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Introduction: 

This is a report summarizing the results which have been 

obtained in the study of the uncoupled differential equations, 

xu = [(KX - + X ~ U ( S )  

A preliminary report (MAC-JLP-3) describes the methods which were 

used and it is noted there -that the equations may be scaled to 

the "standard form", 

where 

s = at x - Sg X I =  - <  S S 
2=S? Q 

The results are given in terms of the 3 and coordinates and 



' P  

can be a p p l i e d  t o  problems w i t h  machine parameters  n,  e ,  and by 

means of t h e  a b w e  r e l a t i o n s .  

The express ions  " 3 -motionw and 7 -motionQ a r e  used t o  

denote t hose  motions r e s u l t i n g  when t h e  cubic  term i n  t h e  f o r c e  

r e s p e c t i v e l y  opposes and a i d s  t h e  l i n e a r  term. 

The problem h a s  been cons idered  a s  one i n  which the d i f f e r e n -  

t i a l  equa t ion  induces  i n  t h e  phase p lane  a t r ans fo rma t ion  r e s u l t i n g  

from passage th rough  one focuss ing-defocuss ing  s e c t o r  p a i r .  Unless 

otherwise  s t a t e d  a l l  r e s u l t s  app ly  t o  t h e  c a s e  where t he  i n i t i a l  p o i n t  

i s  a t  the  middle of a focuss ing  s e c t o r  f o r  t h e  p a r t i c u l a r  type of 

motion being i n v e s t i g a t e d .  The reasons  f o r  t h i s  choice  a r e  t h a t  

t h e r e  i s  t h e n  t h e  a d d i t i o n a l  symmetry under r e f l e c t i o n  i n  t h e  coor- 

d i n a t e  a x i s ,  and t h a t  f o r  a p u r e l y  l i n e a r  motion the  maximum d i sp l ace -  
P 

. .. 
ments occur here .  

The S- and 7 - motions have been i n v e s t i g a t e d  a s  a f u n c t i o n  

of i n i t i a l  d isplacement  f o r  t he  N v a l u e s  36, 200, 300, 400, 600, 800, 

1000, 1200, and 1u0. a e s e  motions a r e  r ep re sen ted  by a s e r i e s  

of  phase curves  on one phase p l o t  f o r  each  N value  f o r  each type of 

motion. It i s  f e l t  t h a t  a  r ep roduc t ion  o f  a l l  o f  t h e s e  curves  is 

unnecessary end t h e r e f o r e ,  o n l y  some of t h e  cu rves  f o r  t h e  pure cubic  
. - 

fo rce  and f o r  the  N v a l u e s  200, 400, 800, and 1440 a r e  inc luded  i n  

th i s  r e p o r t ,  

I n  a d d i t i o n ,  a  s e r i e s  of  photographs of cu rves  i n  t h e  phase 

plane have been inc luded  w i t h  t h e  parameters ,  r anges  of axes,  and 

i n i t i a l  c o n d i t i o n s  l i s t e d  under  each.  The g e n e r a l  f e a t u r e s  of t h e  

r phase curves  a r e  c l e a r l y  shown b u t  t h e  comparison of d i f f e r e n t  motions 

o r  d i f f e r e n t  N va lues  i s  d i f f i c u l t  due t o  t he  l a r g e  d i f f e r e n c e s  i n  t he  

s c a l e s  of t h e  axes. Photos 1 - 15 show the  e n t i r e  phase plane.  

photos 16 - 23 a r e  blow-ups of l o c a l  reg ions .  



Phase Curves: 

The curves  f o r  N = 200, 400, and 800 a r e  shown i n  Figs .  1 - 6 

and some r a t h e r  gene ra l  remarks c a n  be made about them. I n  t h e  

neighborhood of t he  o r i g i n ,  where the  f o r c e s  a r e  n e a r l y  l i n e a r ,  t he  

curves  a r e  very e l l i p t i c a l  i n  shape. A s  one goes  t o  l a r g e r  d i s -  

placements t h e  curves  d e p a r t  more and more from t h e i r  e l l i p t i c a l  

shape but appear t o  remain smooth and s t a b l e .  F i n a l l y  a  s t a b i l i t y  

l i n l i t ,  beyond which t h e  motion i s  u n s t a b l e ,  i s  reached.  

The 7! -motion i s  more l i k e  a  l i n e a r  motion i n  t h a t  t h e r e  

seem t o  be no p o i n t s  i n  t h e  phase p l ane ,  except  t he  o r i g i n ,  which 

a r e  f i x e d  under a  t r ans fo rma t ion  through one focussing-defocussing 

p a i r .  On the  o t h e r  hand, f o u r  such f i x e d  p o i n t s ,  a s i d e  from the  - 
. , 

o r i g i n ,  appear i n  t h e  3 -motions. 

Two of t h e  f i x e d  p o i n t s  i n  t h e  5 -motion a r e  obvious from 

the  d i f f e r e n t i a l  equa t ion  s ince ,  a t  the  p o i n t s  3 = ? 6, a 0 ,  

the  fo rce  i s  always zero.  An expansion about t he  p o i n t  ~ = ~ , ~ - 0  

g i v e s  t h e  d i f f e r e n t i a l  equa t ion  

and i t  i s  seen t h a t  the  f o r c e  about t h i s  p o i n t  now inc ludes  a  

quad ra t i c  term and t h a t  t h e  l i n e a r  p a r t  of t h e  f o r c e  corresponds 

t o  a n  N va lue  twice a s  l a r g e  as t h e  N value  about t h e  o r i g i n .  

Since l i n e a r  motions a r e  u n s t a b l e  f o r  N v a l u e s  l a r g e r  t h a n  N 1406, 

one would expec t  t h e  motions about  t h i s  p o i n t  t o  be u n s t a b l e  f o r  

F 
o r i g i n a l  N v a l u e s  l a r g e r  than ll = 703 and th is  seems t o  be t h e  case.  

The r e g i o n s  near  such a  f i x e d  p o i n t  a r e  shown i n  Fig. 1 and Fig. 3. 



The o t h e r  two f i x e d  p o i n t s  a r e  n o t  a t  a l l  obvious from t h e  

d i f f e r e n t i a l  equa t ion .  Ac tua l ly  t hese  p o i h t s  a r e  f i x e d  only under  

a t r n n s f o r m a t i o n t h r o n g h  a focuss ing-defocuss ing  p a i r  and move a s  one 

p a s s e s  corrtinuously through t h e  p a i r .  It h a s  been p o s s i b l e  by 

approximating t o  t h e  s o l u t i o n  of t h e  d.e. t o  o b t a i n  approximations 

f o r  t he  l o c a t i o n s  of t h e s e  po in t s .  These approxima t i o n s ,  which 

appear  a s  expansions i n  powers of t h e  parameter  d T ==KT, 
a r e  given below. They g i v e  t h e  f i x e d  p o i n t  which f a l l s  i n  t h e  

p o s i t i v e  coord ina te  h a l f  of the phase p l a n e  and the  corresponding 

f i x e d  p o i n t  i s  ob ta ined  by r e f l e c t i o n  through the  o r i g i n .  

Middle of focuss ing  sec to r :  

Beginning of defocuss ing  sec to r :  

Middle of def ocussing s e c t o r :  

Beginning of f o c u s s i n g  sec to r :  
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These approximations seem t o  work qu i t e  well  f o r  a l l  values of 

N f o r  which the l i n e a r  motions a r e  s t ab le .  It tu rn s  out t h a t  

these f ixed  po in t s  a r e  unstable which means t h a t  t he  phase curves 

i n  the  immediate neighborhood of these po in t s  a r e  hyperbolas. 

It i s  qu i t e  convenient t o  d iscuss  the 3 -motion with r e f e r -  

ence t o  the f i v e  f ixed  points .  For va lues  of N up t o  some value 

between N = 200 and N 300 the  s table  region encloses a l l  f i v e  

f ixed po in t s  as  shown i n  Fig, 1. A s  one goes t o  l a rge r  values of N 

an unstable region separa tes  the s t a b l e  regions about the o r ig in  and 

the p3Y51 ~ o i n t .  Such a case i s  shown i n  Fig. 3. It i s  poss ib le  

t h a t  the  s t ab l e  region about the o r i g i n  extends out t o  the unstable 

f ixed  po in t  f o r  N values up t o  about N = 400 but  t h i s  i s  d i f f i c u l t  

P t o  determine s ince there i s  a  tendency f o r  l a r g e  e r r o r s  t o  ed t e r  

the ca lcu la t ions  of motions near such points .  The s t ab l e  region 

about the o r ig in  d e f i n i t e l y  does p u l l  away from t h i s  f i xed  po in t  f o r  

l a r g e r  N ~ a l u e s  and t h i s  i s  the  only s t ab l e  region f o r  values l a r g e r  

than N = 703. This l a s t  case i s  i l l u s t r a t e d  by Fig. 5. 

wavelength: 

One of the more important f e a tu r e s  of the  non-linear focussing 

equations i s  the  va r i a t i on  of the wavelength of be ta t ron  o s c i l l a t i o n s  

w i t h  t h e  m p l i t u d e  of the motion. This v a r i a t i o n  i s  shown i n  

Figs. 7 and 8 f o r  t h e  3 - motions about the o r i g i n  and i n  

~ i g s .  9, 10, and 11 f o r  the  ? -motions. The wavelength i s  ex- 

pressed a s  the number of focussing-defocussing p a i r s  pe r  be ta t ron 

F osc i l l a t i on .  

I n  the case of 2 -motions, a s  one d g h t  expect,  the wave- 

length  increases  with amplitude s ince  t he  cubic term opposes the 

l i n e a r  term and r e s u l t s  i n  a  weaker force.  A t  the o r ig in ,  the  wave- 



. - length  has  -t'ne w l u a  m e n  by t he  l i n e a r  theory and it applroaches 

i n r l n i t y  in t h e  neighborhood of t h e  unstable f i xed  point  provided the 

N values a r e  such t h a t  t h e  motion i s  s t ab l e  i n  t h i s  neighborhood. 

On the  other  hand, -motions r e s u l t  i n  a decrease i n  

wavelength with amplitude. In  t h i s  case the cubic term a ids  the 

l i n e a r  term and t h i s  r e s u l t s  i n  a s t ronger  ~ O T C A .  One might ex- 

pect  7 -motions t o  be s t a b l e  f o r  a l l  amplitudes with wavelengths 

g rea te r  than two focussing-defocussing p a i r s  since t h i s  wavelength 

separates  the  s t a b l e  and uns table  l i n e a r  motions. It tu rns  out, 

however, t h a t  i n s t a b i l i t y  s e t s  i n  long before t h i s  wavelength i s  

reached a s  the f i g u r e s  c l e a r l y  show. 

Fig. 12 shows the  wavelength of -motions a s  a funct ion  

of amplitude when t h e  s t ab le  region encloses a l l  f i v e  f ixed  points .  
r 

The N value i n  t h i s  case i s  200. 

S t a b i l i t y  L i m i t s :  

For N (1406, a l i n e a r  fo rce  g ives  r i s e  t o  motions which a r e  

s t ab le  f o r  a l l  amplitudes. The cubic term then has the e f f e c t  of 

making these motions unstable f o r  amplitudes l a r g e r  than some value 

which i s  r e f e r r ed  t o  a s  the s t a b i l i t y  l i m i t .  As one goes t o  l s r g e r  

amplitudes the  phase curves become very i r r e g u l a r  and become d e f i n i t e l y  

unstable a t  s t i l l  l a r g e r  amplitudes. Because of t he  i r r e g u l a r i t y  and 

de ta i l ed  s t ruc tu re  near t he  s t a b i l i t y  l i m i t  a c e r t a i n  amount of guessing 

i s  involved i n  i t s  determination. It i s  always poss ib le  t o  obta in  the 

l im i t i ng  amplitudes more accura te ly  by making more and longer runs with 

the computer f o r  i n i t i a l  amplitudes near the l imi t s .  

F Tables I and I1 l is t  the  s t a b i l i t y  l i m i t s  which have been 

obtained a s  a funct ion  of N f o r  each type of motion. The value cf 

the  coordinate l i s t e d  i s  t h a t  value f o r  which the  ve loc i ty  is zero. 



STABILITY LIMITS 

Region around 
o r i g i n  

Region around Region around 
S =  w f i v e  p o i n t s  

Table 11: ?-motion 

Region around 
o r i g i n  



N = 1440 i s  a spec ia l  case i n  which t he  unstable l i n e a r  

motion has been s t a b i l i z e d  by a cubic term which opposes the  

l i n e a r  term. Representative phase curves have been p lo t t ed  i n  

Fig. 13 which shows the  p o s i t i v e  coordinate ha l f  of the phase 

plane. The cubic term has  the  e f f e c t  of connecting t he  asymptotes 

of the  hyperbolas of t he  l i n e a r  motion, thus  giving a s t ab le  region 

resembling a f i gu re  eight .  I n  the  immediate neighborhood of the 

o r i g i n  the curves have a hyperbolic charac ter  a s  they should since 

tho l i n e a r  term i s  predominant i n  t h i s  region. For the smaller am- 

p l i tudes  t he r e  are two unconnected curves and successive po in t s  . 

a l t e r n a t e  between these two curves. A t  the cen te r s  of these curves - 
a re  po in t s  which a r e  f ixed  under a transformation through two 

f'*~l~ssing-defocussing p a i r s  and are  found a t  5 = 5 .277 f o r  t h i s  

value. The s t a b i l i t y  l i m i t  i s  about 5 = .55. No s t ab l e  region 

was found f o r  the case where t he  cubic term a i d s  the l i n e a r  termo 

Pure Cubic: 

The specia l  case of a pure cubic force  was inves t iga ted  and 

the r e s u l t i n g  phase curves a r e  shown i n  Fig. 14. The parameters 

used i n  the  d i f f e r e n t i a l  equat ion were n = 0, e = 1000, and 

h = .03 which f i x e s  the per iod  a t  - 6 .  With t h i s  choice of para- 

meters the s t a b i l i t y  l i m i t  i s  around .162. A s  i n  the o ther  f igures ,  

the i n i t i a l  condit ions were appl ied  a t  the middle of a focussing sec- 

tor.  Fig. 15 shows the va r i a t i on  of wavelength w i t h  amplitude f o r  the 
F 

l a r g e r  amplitudese 



Loops: 

A f i n e  survey of t h e  phase p lane  r e v e a l s  the  e x i s t e n c e  of s e t s  

of p o i n t s  which a r e  f i x e d  under a  t r ans fo rma t ion  through s e v e r a l  sec- 

t o r s  and t h a t  a  p a i r  of i n i t i a l  c o n d i t i o n s  near  such a  p o i n t  l e a d s  t o  

a  curve about each of t h e  p o i n t s  i n  t h e  corresponding s e t .  In  o t h e r  

words, c e r t a i n  i n i t i a l  c o n d i t i o n s  may l e a d  t o  a  s e r i e s  of "loopsw in -  

s t e a d  of t o  a  s i n g l e  smooth curve. A b r i e f  s tudy  h a s  i n d i c a t e d  t h a t  

t h e  presence of such s e t s  of l oops  i s  n o t  merely a  r e s u l t  of us ing  the  

Runge-Kutla method f o r  s o l v i n g  t h e  d i f f e r e n t i a l  equa t ion  bu t  i s  due t o  

a  resonance e f f e c t  which i s  i n h e r e n t  i n  t h e  equa t ions  themselves. Phase 

pldts d i s p l a y i n g  such loops  a r e  shown i n  Fig. 5 and i n  Photos  16 t h r u  23. 

There i s  a  d e f i n i t e  wavelength a s s o c i a t e d  w i t h  each s e t  of t h e s e  
r'. 

f i x e d  p o i n t s  and t h e  wavelength of a  corresponding s e t  of l oops  f l u c t u -  

a t e s  b u t  w e r a g e s  t o  this same value.  T h i s  wavelength i s  always a  

r a t i o n a l  number and when it i s  expressed  i n  lowest  terms t h e  numerator 

g i v e s  t h e  numper of loops  which a r i s e  from a  p a i r  of i n i t i a l  cond i t i ons  

and the  *enominator g i v e s  t h e  number of t r a v e r s a l s  about t he  o r i g i n  

be fo re  t h e  phase p o i n t  aga in  f a l l s  on the  o r i g i n a l  loop,  Due t o  t h e  

symmetry involves, t h e r e  must always be an even number of loops  i n  

any given s e t  and i t  i s  p o s s i b l e  t h a t  on ly  h a l f  o f  them a r e  generated 

by a  g iven  p a i r  of i n i t i a l  cond i t i ons .  This  occurs  wheneirer t h e  numer- 

a t o r  of t h e  r a t i o n a l  number i n  lowest  terms i s  odd T h i s  i s  t h e  

ca se  i n  Fig. 5 and i n  Photos 17, 20, and 21. 

Table I11 l i s t s  t h e  wavelengths of those  s e t s  of  loops  which 

have been found. It i s  by no means a  complete l i s t  s i n c e  the  necessary  - 
f i n e  survey of the  phase p lane  was n o t  made f o r  a l l  N values.  



Type of Motion 
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Table I11 

N 

400 

600 

800 

1000 

1200 

40 0 

It was, a t  one time, thought  t h a t  t h e  wavelengths of t h e  s e t s  

of loops  fo r  a g iven  N value  could be r ep re sen ted  by an ordered 

sequence of r a t f o n a l  numbers bu t  many excep t ions  have been f a n d .  

For example, the  sequence f o r  N 400, which was most e x t e n s i v e l y  

6w+LC 
s tud ied ,  m i g h t  be w r i t t e n  a s  h,' a ..' 

S J  > 
. Evidence 

h a s  been found f o r  t h e  wavelengths corresponding t o  IW = 2 through 

m a 8 bu t  on t h e  o t h e r  hand t h e  wavelength 72/11 appears  and t h i s  

doesn ' t  f i t  i n t o  t h e  scheme. S i m i l a r  sequences f o r  t h e  o t h e r  N v a l u e s  

a r e  a l s o  suggested bu t  no re  work would be neces sa ry  t o  prove o r  d i s -  

prove t h i s  i dea  

Another p o i n t  which i s  suggested by t h e  a v a i l a b l e  r e s u l t s  i s  
rC 

t h a t  i n s t a b i l i t y  s e t s  i n  on a s e t  of l oops  and photos  20, 21, and 22 

lend support  t o  th i s  idea .  It seems t h a t  t h e  l a r g e r  loops  around 



t he  f i x e d  p o i n t s  have ampli tudes  wuich a r e  l a r g e  enough t o  make t h e  

motion unrta-ble even though t h e  smal le r  l oops  appear  t o  be q u i t e  

s t a b l e .  I n  Tehle 111, those  s e t s  of loops  which seem t o  l e a d  t o  

i n s t a h i l i t y  a r e  marked with a 'LC . 

o Supported by t h e  Nat iona l  Science Foundation. 

January 12,  1955. 










































