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*C E,TIPrATE OF POSSIBLE S P A T I A L  ' JARZATLCN OF n  L , , T L ( F ~ A C ) -  1 

L. Jackson L a s l e t t  

Iowa S t a t e  Col lege,  Ames, Iowa 
and 

Midwest A r c e l e r a s o r  Conference 

1. Xt .  i s  d e s i r e d  t o  est1rnat.e t h e  e x t e n t  t o  which f1n~-g.-a.:ned 

v a r l a t l o n s  of s i g n i f S c a n t  extent .  may be p r e s e n t  i n  *#he " f i e l d  

index" ,  n, due, f o r  example, t o  roughness 1.11 machining of t h e  

po l e  t i p s .  Th is  In format ion  should  be cf  value  no t  c? ly  I r a  

f i x i n g  machining t o l e r a n c e s  hu t  a l so  f o r  deterrnlqlng t he  r e -  

quirements  which should be met i n  a n  I n s t r u r e n t  des lgned t o  

measure f i e l d  g r a d i e n t s .  It i s  assumed f o r  t h e  p r e s e n t  d l s -  

cusslorl  that.  t h e  1imSt.s on. t h e  t o l e r a b l e  va.r.la.tl.on I n  n a r e  

g iven  by t h e  s e m l - l a t e r a l  c r  se r .1 -ver t i ca l  wldths cf cne c f  t .he  

dlamonds nea r  ?.he c e n t e r  of +k neck t l e  dl.3gra.m, s r  *ha:. 

Th is  requlrement  may be unner -essa r i ly  ex!-erne ! f  !t can be 

shown t h a t  no s e r i o u s  e f f e c t s  cn t h e  o rb i t .  rosirlr  if a part I?;- 

pa s se s  r a p l d l y  In and ou t  of r e g l o n s  w i th  " r e scnan t "  values  c F  

I t  11 a s  It, p r c g r e s s e s  t ,hro7~gh t h e  magw?. s e r . t c r s  ?.nd a s  !t, exe- 

c u t e s  b e t a t r o n  osc1l.lat;Lons--hen:e tb.e ?ond!uu:cl: reac';ec? 

he re  concerning t h e  s p a t i a l  e x t e n t  of a grad.1en.l measuring 

dev ice  r e p r e s e n t s  a  lower l i m l t  t,o t h e  reqnlh1t .e  s t '? .  F c r  

a  u s e f u l  v e r t i c a l  ape- ture  of t , h r e e - q u a r t e r s  cf 'he pel*-  

separation, it  Is found (pa rag raph  3 )  that .  a, grad l e n t  measure - 

men: dev1c.e of e x t e n t  nc g r e a t e r  t h a n  about one- t wi.nt.l.?*.h cf 

t h e  s emi -ape r tu re  f S . e . ,  p c . s ~ 1 ' D i y  2 mm) 1s Feqlj lred.  



2 .  We cons ide r  a  magnetic s c a l a r  p o t e n t i a l  of t h e  form ( s u i t -  

a b l e  i n  a  two-dimensional problem, cu rva tu re  of t h e  equ i l i b r ium 

o r b i t  being neg lec t ed )  

V = Hoo [ n ( c o  - 1)y  + a  s i n  kx s i n h  kY] , 
wi th  a  << ro/n. 

Then the  f i e l d  i n  t h e  median p lane  i s  g lven  by 

- 
-HO - Hoe [ n($, - 1) + ak  s i n  kx ]  - 

2 
and i s  of i n t e r e s t  i n  t h e  range r o i  x 4 r o ( l  + ?i), w l t h i n  which 

t h e  f i e l d  s t r e n g t h  w i l l  vary  from zero t o  2HoO when a  = 0. 

The r e l a t i v e  g r a d i e n t  i s  

S ( r o / ~ o o ) ( d ( - ~ o ) / d x )  = n  + arok2 cos kx, 

r e p r e s e n t i n g  a  r e l a t i v e  r i p p l e  i n  s l o p ( 1 n  t h e  median p l a n e )  of 

2  ? a rok  /n w i thawave - l eng th  2K/k o r  ( 2 ~ n / r ~ k ) ' ( h o r i z o n t a l  semi- 

aperture). 

The pole  t i p s  f o r  which V = ? 2 ~ ~ ~ r ~ / n  have, i n  t he  absence of 

t h e  r i p p l e  ( i . e . ,  i n  t h e  case  a = 0 ) ,  hyperbol ic  contours  f o r  

which 

Y = : (2r0/n2)/(  ( x / r o ) - l )  
2 

and t h u s  a t  x = r o ( l  iT) a r e  d i s t a n t  from t h e  median p lane  by 

t h e  h o r i z o n t a l  semi-aper ture  ro/n. 

Due t o  t h e  p e r t u r b i n g  term in t roduced  i n t o  t he  p o t e n t i a l ,  t h e  

y-coordinate  of t he  p o l e - t i p s  w i l l  d i f f e r  somewhat from t h e  fo re -  

g o i n g ~  t h i s  d i f f e r e n c e ,  i f  smal l ,  may be e s t lma ted  a s  fo l lows:  
I 

~y = - ( a /n )  s i n  kx s i n h  ky / ( ( x / r o ) - l ) ,  

2 dy/y = - ( an /2 ro )  s i n  kx s i n h  [ (2kro/n ) / ( ( x / r o ) - l ) ]  . 



The s m a l l e s t  ampl i tude r i p p l e s  i n  t h e  pole  t i p s ,  f o r  a  g iven  

"a", w i l l  occur  a t  x = ro( l  A $) and w i l l  amount t o  

dy /y  = ; (an/2ro)  s i n h  (kro/n)  

= ;1/2  el. r i p p l e  i n  s l o p e  lo (~mnl -Aperrure -5 I 2  
Semi-Aperture 

s i n h  ( 
?r, 1 .  

Thus, i f  we a r e  i n t e r e s t e d  on ly  i n  s i t u a t i o n s  f o r  which t h e  

r e l a t i v e  r i p p l e  I n  s l o p e  Is g r e a t e r  t han  1/2 x ( a  r a t h e r  small 

va lue )  and i f  we can ach ieve  dy/y < t h e  only  wave-lengths 

of i n t e r e s t  a r e  those  f o r  which 

0.18 x (semi-Aperture)  < 3 < 3.96 x ( s e m i - ~ p e r t u r e )  

( t h e  lower l i m i t  be ing  of t h e  g r e a t e r  i n t e r e s t  i n  t h e  p r e s e n t  

c o n t e x t )  and g r a d i e n t  measurements over  i n t e r v a l s  no l a r g e r  than 

o n e - f i f t h  of t h e  semi-aper ture  ( i . e . ,  p o s s i b l y  a  range of 8 o r  

10 mm) would appear  s a t i s f a c t o r y  f o r  surveying  f i e l d s  -- i n  t h e  

median p l ane .  S i m i l a r l y ,  f o r  a  r e l a t i v e  r i p p l e  i n  s lope  of 

2.2 x 10-3 (and dy/y a a s  b e f o r e ) ,  'X= 0.52 x (Semi- 

Aper ture)  and a  measurement i n t e r v a l  of a  couple of c e n t i m e t e r s .  

would appear accep tab le .  

3 .  The requi rements  a r e  cons ide rab ly  more demanding i f  one i s  

I n t e r e s t e d  i n  t h e  f i e l d - s h a p e  away from t h e  median p l ane .  Thus 

a long  t h e  s u r f a c e  f o r  which 

V = ( 3 / 2 ) ~ ~ , r ~ / n ,  corresponding t o  y  = (3/4)(r0/n) a t  

x = r o ( l  + $1, 
we have a  f i e l d  o b t a i n a b l e  a s  fo l lows :  

dW 
I H I =  , 

2 w = H~~ [ (n/2ro)  ( z - r o )  - a  cos k z ]  

z = x + i y .  

where 

and 



F o r  k<<n/ro ( o r  X<< s e m i - a p e r t u r e ) ,  t h e  r e l a t i v e  r i p p l e  i n  

f i e l d  g r a d i e n t  is  t h e n  found t o  b e  a p p r o x i m a t e l y  

2 t ( a r o k  /n)  c o s h  ky = 2 (a rok2/n)  cosh  ( 3 r v 4 n )  
0 

2  a t  x - r o ( l  m ) r  Y = ( 3 / 4 ) ( r o / n ) .  

.Accordingly, a l o n g  t h e  s u r f a c e  c o n s i d e r e d ,  t h e  v a r i a t i o n  i n  

"nn  Is  r e l a t e d  t o  t h e  r i p p l e  i n  t h e  p o l e - t i p  p r o f i l e  by 

dy /y  2 5 1/2  e el. r i p p l e  i n  s l o p e J  

3 2 Semi-Aper ture  
I ( ~ e m l - ~ ~ e r t u r e )  slnh ( X ) 

3 Semi-Aper ture  COsh (g 
X ) 

T h i s  e q u a t i o n ,  and t h a t  deve loped  i n  S e c t i o n  2,  a r e  p l o t t e d  i n  

F i g u r e  1. 

F o r  a  r e l a t i v e  r i p p l e  i n  s l o p e  o f  1/2 x and ~ y / y  = 10-3, 

w,? i s o w  o b t a i n  

0.049 x ( s e m i - ~ p e r t u r e )  < X 0.51 x  ( s e m i - ~ p e r t u r e ) .  

A g r a d i e n t  measurement d e v i c e  o f  e x t e n t  no g r e a t e r  t h a n  a b o u t  

o n e - t w e n t i e t h  of t h e  s e m i - a p e r t u r e  ( i . e . ,  p o s s i b l y  2 m m )  I s  t h u s  

d e s i r e d .  

4. I f  a t t e n t i o n  i s  d i r e c t e d  a t  p o i n t s  x = ro!l + Fi), 2 y - fro/"# 

one may p roceed  s i m i l a r l y  w i t h  

A y/y = 2 1/2 sl el. r i p p l e  i n  s l o p e ]  

3 Semi-Aper ture  
x ( ~ e m i - A ~ e r a t u r e ) ~  S i n h  ( X - 1 

(f Semi-Aper ture  
x ) 



n '- 
A .  A n  a l t e r n a t i v e  a n a l y s i s  m i g h t  b e  made by u s i n g  as  t.he u n p e r r u r b e c  

p o t e n t i a l  

n  n  
Ho0 v = -  - o  s i n  [ ( n - 1 )  t a n - '  Y ] = - Hoo r~ s i n { n - l . j e  

n- 1 x r l - 1  n- 1 (2, y2) -5- 

f o r  which  t h e  f i e l d  i n  t h e  median p l a n e  i s  - H  r "/,"; 
00 0 

o r  by u s i n g  Y - ( ~ ~ ~ / k ~ )  ekox  s in  k  o Y = ( $ o / ~ k o ) & ( e k o Z ) ,  f o r  

- 
The l a t t e r  p o t e n t i a l  h a s  been  examined ,  and  simllar r e s u l t s  o b t , a l n e ~ : .  

6 .  S:.milar methods  may b e  a p p l i e d  t o  examine t h e  e f f e c t  o f  p o s i -  

t i o n i n g  e r r o r s ;  i t  a p p e a r s  t h a t  a t i l t  o f  t h e  o r d e r  o f  1/2 (Semi- 

A p e r t u r e ) ' ( t o l e r a b l e  f r a c .  e r r o r  I n  n )  i s  i m p o r t a n t .  



A n / n  RELATIVE RIPPLE IN  SLOPE OF FIELD 

AY IY  RELATIVE RIPPLE IN POLE CQNTWR - FIG.1 PLOT OF POSSIBLE SPACE - WAVELENGTHS ( - 2 r OF RIPPLE 
IN MAGNETIC FIELD. THE LOWER BRANCH OF THE CURVE IS 
RELEVANT IN JUDGING HOW SMALL A GRADIENT MEASURING 
DEVICE SHOULD BE. 


