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PART I: Ndat ims,  definitions md poatultar. 

Given a rsgicn R of r p c s  and a pbne surface S *ah m a t o e  R into 

tro m a .  

k i r  a unit motor no ma^, t o  s 

3 x + % +%s i n  the radius vector of a point i n  R 

2 ( ~ , ~ , a )  i s  a vector function of position (interpreted here as  magnet 

fleld strength), which a a t i d i e s  the relations: 

D X ~ - o  V*d-o (In R) (1.1) 

It follows that there d s t s  a scalar function ( x , y , ~ )  such that  

H 4 A$-.  

'5 -b + 
H - jt + idis *ere T)t is  the ccrpctlsnt OX H pufi.1 t o  S, % i s  

the c- porpndlcular t o  S. 



A 3 
Furthermore, s incev* H - o, there exists a vector Ryrctim A ( X , ~ , B )  

4 3 
such t h a t Z = ~ x  A and A = o (1.3) 

- \ 
so that A A - o 

The subscript o on any function indicates the value of that function cm S, 

thus Hs(xD~,o) - %po(*m~) = Hare 

f i  
PART 111 The expnsions be derived: 



If one introduces the operators: 
4 

C o s A - 1 - -  + a--- 
2 1 4 1 

the above a x p ~ s i a n s  can be written thusr 



EScpansicns (1.12) and (1.U) f o r  and 5 can be replaced by: 

Likewise, expansions (1.15) and 0.16) f o r  A, and 11, give: 

-+ 4 
The expansions f o r  H and A a r e  now i n  a form invar iant  under coordinate 

t r a n s f o m t i o n s  in the (x ,y)  plane. Che c a n  therefore  usc any system 

of curvil inear coordinates i n  t h i s  plane together with the z c o d i n a t e  

perpendicular t o  this plane. 

The methcds for  deriving these expensions will r.w be indicated. Let u s  

canalder Hz. E x p d  it i n  a Taylor s e r i e s  i n  z: 



If (1.19) an:! (1.20) are m t s t i t u t e d  I n  (1.18)~ one obtains t he  expansion 

( 1 . ~ )  for Hz. ?he expansions for H,., %, :k, .b, As are obtained In a 

s b i l s r  way. h the  case of (Ax,Ayl A,). t he  fa l lwing re la t ions  are 

mado uso of: 

P n e  functims (s, I$,, HI) ars r i e t e d n e d  u ~ i q v e 4  by the% expmdons whon 
-+ 

the vdurs o?' :Io an4 %,, are given. The function < i s  a lso  uniquely 

e e t e d n e d  except for an additlvo congtanc. 

Kaere:, (LX, !y, A,) are not detemdned aIq1,ely under these curcumcrtancrs. 
4 

\ hiqueness i s  8tt.ined it, In addikion t o  Ho and Hal, ( A ~ . ~ ,  Ayol AZ,,,/ 

are a l so  g i v r ~ ,  The only ccndition o t h r m  :u.&;tiu3 ; ~ r  giver! fl,, 

In perticulaz, A=,., cm. be chosen i n  a qui te  ar:,itrrrrg manner. For instans?, 

one could set GI, .- '1, . = o. 
I t .  

If, i n  ad3ti.m. :! 
Y , C  

I s  datarmine:! m 3 

nunnor consistent. with 11.22),'t,hen the  (ik, ,$, !L,~) a r3  3et?na:nm? 

ulliqucJ .y . 
Ir, -haul,l be noted 1 ha5 when tihe exp~nsians f o r  (.'i,, %; Le 1 arc sui~nti  tuted 

!r, the  equationst 

- 5 - 



and makes use of t he  re la t ions  (1.21), one obtains t h e  axpandons (1.5) 

(1.6) and (1.7) fo r  (G, Hy, H,) ' 

PEJLT 111: Special Solutions. 

We s h a l l  now cmslder  cer ta in  magnetic f i e l d s  which may have applications 

t o  accelerators. In each case, the  magnetic f i e l d  will l o  given in t he  
r 

median plane, and , $, 5, Hz, h, Ay, A, w i l l  be determined on both 

sides of the.plane. In the casee cansidered here, all the expansions 

can be awned. 

(a )  Hz,o - e Q X  ; H *lo = H y s o = o  

4 ~ ~ , ~  -a2e" i (dt)%,,o aa2%z,o  

The axpansion for  @gives* 

(O - - s in  aa a 

so t h a t  

Hx - ea sin as ,  I$ - a, H, = eQX cos ac 

nt Q,, - A,,, = o, then eax - +te 

'XR 



Then t h e  expansions giver 

eax ,IX - 0, ,I - - cos a s ,  :L, - o 
Y a 

(b) f f zvo  E e (atiS)x-i@ - ,ati(px4) h e r e  a,  p,  and B a r e  real. 

= '$,0 = 0 X," 

2 r -  
H = ( a + i ~ )  Hz,o ! Hz,o - ( a t i s )% 

Z p 0  - - z,o 

The expansim fo r  9 gives 

and therefore 

H - eax+i(Px-g) s in  (a+ip)Z 
X 

H, = c a+'(px-8) cos ( a t i p ) ~  

Ibx,o I :LZ,O 
Then H z10 - 

The e m s i o n . 9  give 

The r e a l  and pre Imaginary perts of this solution will represent possible 

solutions. These a re  givcn in (c )  and (d)  respectively. 

( c )  H - eacos (px-8) H = H = o = 8 0  x,o Y," 



(CE- 

coa(px-8) Fas inen  cosh pz + p cos a5 sinh ps 
i 1 

+ a i n ( ~ x 4 1  [*con a s  sinh px p s in  az co* 827 
J 1 

ax Hx - e ico8 (BX-B) 8i.n US coah $Z - sin ( p x - ~ )  cos as sinh $2 ! 

+ sin($x-6) a d n  a5 sinh PI*$ cos a5 cosh pc r 

- - [co8(px4)[acos as ~ i n h  ps-p .in an coah ps 1 
a2+p2 

+ ain(gx.8) +asin as coah pz B COB as ainh pa [ 1 I 
= em (px-9)cos a= dnh Pz + s in  ($x-8).in a2 c0.h ps 

5 
% - em 1- coa(w+).i. as sinch pz + s i n  (m4) con an c o d  p5 

A x - O  

I 



1- cos ( 4  a sinch ps + $ COS az coah 8.1 
d 

+ s i n  ( ) c o s  a eosh iz-f3 sin a% ainch $ 2 1  
F z  = o  

t 

wern sxpension (1.41, one findas 

n 
Dg differrmtiating $ , one finna: 



This solution is of importance i n  the  Hsrk V PFAG accelerator,  i n  which case 

-( i s  wll. In t h i s  case it i s  convenient t o  expend a h $  i n  a powcr 

ser ies  i n  r2, retaining d y  the f i r s t  two t e rns  of t he  expansion. This 

approdmeta solution i s  given in the next section. 

then one f inds  

A ' V +  
G "L, ( a + i ~ )  

The imaginary part  of t h i s  solution i s  of par t icular  in te res t  f o r  the  Hark V 

accelerator,  and i s  given i n  the  next section. 

- (px-yy)[a~omh d n h  plz-I s in  rls 
I a +p L 

1 1 1 
+ i n  (f3xv) [a sin a r eosh V a+B cos a z sinh p 



2 1 
cos aiz sinh p z + sin (~x-yy)  

i 
L. 2(a2+p2) 

s in  alz cosh p z \ 
1 1 

I$ - G\ a *B + a &ks + 
(px--ry)La s in a z cash p z t p cos alz 

1 1 
t h(nx--,-y)r- P C 0 3  a s d n h  p z + p ain alz cosh p l z 1  { 

* d J  

1 1 1 - cos (px-yy) s in  a 2 sinh p E + s in  (px-yy) cos a z cosh plz 

2 &I- co. (B-) a d n  alz linh plz + coa alz cosh 0's hk' 
1 1 1 + s in  (pxyy) a cos a z soch p z - p s in  a z sinh p z 

r, = y k  + L\ cos(px-yy~~a2-p2)  r in  az cosh pz + zap 
a +B 2(a2+p2) 

-.) 
.I 

cos az sinh pa _J 

+ (e - yy)[-($+2, cos ar sinh p= + 2 ap s in  az cosh pz 

It should be nated fo r  d l  y t ha t  t h i s  represents a small perturbaticn of 3 
the  special  solution (d), h e  night suggest t ha t  (g) t o  a cer tain 

approximatian could a l so  bo obtained from (d)  simply by se t t ing  e = yy 

in tha t  solution. Since the  solution g i s  rather ccmplicated, the 

solution thus obtained mlght be qui te  useful. However, it reprcsents 

a poor approximatian, not being correct i n  the  first pcwer of y. 



PILW IV. A'\pplicationa of t he  "special s o l u t i m s ~ '  t o  tho Mark V FFAG 

accelerator. 

Two d i f fe ren t  rw.gmtic f i e l d s  i n  the  median plane have been proposed for  t h i s  

accelerator,  W I J  

If one wri tes  r = ro  + x, roe = y,  tho  two f i e l d s  m y  be wri t ten i n  the fomr  

a (for  k la rge  and %o small) (4.5) 

In this approxb&ion, one obtains: - 

' h e r e  &&+i~) - B i f  A and B a r e  real .  

The (rO + x,y) are actual ly  polar coordinates i n  tho median plane. If, 

however, ( x , y )  a r e  d l  campared with r,, they mey a s  a f i r s t  approxi- 

mat im be t rea ted  as rectangular coordinates i n  t h i s  plane. In this 

case, t h e  f i e lds  H I and H I' a rc  l inoar  combhatims of t h e  f ioldn 
=so =,* 



+ 
(a)  and ( e )  ol" prt 111, a d  the  values of H and S! can a t  once be 

writ ten down from the r e su l t s  of part 111. 

Two approximations a re  involved here, (1) thtt contained i n  equation (4.6) 

and (2)  the treatnrjnt of (x,y) a s  r o c t a n m a r  coordinates. It xmuld 

seem l iko ly  t h a t  these appradmt ions  are  sufficiently val id  fo r  mozt 

considerations. If, howover, more accurate solutions me required, 

those obtainod frcm a perturbation methcd d d  probably be more 

convenient t o  use than the  corresponding exact wlu t ions ,  which possibly 

might be obtainable by t h e  methods used here. 

These r e su l t s  m.ly be used t o  f ind (1) the  magnetic pole c h a p s  required t o  

produce tho prescribed f i o l d s  and (2)  the voctor potential  of t h i s  f i e l d  

in tho neighborhood of the  modian plans in order t o  study questions of 

orbi t  s t a b i ~ t y .  h the  first coso, $ an o ~ a i n c d  fron pi* III, i s  

required. In the  second case, it i s  probably more convcnicnt t o  use 

the f i r s t  few t o m  of power expansion in z for  (I&, 'Iy, Az), which 

can e n s 3 4  be found fram t h e  expansions (1.81, (1.9) <and (1.10). One 

s h d d  notice t h a t  t h e  vector potent ia l  i s  not uniquely determinod, and 

often it may bo more convenient t o  make a &%rent choice than was done 

i n  this report. 


