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I. I n t r o d u c t i o n .  

It i s  shown t h a t  focuss ing  by s e c t o r  boundar ies  i s  important  

i n  Mark I b  FFAG des igns ,  e s p e c i a l l y  f o r  smal le r  n u m b ~ r s  of sec- 

t o r s .  An approximate method of i nc lud ing  t h e  e f f e c t s  of edges 

i s  presented.  The t r a n s f e r  ma t r i ce s  f o r  edges and f o r  s t r a i g h t  
c 

s e c t i o n s  a r e  found, and t h e  g e n e r a l  r e s u l t i n g  d- expres s ions  

a r e  given. 

11. Approximate Treatment of  Edges u s ing  Lens Analogies. 

I n  Mark I b  FFAG t h e  r a d i u s  of curva ture  on any equ i l i b r ium 

o r b i t  i s  t h e  same i n  r a d i a l  focuss ing  s e c t o r s  a s  i n  r a d i a l  de- 

focuss ing  s e c t o r s .  It i s  t h e r e f o r e  convenient  t o  express  a l l  

q u a n t i t i e s  i n  angle  v a r i a b l e s  a s  i n  EDD-HSS-1. Using t h e  n o t a t i o n  

1. K. Symon !JIURA-KRS-~. 
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The above d i f f e r s  from IdIUFiA-KRS-6 i n  t h a t  (3a i s  def ined  a s  
2 

p o s i t i v e  here .  Following t h e  n o t a t i o n  of Hammermesh we con- 

s i d e r  s e c t o r s  w i t h  s u b s c r i p t  2 v e r t i c a l l y  focuss ing  f o r  a  p o s i t i v e  

momentum compaction design.  

I n  Mark I b  t h e  edges a r e  v e r t i c a l l y  focuss ing  and r a d i a l l y  

defocuss ing  due t o  s c a l l o p i n g  of t h e  equ i l i b r ium o r b i t ,  w i th  

t h e  f o c a l  l e n g t h  a c r o s s  one edge p a i r  g iven  by 

The equ iva l en t  edge f o c a l  l e n g t h  f o r  a  complete s e c t o r  w i th  two 

edge p a i r s  i s  one h a l f  of t h e  above f o r  v e r y  long f o c a l  l eng th .  

where ge i s  t h e  f o c a l  l e n g t h  of an  equ iva l en t  l e n s  which 

r e p l a c e s  t h e  edges f o r  one complete s e c t o r .  As shown i n  t h e  
3 

Mark I1 case ,  a  s e r i e s  of  l e n s e s  of l o c a l  l e n g t h  f and 

spacing T w i l l  produce an  o s c i l l ~ t i o n  of wavelength ? , 
where 

So, f o r  edges a lone ,  t h e  6 f o r  v e r t i c a l  o s c i l l a t i o n  i s  given 

by 

For  r a d i a l  o s c i l l a t i o n s  due t o  edges,  

P 
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- To approximate t h e  edge e f f e c t s ,  f o r  small ang le s  

The edges should improve t h e  s t a b i l i t y  c h a r a c t e r i s t i c s  of t h e  

p o s i t i v e  momentum compaction Mark I b ,  which h a s  t o o  l i t t l e  ve r -  

t i c a l  and t o o  much r a d i a l  focuss ing .  The t o t a l  O- , i n -  7 
c l u d i r g  edges ,  can be approximately  determined from 

where i s  found neg lec t ing  edges. The above i s  a good 

approximation when a l l  Ts a r e  smal l ,  and C" i s  no t  equa l  

and oppos i te  i n  s i g n  t o  

For  a p o s i t i v e  d, Mark I b ,  n e g l e c t i n g  edges a t y p i c a l  

s e t  o f  parameters is 



For 20 s e c t o r s  and t h i s  C, 

The r e s u l t i n g  a r e  much more n e a r l y  equal .  C 

could be decreased t o  4 and s t i l l  have r a d i a l  and v e r t i c a l  

s t a b i l i t y .  This  i s  sma l l e r  t h a n  would be poss ib l e  neg lec t ing  

t h e  edges. S ince  t h e  edge e f f e c t s  a r e  i n v e r s e l y  p r o p o r t i o n a l  

t o  t h e  number of s e c t o r s ,  i t  i s  most important  i n  smal l  r a d i u s ,  

few s e c t o r  machines. 

The above exp res s ion  f o r  re checks t h e  exac t  m a t r i x  

s o l u t i o n  of t h e  fo l lowing  s e c t i o n  i n  t h e  smal l  angle  approxima- 

t i o n .  

111. Matr ix  Formulat ion of Edge E f f e c t s .  

For t h e  geometry de f ined  above, we d e f i n e  t h e  fo l lowing:  

If t h e  magnet edges a r e  considered a s  t h i n  l e n s e s ,  t h e  ma t r ix  

e lements  f o r  t r ans fo rma t ions  a c r o s s  t h e  edges a r e  given by: 

f o r  r a d i a l  motion, 

I 01 f o r  v e r t i c a l  motion. & a t a n 4  I 

I n  Mark I b ,  t h e  edges a r e  r a d i a l l y  defocuss ing  and ve r -  

t i c a l l y  focuss ing ,  hence a p o s i t i v e  momentum comp8ction des ign  

(where t h e  r a d i a l  focuss ing  i s  a l r e a d y  s t ronge r  and t h e  v e r t i c a l  

focuss ing  weaker t h a n  considered optimum) i s  more d e s i r a b l e  t h a n  



a nega t ive  momentum compaction. I n  t h e  fo l lowing  on ly  

p o s i t i v e  momentum compaction i s  considered.  

The cos ine  0- express ions  a r e  r i v e n  below. 

a$a- corh ~ o s h ~ , - & d  
'3- I( sin r o s L  y, + cog va s l n k ~ ,  ]+A& s i n  yZsin~ +, 

KG 

For  a p a r t i c u l a r  des ign ,  N and determine geometr ic  

parameters ,  u s i n g  t h e  fol lowing:  

a-: if din + - 5 ~ n d  sin  &E Qo 
-2 d - a 

The smal l  angle  approximation f o r  %?- i s  good t o  t h r e e  

s i g n i f i c a n t  f i g u r e s  f o r  t h e  20 s e c t o r  d e s i g n  below, a l though  

t h e  va lues  of (31 ,  (3% a r e  q u i t e  l a r g e .  

A p a r t i c u l a r  Mark I b  d e s i g n  i s  t h e r e f o r e  complete ly  spec i -  

f i e d  by N, , and /VL . 
I V .  S t r a i g h t  Sec t ions .  

The l e n g t h  of a s t r a i g h t  s e c t i o n ,  1 , can be s p e c i f i e d  

i n  u n i t s  of t h e  r a d i u s  of cu rva tu re ,  e , by 5'- &/? . 
The m a t r i x  f o r  t r ans fo rma t ion  a c r o s s  a s t r a i g h t  s e c t i o n ,  horizon- 

t a l l y  o r  v e r t i c a l l y ,  i s  given by: 

T h i s  must be i n s e r t e d  between two edge ma t r i ce s  <e.g. r a d i a l ) ,  



each of the  form 

i n  f inding the  transformation matr ix f o r  an e n t i r e  sec to r ,  

The expressions f o r  cosine b , r a d i a l  and v e r t i c a l ,  a re  

~ i v e n  below, where t h e  abbreviat ion + * + a n  d i s  used. - 
a d 

cos c;-& = cos cash 4p ( / + q & S + d t  A')+ 

When e f f e c t s  of edqes may be neglected (as  i n  l a rge  N designs 

where t a n  d---' J ) the  above expressions may be reduced t o  

I( C D S  = L O S  4, +2+s in  5inh @*F(+-J - 
I<, <xi 'J - sin#,cosA gd + ~2 

K, S cos 4, sin h 

cos cr; = cos ya cosh y ,  +sin yJL s i n 4  v ,  
G 

C- ,a saJ  + K S  Eosyasinh y l  -.- i n  Wa 
+ 



When s t r a i g h t  sect ions a r e  introduced, the  geometrical 

r e la t ionsh ips  are  5 l t e r ed  somevrhat. 

If d. i s  not short  compared t o  S1 and S2, then$% gdt 

and the above expression f o r  as i s  l e s s  va l id .  However 

f o r k  ( R ,  the  expression f o r  & given previously i s  

a  very good approximation, and the  values of (3 w i l l  re- 

main unchanged. 

V. Approximate Ef fec t s  of S t ra igh t  Sections. 

I n  order t o  gain  a  f i r s t  order " fee l"  fo r  the  e f f e c t s  

of s t r a i g h t  sec t ions ,  the  procedure used i n  MURA-LWJ-7 

i s  useful .  I f  S  i s  the  path length  of p a r t i c l e  i n  a  magnet 

and 2 i s  the  length  of a  s t r a i g h t  sec t ion,  

The f i rs t  i n t e g r a l  of the  motion of the  p a r t i c l e  i n  a  sec tor  

where $+ may be factored out of the  i n t e g r a l  f o r  small 0- ., 



When s t r a i g h t  s e c t i o n s  a r e  inc luded ,  

If t h e  r e g i o n  w i t h  g r a d i e n t  extended a c r o s s  t h e  s t r a i g h t  

s e c t i o n s ,  

J'H'., ., a = H,', (s,+d+H;. (%+a) 3 
a 

where t h e  s u b s c r i p t  e r e f e r s  t o  e f f e c t i v e  va lues .  

Thus : 

I n t r o d u c t i o n  of s t r a i g h t  s e c t i o n s  reduces  t h e  e f f e c t i v e  

g r a d i e n t s  from t h e i r  l o c a l  va lues  w i t h i n  s e c t o r s .  

For t h e  same t u r n i n g  around t h e  machine, 

With s t r a i g h t  s e c t i o n s ,  

ft-/ds = H, 9, Ha 3.a 
Q 

For no s t r a i g h t  s e c t i o n s  bu t  t h e  same R, 



Thus i n t r o d u c t i n g  s t r a i g h t  s e c t i o n s  i n c r e a s e s  t h e  e f f e c t i v e  

M over M w i t h i n  t h e  s e c t o r .  For a  s t r a i g h t  s e c t i o n  de- 

s ign ,  a f i r s t  approximation c a l c u l a t i o n  would be t o  f i n d  a  de- 

s i g n  n e g l e c t i n g  s t r a i g h t  s e c t i o n s  and t h e n  t o  reduce t h e  YL - - 

w i t h i n  t h e  s e c t o r s  by s, + 52 
S, + S a - a  & , keeping t h e  same 

'd and h/ . Thi s  new Y\ would t h e n  be t r i e d  i n  t h e  

express ions  of S e c t i o n  I11 t o  f i n d  t h e  6 S . The 

circumference f a c t o r  C i s  inc reased  by s t r a i g h t  s e c t i o n s .  

Without s t r a i g h t  s e c t i o n s ,  

C, = 
3, + Sa 
51 - 5a 

w i t h  s t r a i g h t  s e c t i o n s ,  

S,  + x+ S, + --e+ c= - 5, t s , + a A  

5, - 52 31 + 3, 

The smooth a p p r o x i m t i o n  i n d i c a t e s  t h a t ,  f o r  f i x e d  N and 

6 s  , t h e  product  M C  should be i n v a r i e n t .  From t h e  

zbove, 


