j  t o  Zero. 
Vaniahirg of the  f i r s t  d e t e r m v l ~ ~ n t  wolild ?-?nit one t o  o3t ,Gn r ~ t i o s  of - ncn-vanishing coe f f i c ign to  A n ,  AS,  z2, 9, .  coireu~on3i.7i:  t o  a so:ution 
of per iod  n, md t he  vm'shing of the sccond permit e,? indeplndrnt, similar 
determinat ion of 5 ,  A3, B1 , 33 , correcrpocdinc to R s o l u t i o n  of pe r iod  2" . - 



With regard  t o  tha 5 r, j r le te rm~ncnt ,  i t  has been m t ~ d  t h a t  i t  
w i l l  f a c t o r  when 6 = 0 t o  g ive  the e n s l i e s  r e s u i t .  I f  6 f 0,  the  de te r -  
mment may be ~ q a n d e d  es a s m  of :% 3 z l l p q p  and t h e i r  aseocin ted  2 2 2  
cofac to r s  t o  give a c o r r e c t i o n  of orcier cLgL t o  tho ori&li.P-l 3 x 3 
d e t e m a e n t .  In a d d i t i o n ,  i t  i n  t o  be n?tzd  t h a t  the o r i g i ~ e l  3 x 3 
rletermnnsnt i s  i t s e l f  modified by s t e r n  of orGur cg2 ; ri r c ~ p h  n m c r -  
i c d l  check w e n s  t o  i n d i c a t e  t h a t  t h i s  l r i t t e r  e f f e c t  i r ,  sorewF.%t t>.e ne%b.er  
mil woUld. r e s x l t  !RS might be e ~ e c t c 6 . )  i n  br.'n,qlre t o ~ e t t e r  tkr, c r - t i n s t e a  . 
of the  f i r s t  s t a % i l i t y  bounaary f o r  :he tm cases  5 .LO . V t t h  t h e  
preser.t  u d u e  of f i ,  hudeuer,  the  c h w e  of *a" i s  be l ieve6  t o  3. t d 1  
-- yerhr;ps of the or6.e- of 20.003 -- a d  s L i r n c t  r:7al~1ntion k.n c a t  
been .~;idert&ea. 

Vit:? r ega rd  t o  the  4 x 4 di?terrr,%nent ~ 3 ~ 3 c i e t e 6  with t.l:0 T - B X ~  

s t a b i l i t y  i i z i t  R sir . i iar s i t u s t i o n  i n  ueen t o  e.p?:;. E m m s i o n  i n  a 
s e r i e s  of ?rodactc of 2 x 2 t e t e r n m e n t o  m d  r.?Justmen$ of  tho c r i e n r i l  
2 x 2  d e t e ~ n a x n t  t3 take R . C C O ~ . I ~ ~  of con6 4 1 i s  Peen erne ~ g a l n  t c  in -  
troduce c=r rwt io ! i -  of tlie orrCer o f  6 2  . 
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