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1 It. is desired to estimate the extent to which fine-grained
variations of significant extent may be present in the "fleld
index", n, due, for example, %to roughness in machining of the
pole tips, This 1information should be cf value not only 1n
fixing machining tolerances but also for determining the re-
quirements which should be met in an instrument deslgned to
measure field gradlents. It 1s assumed for the present dis-
cussion that the limits on the tolerable variation In n are
given by the semi-lateral cr seml-vertical widths of cne cf the
diamonds near the center of the necktle diagram; so *hat
(An)/n < O.h/nlfg“
This requirement may be unnecessarlly extreme if (t can be
shown that no serious effects on the orbi* resulr i1f a particle
passes rapidly in and out of regions with "rescnant" values cf
"n" as 1t progresses through the magnet sectors and as 1t exe-
cutes betatron oscillatlons--henze the sondlusiecr reazhed
here concerning the spatlial extent of a gradlen® measuring
device represents a lower limit fto the requisite size. For
a useful vertical aperture of three-quarters c¢f the pole-
separation, it 1s found (paragraph 3) that a gradient measure-
ment device of extent no greater than about one-twentiath of

the semi-aperture (1.e., pcssibly 2 mm) 18 required.
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We consider a magnetic scalar potential of the form (suilt-
able 1n a2 two-dlimenslomnal problem, curvature of the equilibrilum
orbit being neglected)

vV = IQM)[n(ﬁo - 1)y + a sin kx sinh ky],
with a << ro/n.
Then the fleld in the median plane 1is glven by

-H, = Hoo[ n(%o - 1) + ak sin kx]
and 1s of interest in the range rj< x < r (1 + %), within which
the fleld strength will vary from zero to 2HOO when a = 0,
The relative gradlent is

S = (rO/HOO)(d(-HO)/dx) = n + ar0k2 cos kx,
representing a relative ripple in slope (in the median plane) of
- arokz/n with a wave-length 2%/k or (QWn/rOk)'(horizontal semi-
aperture).

The pole tips for which V = 22Hoor0/n have, 1n the absence of
the ripple (i1.e., in the case a = 0), hyperbolic contours for
which

y = 2(2ry/n°)/((x/r,)-1)
and thus at x = ro(l e %) are distant from the median plane by
the horizontal seml-aperture ro/n.

Due to the perturbing term introduced into the potential, the
y-coordinate of the pole-tips will differ somewhat from the fore-
goingy this difference, if small, may be estimated as follows:

4y = -(a/n) sin kx sinh ky / ((x/r,)-1),

Ay/y = -(an/2r,) sin kx sinh [(2kro/n2)/((x/ro)-l)] :
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The smallest amplitude ripples in the pole tips, for a glven

ft

a", will occur at x = r (1 + %) and will amount to

ay/y = i(an/2r,) sinh (kr,/n)

- A 2
31/2 [Rel. ripple in Slope ), (Semi-Aperture —)

Seml- t
w aink | 2Eer ure).

Thus, if we are interested only in situations for which the
relative ripple in slope 18 greater than 1/2 x 1073 (a rather small
value) and if we can achieve 4y/y £ 10”3, the only wave-lengths
of 1nterest are those for which

0.18 x (Semi-Aperture) < A < 3.96 x (Semi-Aperture)
(the lower 1limit being of the greater interest in the present
context) and gradient measurements over intervals no larger th;n
one-fifth of the semi-aperture (i.e., possibly a range of 8 or

10 mm) would appear satisfactory for surveying flelds in the

median plane. Similarly, for a relatlve ripple in slope of

2.2 x 1073 (and Ay/@'c=10_3, as before), A= 0.52 x (Semi-
Aperture) and a measurement interval of a couple of centimeters.
would appear acceptable.

The requirements are considerably more demanding 1f one 1is
interested in the fileld-shape away from the medlan plane., Thus
along the surface for which |

v =(3/2)H00P0/n, corresponding to y =(3/%X}O/q)at
x = ro(l ¢ %),

we have a field obtalnable as follows:

dw
LtH= lzrz )
o where
W = Hgpo [(n/?ro)(z-ro) -~ a cos kz]
and

z X W A,
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For k«n/r_  (or A<< seml-aperture), the relative ripple in
fleld gradient 1s then found to be approximately
t(arokz/n) cosh ky = :(aroke/n) cosh (3rgV4n)
at x = ro(1 + &), v = (3/%)(ry/n).
"Accordingly, along the surface considered, the variation in
"n" 1s related to the ripple in the pole-tip profile by

4y/y = 3 1/2 [Rel. ripple in Slope]

A )2

Seml-Aperture
(Semt—Aperture) sinh ( }P )
—_— (% Semi~€ferture)

Thls equatlon, and that developed in Section 2, are plotted in
Figure 1,
For a relative ripple in slope of 1/2 x 1072 and ay/y = 10'3,
W& iOow obtaln
0.049 x (Semi-Aperture) < A & 0.51 x (Semi-Aperture).

A gradlent measurement device of extent no greater than about
one-twentleth of the semi-aperture (1i.e., possibly 2 mm) is thus
desired.

If attention 1is directed at points x = r_(1 + o ¥ = fro/n,

one may proceed similarly with

Ay/y = 3 1/2 [Rel. ripple in Slope]

A )2 Semi—Aper’tureJ
(Semi-Aperature %

cosh (f demi—Aperture)

A

sinh (




N
o

An alternative analysis might be made by using as the unperturbec

potential
& n
H e g .

E i - -1y | = 00 O .o

Vv e . . = sin [_(n 1) tan s ] = ;ﬁ:} sin{n-1)8
(2=« 5%} "8
= _ HOO(DQ’L,(I"On/Zn_l),
n-1

for which the field in the median plane is -H_ r Pt
o

or by using V = (Hoo/EkO) eXoX s1in K.Y = (Hoo/ﬁko)wgn(ekoz), for
which H = Hoo eKoX |
2 E

Tne latter potential has been examined, and simllar results obtalned.
Similar methcds may be applied to examine the effect of posi-
tioning errors; it appears that a tilt of the order of 1/2 {(Semi-

Aperture) (tolerable frac. error in n) 1s important.
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A n/n RELATIVE RIPPLE IN SLOPE OF FIELD
Ayry RELATIVE RIPPLE IN POLE CONTOUR

PLOT OF POSSIBLE SPACE - WAVELENGTHS (+ 2 ») OF RIPPLE

IN MAGNETIC FIELD. THE LOWER BRANCH OF THE CURVE

RELEVANT IN JUDGING HOW SMALL A GRADIENT MEASURING
DEVICE SHOWD BE.
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