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Part TI Some Snecial Canonical. Transformatm 

Q Two-dimensimaI Phse Soace, 

(1) Csneral characterizatio~ 

In this part we s~hall study some specic 

loxi mat 
L. - 
mica1 transformations which are most 

;ion techique to be discussed later, 

are of cne rorm 

usef 1 

rl clac 

a 1  for 

mere A and B ere a sum of homogeneous polynomials begl 

iith the second order. Every canonical trar 

rhich is analytical in the neighborhood of p = q = 0 ar 

.s point for a fixed point can be brought into tk 

'orm by a suitable linear transformation of ~les 

cf. Section 4 part I; we shall Ignore here the exceptional 

pecial case 111" for which this i s  not true)* When we 

express the condition for a canonical transformation in 

terms of A and B we obtain 



3 A  where A,, 7 Fp , etc. 
Thus any pair of functions A an& B of the specifiedl form 

which satisry Equ. (1-3) give a canonical transformation 

(1-1) e 

2 A Sne- Class of TaPang&rrnation 

.P We satisfy Equ. (1-3) by ~ssuming 

These two equations are a consequence of Equ. (1-3) for 

instance in the case that A and B are even functions of 

p and q. For in this case the two sides of Equ. (1-3) 

are of opposite parity under reflection on the origin and 

theref ore must vanish separately. 

The Equ. (2-1) implies existence of a function 

4 (p,q) sach that 



The Equ. (2-2) when expressed in terms of # leads to 
the relation 

This partial differential equation for 4 is called the 
\ 

equation of Ampere and Monge. Its general soPtition is 

lcnown and can be represented in different ways. Geo- 

metrically the equation z = 4 (x,y) represents a surface 
with Gaussian curvature = 0. An analytical representation 

can be given as follows: Let cg(c) and y(c) be two 
ar *y (analytical) functions of a parameter C. The 

e quataon 

represents a one-parameter fnmily of planes. The envelope 

o f  these planes represents a surface Z = #(x ,~ )  ~11th the 

desired property. That is 9 (x,y) Is a solution of the 
Equ. (2-4) (with p = x ,  q = yl. An analytical expression 

for (xy) is obtained by eliminating the parameter c from 

EqU. (2-5) and from 



(3) m e  P-Transformati~gg? 

The special subclass of transformations which is 

obtained from the functions 

cp(c) = Ac 

$(el arbitrary 

shall be called polynomial transformations (P-transfomtions). 

The elimination of the parameter c from the two equatlona 

(2-5) and 12-5) results in a transformation 
' ,P 

# = 4 (w) (3-2) 

where w = ap + $g 

and $8 (w) i s an arbitrary function of w. Povell considered 

in particular the transfomnatlon which is associated with 

We obtain in this case 

TP : 
6 1 -  ?r  - Afp ( N ~ + P ~ ) ~  
9 . -  f - ' y +  ~ ~ - ' a ( d ~ i - ( 3 ~ ) '  (3-4) 

with the inverse 



since 

" P + P ? .  ~ ~ - ' ~ , + p ~ ~  I = 

The reality condition in case I (see part I Equ. (4-15) ff.) 

axe $* = q1 while in case 11 p and q ere real. It follows 

from this that In case I 4 (w) -must be purely imaginary 

B'(u) = - u6 to> (Case I) 

while in case I1 It is real 

@ = q i ~ )  (Case 11) 

Thus the constants A ,  a and fi in the special case (3-3) 
' P  must be chosen as to satisfy these conditions VZ. 

Case I) 

(4) a e  Generatinp. Rmction for the P-Transformation 

Since tho P-transformation is canonical there 

exfsts a generating function F(p,,q) such that the corres- 

ponding values p,q, , p and q satisfy 

We shall determine this function first for the case 



so t h a i  

p t = r r -  PP'J" 3 
'jl = p-'q + P - ' "  wn 

t f 110-ds .:L.. 21 - (!, -3) a d  (1+-4) t h a t  

In the fol.lowing \re need the  expression for 

Differentiating the first of Eqm. (b-j) with the condition 
cr 

dpl = 0 gives 



from w: 

Si r ' i l a r ly  the l a s t  of Equ. (4-4) gives with d.q = o 

It follows 

The equs. (4-5) and (4-6) can now be integrated wi.th the 

r e su l t  

This is the desired generating function in the special  case 

of Equ. (4-2). In t h i s  expression w must be considered as 

a function of pl and q. We can generalize t h i s  result without 

d i f f i cu l ty  for  the case of a convergent power se r ies  
m 

gb(W = 2 s . v v  
V r o  

(4-15) 

with arbi trary coefficients a,, . 



I this case 

The integration of the equatlons 

gives 

( 5 )  a e  Pixed Points o _ R t h e . o ~  

ble consider the P-trmslormtion of the form 

w =  4'p+p2 
and shall try to find Imder what condition there exists 

a fixed point (other than the origin) p = U, q = v w l t h  

the property 



We discuss first Case If where JJ i s  real. Defining the 

real polar coordinates r and cp by puttine 

p rb'f PI = r ,b ' f ' ,  

ve find 0 %  rnOO 
" W-"  - (@cn~+ph . *v )  E 0 Qo - 

The equations (5-1) become then 

Eliminating 8, we find 

or q h Y + f l i h ' * q  = - ( 5- 5 )  '-I 

- 
flp-'cr,cp,r ppkirr.P, r 

For a fixed point r, . . = r and % = 9,  consequently the angle 

cp must satisfy the condition 

This is a necessary but i n  general not sufficient condition 

for a fixed point. We may state th i s  result as a 



42 

r7 
Theorems In Case T t h a  ft:.~oc! polnts of the Po~rmrmsPormation 

must a l l  be situated on tho ray 

with 

u = r COB cp 

v = r s i n  cp 

The angle cp i s  detemnined by (5-6) up t o  an additive 

multiple of T.  

In order t o  find the distance of the fixed pain* 

fromthe origin on the ray (5-6) %e return t o  Equ. (5-4) 

and determine r = rl from ei ther  

cr,q = ? C o y -  jp rm-' B0 

o r  ~ ~ q =  P " W M Y +  p " d r n - '  Qo . 

We must have a positlve root r for  a r ea l  fixed point. When 

P Is real  the condition for  t h i s  is easily found. We 
U-1 discuss tho case n odd VJ). In  t h i s  case r must be 

posltive o r  

hb 9 -- of the same sign as * 90 P- le 



When this is expressed In terms of c and p we find 

The condition for real and positive r may then be redliced 

to 
P-' 

.o 
*f (f'+@) (5-103 

This result is summarized with the 

m e & :  The P-transformation with n odd (fl) and I, 
has exactly two fixed points outside the origin tf  and only 

If either 

Y" , D c f ) > ~  
or I ~ f l z o  

The coordinates of the f lxed points are than 

In Case I we define the real quantities r and cp through 



The Equ. (5-1) becomes then 

Corresponding t o  (5-5) we find the necessary condition for  

a fixed point: 

The equations which correspond t o  (5-8) are then 

Because e0 is purely Imaginary, the l a s t  two expressions 

are conjugate t o  each other, hence the i r  common value is 

real. Closer examination shows that  fo r  n odd it is always 

positive, while fo r  n even it i s  of opposite signs for  the 

two angles cp which sa t i s fy  Equ. 6 Hence we find the 

D e o ~ e a :  The P-transformation w i t h  n f 1 and P 
has exactly two fixed points fo r  n odd and exactly one 

fixed point fo r  n even outside the origin. 



k sha l l  now inres t ige te  the nature of these 
.it 

fixed points i n  the Cese I for odd n. To t h i s  end Let 

be the coordinates of the fixed po in t@ w l . t b  r and 9 
0 

given by (5-6) h n d  (5-8) For a point G, i n  the 

neighborhood of M we write 
0 

here x and y are  considered small rjuantities. 

' P  Since 

we f ind t o  fillst ord8.r i n  x and y 

The transf ~rmed variables 

a r e  t k a n  related t o  x and y by the l inea r  transformation 



This fixed point is stablo when the characteristic roots of 

t h i s  transformaLion rnstrlx ape complex. The condition for  

t h i s  Is 

Since p is complex (Case I3 we may write 

Expressed i n  $, condition (5-16) becomes 

This can be further simplified by introducing the angle b 

'r- 
Ad'= "P  

. -j,,g 
We obtain thw for  the s t ab i l i t y  condition 

The resul t  may be stated with the 

T-8 I n  Case X for  odd n the fixed point w0 Is &pstable 

i f  

o<-'ar,c 1 S ,.bk J=  - 
Otherwise it is stablea 

The same is true for  the se.cond fixed point 4. 
Q 

The s tab i l i ty  of the two fixed points kDo and -Uo will 

determine t o  a considerable extent the' topological structure c 

r' . 



. 
t h e  l i n e s  p ( p q )  = const. This  property is therefore  of 

conalderable Importance In determining the stability 

l i m i t s  of the canonical transformationT 

The topographic system p= const. is expected 

t o  be of the  general  s t ruc tu re  indicated i n  Figs. 1 and 2 

f o r  t h e  two cases,  The slzaded a rea  ind ica tes  t h e  s t ab l e  

region surrounding the  o r i g i n  

4 
Fig. l The system = i 20n~ t .  l o r  an unst~.bIe f i xed  

polnt  && . 
8 



g. 2 The system r= const. for 8. s table  fixed pclnt  eo 



( 6 )  Fix@& F'oLn~s o? the 

13 t h i s  sectton we shal l  give a rfgorbu3 p r u u f  

of a conjecture by ~ou;ell' that  for ?. llneor tram formatian 

, J. L. Powell, KkC-JLP-3, Parch 30,  19548 

n the fixed points of !!! are everawhere dense 4n a s u i t -  

ably restr icted neighborhood of 0. 

I 
We begin wit11 a  few definitions and prelimlnarl.es, 

The region of points& i n  the neighborhood of a stable 

point 0 smch that  the curve 

' P 
r ( p 7 )  = r t o )  

i s  bounded is  called the aa-04 U of tho 
S . stable point Oo 

A curve C defined by 

C: Vo)= A 
I 

where A is a constant; is called an &taw $&pvz of T. 

It is said t o  be i n  Us i f  a l l  i t s  points are i n  Us. 

C t U s  i f  L , t U s  for  a l l b  such that  f = A= 

An integral curve i n  Us is also called a &a&& U t e ~ r a l  

curve. Let us now consider such a steble integral  curve. 

To every such curve we can assign a rea l  number '&'between 

0 and 1 which we shal l  c a l l  ' ts character. This  number 

P 



i s  defined i n  the fol.lo~,qin{~ ~.?:.lr, ilccordlng t o  ;:he ttaporem 

of pa r t  I .:;here er:lsks a canonical -transRcnal~.t?.on such 

t h a t  i n  t h e  neighborhood of 0 the $ransfcrmation T is i n  

t h e  form 

and p(p.0) i s  a funci;j.on o.? t i~eproduct  PF onlp, 

I n  the  s t ab l e  case P and Q a r e  complsx canjagale and hence 

Chus there  e x i s t s  a s e a l  phase anzJ-e $(PQ3 such t h a t  

We def ine  

*tC = 
yl. (PW) - 

Z i t  

.rice BQ is  the  invar ian t  L"u:?ction i s  a constamt 

1 each CUrVQ l1 = const, 1rJe find i~arnnd'la.t,sly: 4h% 
n ~ h a r a c t e r  of T! is & ' wtlc?re 

The curve C contalns per iodic  point  of order  /5 i f  

and only I f  i s  ra.tiona1 and 4 i s  the  smal les t  

denominator: 

( ~ $ 3  in tegars  without 

h ~ h  d i v i s o r )  



Indeed f o r  a f ixed point of order-S,  

3% = in teger  = r 

the re f  o re  % = +  

If C contains one periodic point  lhea 211 its 

~ i n t s  are periodic of t h e  same order. Thl., is  ::o because 

c i f  a funct ion of the  curve only and i t s  value i s  

ndependent of the  point  on tke ccupve~ 

We a r e  now prepared t o  formulate the  

h e  For every non- l i lear  canonical transfo*.v.ai;ion, 

hich is analytical.  i n  t h e  neighborhood of the  s'~?:ble 

Lxed point 0 the re  e x i s t s  e neighborhood U of 0 s \ ?h  t h a t  

n U the  per iodic  points  a r e  everywhere dense. 
. - - P r m :  Le'c be any point Lnz U , l e t  C be t h e  closed ,lnte- 

s 
g r a l  curve t.hxro~~gh C and W i t s  character.  We wish t* 

cove t h a t  every neighborhood U of @conta ins  8.t l e a s t  

o w  per iod .1~  point. Now t h e  func t .~ - . ;~  

A % ( & )  i s  ana ly t i ca l  and it i s  
L 

not  i d e n t i c a l l y  a constant ,  because 

the  transformation T is  ana ly t i ca l  

and non-1 fnear. Therefore the re  

e x i s t s  a point  (,J 'in U such t h a t  

~ ' z , ( ( 4 ' 1 f . h ( w ) = G  0 Sine@ 

K(w] is ana.lytical it i s  also 

P continuous. Therefore the re  exist - 



points IJ' such t h a t  Y(W! assumes any value between 

and K ' & K .  I n  par t icular  there ex i s t s  at l e a s t  one 

LJ' i n  U such thatflu') is  rat ional .  

According t o  our preceding remarks t h l s  paint 

i s  periodic, q.e.d. 

Remarks: 

(a)  It seems f a i r l y  cer ta in  t h a t  the assnmption of analyticity 

is much too strong f o r  the va l id i ty  of the  theorem, We 

s h a l l  however not t r y  t o  prove the theorem i n  its most general. 

form. 

(b) The assumptton of non-1lnearf.t~ i s  essent ia l ,  Indeed 

for  a l inea r  transformation 9 is a constant and themfore 

is i r r a t iona l  there e x i s t s  a neighborhood if q s  - 
x r  

of 0 which is en t i r e ly  f r ee  of periodic points. 


