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1, Motivation: 

A t  recent meetings of the MlJRB technical gou?  i t  has been pointed 
out that  i t  would be deaira3le to  have a nachine with r tab le  orb i t s  f o r  

(where X = r - ro) i a  negative. If such a w h i n e  wilich a s - 
d ? X  

were posr ible ,  i t  would posseas the de f in i t e  advantags of removing the 
transition-energy problem. 

Although an ordinary a l t e rna t e -g r~d len t  machine v i t h  U (0 W? 
be contrived read i ly  fi. ex. i .  1 n2 = by, e2 = ( l / ~ ) ~ ,  and 

= =(1/? = 1.3. with indices 1 and 2 designating respectively the rad ia l ly  1 .  - . -  
focusing a d  def ocusing eectors,  f o r  which n l a =  -3.05~1, there can 
appenr i n s t a b i l i t y  i n  such cases. This r i tua t ion  i n  regard t o  rad ia l  
s t ab i l i t y  or i n s t a b i l i t y  i s  p e r l ~ p s  not s u n r i s i n g ,  as the following 
srgunent flemonstrates that  a paesea through in f in i ty  to  a t t a i n  negative 
valnes ( c f .  Sig.  2) et Jus t  those values f o r  the parametera of an ordinary 
A-O m~chinc f o r  which cos a, = 1 : 

and a = m when 4 1 tan 7 
or  ;/j = 

T& 9 

and, i n  the preaent instance (a = o, ) 

(1 - coa - ( ~ o s h  g2 - 1 ) 2  

2. s in  j5  id P2 

hence ( l - c o s & 1 ) 2  s inh2d3 -  COP^^/^ - ein2&1 

cos by - - c CoabirJl. cosu', 
2 i l -  ~ o s r ; . ~ )  ( 0 0 e h + ~  - 1 )  



2 
(1 - p l )? (cosh  q.*- 1 )  - ( C O E ~  (I~- 1 ) 2 ( 1  - cos2$1) 

= + Cosh 4' cos cJl 
2 (1 - cosGl)  ( c o s h d 2  - 1 )  

2 

I t  appears of i n t e r e s t ,  t he re fo re ,  t o  exanine vrhether the exis tenoe  
of s table  o r b i t s  always requ i res  a t o  be p o s i t i v e  o r ,  i f  n o t ,  t o  present  
some s n e c i f i c  exrmple of s t a b l e  motion wi th  negative a. We undertake to 
eranine t h i s  question, f o r  r a d i a l  motion, in the fol lowing sec t ion .  

7. r ~ n e r a l  X v r e s s i o n  f o r  a : 
A recent  BllL repor t  by Courant and Snyder - DDC-157 i n d i c a t e s  t h a t  

s t a b l e  so lu t ions  of t h e  d i f f e r e n t i a l  equation 

where F ( Z )  i s  pe r iod ic  with ~ e r i o d  T, may be w r i t t e n  8.6 

+ i  d (  Z' ( a i n  
~ ( z )  = W ( T )  e- . o r  w ( , r ) ,  OR @ ( L )  , 

;..COB 

where b( Z )  = :; + 4 / ( t  1 , 

p w ( Y )  and $b( r') art! real func t ions ,  each pe r iod ic  wi th  period T, 
- 

and a i s  a r e a l  constant .  

- - 2dd  - The constancy of the Vronskin insures  t h a t  / w ( f  17 = $ , a constant  
L. 

A per iodic  so lu t ion  (period T) of the inhomogeneous equation 

+ p(Z) X = a . where a i s  s constant ,  z 
may be obtained by inductive reasoning b e e  Appendix -- the  w r i t e r  i s  
indebted t o  D r .  B. C.  Carlson f o r  d iscuss ions  on t h i s  n o i n 9  or confirmed 
by subs t i tu t ion :  .. z 

a / 
x(z)  = 

0 
i it;(: - ) 7 3 ~ (  - d l  ( Y  ) d l  ( z X )  C O B  E6- a^) - :_Tarx. 

2~~ s i n  5 ;/.,r-T 

Hence a B 



I f ,  regsrding w as  a periodic function of 6 with period a ,  we write 
63 

2nk = A, + 7' Cjlk cos 7d + B~ s in  961. 
L . 4  
k = l  

we f ind,  from (11, 

I This r e su l t  may be checked fo r  an ordinary (non A-8) spchro t ron ,  
6 6 f o r  which A, = ~ 3 .  D = (1  - g2 = c2 (1 - n)1/2, x = c (1  - n)3/2: 

3. Selection of Orbit8 for  which a <L 0: 

The last r e su l t  sug.:ests a means f o r  determining cer ta in  situations 
i n  which a i a  negative f o r  r ad i a l ly  s tablb o rb i t s ,  the coeff ic ients  of 
the Fourier expansion f o r  w 3  - Fqn.  ( 2 g  being selected to  achieve t h i s  
condition. 

l l i th  the functional dependence of w on d thus selected,  the r e l a t i on  - 

2 a6 w --.. = x2 should, i f  the integrat ion can be performed, give the form of d c 
the re la t ion connecting d and ,i-. w can then be expressed a l so  a s  a 
function of 'L. 

Finally.  the required form f o r  the function F(%) appearing i n  the 
original  d i f f e r en t i a l  equation characterizing the machinepis determined by 

w " or  F E: $ 1 2  - - 
W ' primes denoting different ia t ion 

with respect to 7. 



P - 4.  Example: 

A simple, a lbe i t  s t r a ~ g e ,  examrle of r ad in l l y  s teb le  motion with 
neqative a may be constrlicted by the nethods outl ined i n  section 3. 
'le t ~ l i e  m ~ ( 4 )  = I + E c o s - ,  with E = 0.e and f? 2 0.8 Kr o = 0.13 (2n)  7; 

t - - 
w ( d )  = 1 + 0.8 cos1.25$ 

2 3 w3($) = 1 + 2.4cos1.25@ + 1 . 3 2 ~ 0 ~  1.255 + 0 . 5 1 2 ~ 0 ~  1.254 

= 1.96 + 2 . 7 5 4 ~ 0 6  1;25P! + 0 . 9 6 ~ 0 ~  2.56 + O.l,?gcos 3.75d . 
Tor this function we would r m c c t ,  from eq. ( 3 ) ,  tha t  

87 
n, = - ' (1.?h) 2 - - 1 1 '-12.7811)2 ( 0 . 9 6 ) ~  ( o . ~ - ~ R ) ~ J }  

b m  1 K -  - 2 10.5625 + 5.25 + lj.dtr25 

The r e l a t i on  bctween 6 and 2' i s  fieternined by the r e l a t i on  I 
7 - 3 .  I z, - 

with T =  1.32 x I).& x ?n - - - ?n 
~2 

or 
~7 

The function F i s  given p a r m e t r i c a l l y ,  i n  terms of 6, by 
2 ad l d w  P = (-7) - ---T 

d t w d i z  

d; d2w dw d22tr. 3 (1.1 - -) 
- - dtj2 + %  $2- 

w ( d ~ l a d ) ~  

K4 i- d.'W 
= - g ! w ( w  - - - I +  
W .- 

= (1.056).11F)2 3 + 2 . 8 5 ~ 0 ~  1.25$ - 0 . 3 6 ~ 0 ~ ~ 1 . 2 5 8  

(1 + o.e,cos 1 .256 )~  

2 m 2.82 + 2.85~0~1.2515  - 0.1gcos 2.58 = (1 .056) 6 (1 + 0 . 8 ~ 0 ~  1.250) 



'Ue thus have the d i f fe ren t ia l  equation 

with F expressed a s  

The solution to t h i s  homogene~us equation is 
3 8  X =  (1 +0.8cos1;25Q)  e . 

f This resu l t  may be checked d i rec t ly  by confirming tha t  

P 
i t  being noted that 

dZ T 2 .  % =  (2.1,2n)(l + 1 . 6 ~ 0 s  1.25d + 0.B) cos 1.256) 

- - T 2 (1 + @.gc0s1 .258)~  = 2.112n 2.1l.m w .  

The solution to  the inhomogeneous equation 

d2x - + F-X = a -!he r i gh t  hand side being taken as a constant, 
8~ 2 representing ro ( A P / P ~ ) - ~  

i s  obtained f r o m  eq. (A-2) of the Appendix a s  

x =  ( 3 a (s)(l ad + 0 . 8 ~ 0 s  l.256l3(l;96 - 4.9493coa1.250 2.11277 
-0.1829~0s 2.56 - 0.0098 cos 3.756) 

- T 3 68 3 
- (2.11277 ) a ( E ) ( l  + O.gcos 1.256) (2,1428 - 4 . 9 9 9 ~ 0 ~  1.256 

3 - 0 . 3 6 5 6 ~ 0 3  1.25d - 0 . 0 3 9 2 ~ 0 ~  1 . 2 5 ~  
(!! 

= (- 
2 

) a (1  + 0.gcos1 .25~)(1 .96  - 4 . 9 4 9 3 ~ 0 ~  1.256 2.11277 
- 0.1828 cos 2.56 - 0.0098 cos 3.7561 

= ! ~ ) ~ a  2 .I1277 (1 + 0.gcos 1.256)(2.1428 - 4 . 9 1 9 9 ~ 0 ~  1.258 
- 0.3656~021:254 - 0 . 0 3 9 2 ~ 0 , ~  ~ . 2 ~ 0 ) .  

(5! 



-6- 
P 

The average value of X i s  obtainable i n  a d i rec t  manner from eq. (41, 
t o  yield 

3 (1 + 0.g cos l;25fll3(2.14% - 4.9199cor bj25d 

2 .  - 0 . 3 6 5 6 ~ 0 ~  I.& - o . o ~ Y ~ c o B ~ ~ ; ~ ~ Q )  4 

0 K(27.d = -3.136- , as  expected. 
K T 

+? 1' The va l id i ty  of the expression (5)  as  a solution of the inhomogeneous 
( equation may be checked d i r ec t ly  by confirming tha t  

A graph of the  phase parameter 6. - vs  . Z , i s  shown i n  Fig;  3. 
The function F i s  p lo t t ed  i n  Figs. 4 and 5. The function r. the 

solutions w cos 4 ,  w s in  d , and the periodic solution of the inhomo- 
t- geneous equation a re  shown i n  Figs. 6 and 7 .  

5. Conclusion: 

It apuears from the foregoing development and example that  i t  i s  

not impossible t o  have r ad i a l ly  stable motion associated with negative 

momentum compnction. !fisther axial s t a b i l i t y  cea also be achieved 

( i n  a biaxwell f i e l d )  and practicable condi t ions  achieved with negative a 

remains t o  be investigated.  
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APLePGm)XX 

DWJVATIaB OF l'R% PERIODIC SFaWOfl Olr 'PBP IXM-W =TIOH 

1. ?hs dl f fe ren t id  equation 

O -=I 5 -  (O) when A = (, . 
8 

l%a r o l ~ t i o n  of the h o w g e n a o ~ ~  equation relater  z(5) t e  r(*,) 

by ~ r s t r i x  V( 2, To)  such that 

a(% 1 = ~ ( 7 . ~ ~ 1  z ( z o ) .  

I n  the inbomogeneou case we obtain, i n  addition. 8 nmponse from UI 

O ) which iwediately a ~ e n t s  , by rdtx -- impula* (ad* 
hence, for  the 1nhomag.neour problm, 

For a solution of the ilhomogeneoum equation which i s  to be perio&lo 
with the period T. we require 

iZ(2) = ~ ( T - T )  Z 
n 

14 - 2. In terma of the solutions X1 = we , X2 = r e  IB. the trsnmio-tion 

matrix may be written 

u o  = - w w i g )  coa (44,)) 
w O d d  #') sin (Q-bo)j rod' cor ( & g o )  +wowt *in (840)  

wo2 bi0 vo2 $lo 

2 1 
f o r  which the determanant i s  unity by virtue of the relation w 6 = w:6Ie , 
as follows from the ccnatancy of the !frooakin. 



Thus r \ 

r\ s i n  u 

Kl('r,y-~) = ~ ( y )  = 

/' I- c O s a +  

+ s i n  * s i n e  

1 -P(,;.') = I w12 \ (dl +-I a i n v  
w2$ 

1 - c o e u -  -$- s i n  u 

- - w' s j n u  1 1 s i n o  
l - c o z j  

L - - -1 2d1 1 - c o s o  
( 1 - P(T 1: 2 ;  ... - 9 - d '  +"I s i n  a 

2 ' 1 - cosu, w2p11! 1 - c o s o  

~ n d ,  with a ( T )  taken a s  conctant ,  

I sin(6-BX) I 
w n X  0 U ( ' T , T ~ ) ( : )  = a ~ l ! , , r .  ) - R (  

w I  I A costd-dxl + s i n  (6-6x1 
, w  m -- wXb' 

Our pe r iod ic  so lu t ion  (7eriorl T) to  thc  in\omo,~meous equation accordingly 
then becones ~ i v e r ,  e?::~lici,tly b :~  u-.e o: t hese  forms i n  the  expression 

7 

the codrdinate funct ion  i s  A 
A ', 

1 + - s i n  a , "I* COS~Q-dx)  + - 
1 - cosn  * ; Z - T - w q l ~  w ~ ' ~  sin(6dx)ld'i '  - 

2 I.?. 

L 

- s i n  a 1 
a )I 2 sin(d-mx) &P + - -w  coscm-P, d? 1 

2 ; vFpl'x 1 
( -T - 

L 

- a j -- - W 

*T 
C O S ~ ( ~  - 6") - 8 1  a,;' . 

X I X  - 
2 s i n ( n l 2 7  ,'+ w d  

I -T 

2 1 Introducing the  constant  P;' = w 6 . t h i s  r e s u l t  may be convenient ly 
expresserl 

r\ .c 
X ( 2 )  = a 

w wx c o s I i $ - 4 ' )  - V a?? 2 - (A-1 1 
ZK' s i n ( a / 2 )  I .7 -T 



o r ,  a l ternat ively.  Z 

Hence 

w 3 w ~ 3  6' 6 X '  c06fl  - dX) - g7 d c X  

w now being expressed i n  terms of 6 as a periodic function with period 0 . 
A r6wi5tix of t h i s  l a s t  r e s u l t ,  employing the per iod ic i ty  of w, leads  t o  
the forms c i t ed  i n  Section 2: 

3; The r e su l t  (A-1) m y  be checked d i r ec t ly ,  aa follows: 
N 
6 

a x a XI = w w x c o a - )  - -,I ? d q x .  
2~~ s in(oI2)  ~ c - ~  

the terms introduced from the upper and lower limits of (A-1) cancelling. 

r a XL [h26' si$ + 
ZK' s in (a l2 )  T-T 

n 
which, by uae of Z W ' ~ '  + w d = 0 3 ,2d1 = $, w ~ I ' ~ - w "  W B  becomes 

Y 
X" a r&' i n  - r c ~  1 wx c o a ( f i - r - p ,  d r  

2~~ s in (o t2 )  I 't -T 

hence 
X" +(?I X = a , as required. 

The form (A-1) i s ,  i n  addition, c lear ly  periodic in  with the ~ e r i o d  T. 



0 A ::itatation involvir,;: st+--wise cons'cmlt value8 f o r  C(.Z) can 
5 e  r,.vntl~;.aizaa t g  represent  cl.ocely the  a x w ~ l e  given i n  Gaction b .  
TQlth i.rii.::y mir.a~, but somewhat c r i t i c a l  sd j? ls tnente ,  i t  appears t h s t  
the si t1mtion can he  adaptecl t o  give both  r a d i a l  ~ n d  v e r t i c c l  s t a b i l -  
i t y .  The eonatants  s u g g e ~ t a d  are l i e t e i i  below: 

I t  i s  bolierrod t h a t  the  i-cii!.id  olio?. i s  ch!irncterized bl coso,  * 0.718.  
'Ilia pe r iod ic  so1:i:ion of the inhomogeneoua equation 

i n t e r v a l  f o r  't 
i n  u n i t s  of the pe r iod  T 

- .  

o t o  0,200 
0.mo0 t o  0.300 
0.300 t o  C J . ~ O O  
3.li00 to 0.4 0 2 ., 0.430 t o  c.4 P 
0 .1+60 to 0.47 7 
0.475 t o  0.~1.70 
0.490 t o  ~ . 4 ? j  
0.495 t o  0.~19s 
0 . b ~  t o  0.550 . . . 
0.500 t a  0.502 
0.502 to 0.535 
9.505 t o  0.510 

e t c  . 

&?pear$ t o  s t a r t  off st iTP= 0 with an o rd ina te  -0 .389  and 
with zero s lope ,  l ead lng  t o  the  r a t h e r  pronounced compaction f a c t o r  

a S (~)/a * - 0 ; 2 2 ~ ~  . 
I t  i s  be l ieved t h a t  the  cons tants  l i s t e d  above e r e  such a e  t o  r e s u l t  
i n  s t a b i l i t y  of the  v e r t i c a l  motion, renresented  by the  equation 

-. d2y - PR) Y = 0 , 
6 7 2  

the value of c o r e v  beinf: estimated as -0.2 . 
Charnc te r i s t i c  so lu t ions  of the  r a d i d  equation,  an8 the pe r iod ic  

so lu t ion  of tha inhomo~eneous equation,  o r e  i l l u s t r a t e d  i n  Fig.  8 .  

The na ture  of the  so lu t ions  t o  ?+he problem preaented ind ica tea  
the  p o s s i b i l i t y  of a t ta in ing;  s t n b l e  s o l u t i o n s  cha rac te r i zed  by a < 0 . 
One might thernby be encouraged t o  meek sys temat i ca l ly  o t h e r ,  more 
p rac t i ca l .  e i t u a t i o n s  i n  which alpha i s  negat ive ( o r  possessea a s d f i c i e n t l y  
small p o s i t i v e  va lue)  and t he  t rnns i t ion-energy problem i s  s l iminated .  

p L .  !I. Jones has r e c e n t l y  made mention of FFAG .accelerators  i n  which 
negat ive alpha appears t o  be r e a l i z e d  F e e :  Elimtes of the  )lichigtm 
Working Grow f o r  11-12 ilovember 1994, I . ~ ~ ~ - L W J / E R / L J L / W S / W ~ T - Z  
(12 lqovember 19541, MURA-LVJ-~ (12 !Jovember 19541, A b s t r m t  f o r  the 
(January, 1955) Eev 'lork meetiry of the  American Physical  s o c i e t d .  

T? F 7:) 
f_ -. C 

(z.81)'? = 7 -8961 
! 3 , 5 ~ ) ~  = 12 , l609  
( 5 . ~ 5 1 ~  -- 27.5625 
(8.17 1: = 65.74s9 

1 .  = 1:?.G269 
(?c.oo): = 4 0 0 . 0 0 ~ 0  
(38 .7c!': = ILT .6900 
(73.66)' = 66~36.1600 
S t r l i g h t  Section (F= 0 )  

- 1  7 ' = -21629.5849 ! r R d i d l y  
-(1k7 .c)? ) 2  = -21629.53iCg .f clofocusing 

Ptr?i . : l~t  Sect ion (F= O! 
(7:!.60)~ = 6336.1b0~1 





L: Jackson Las l e t t  
14 August 1 9 9  
(Stencil  cut  22 Nor. 1 9 9 )  

B e  material i n  these notes was contained i n  a l e t t e r ,  dated 14 A w 8 t  
1954, sent to  Dr.  Kerst a t  Madison. I t  i s  reproduced here f o r  conren- 
len t  reference by the bNRA technical group27 

A s i w l e  discussion of #pace-charge e f fec t6  i n  the nlternate-gradient 
synchrotron van girm i n  LJIj(bL&c!-2 (January, 1954). I t  now appears tha.t 
a t ten t ion  may bs focused on single-turn in jec t ion ,  but t ha t  the value 
A = 4.0 cm assrmed for  tha t  cr.se i n  the exanmle of LJL(MAc)-2 may be 
excessive. 

I t  appeara desirable, therefore,  t o  present a revised table  based 
on eingle-turn injection andwi th  O taken a s  1.5 cm (radius) .  Me take, 
i n  t h i s  exmqle, n - 345 ( c f .  EDC-12, p.  6 ,  i n  which thm vdlue, $8 f o r  
n l a  discussed). The table  i s  constructed. by use of  eq. (5 )  of LJL(MBC)-2 
aad, because of the more conservative a n s . q t i o n 8 ,  confainsresul t s apnrox- 
imately 1/10 a s  l m ~ e  as  thole c i t ed  previously. 

Kinetic E n e r a  st 
Injection (?lev) 

4 

2 
a0 
15 
20 

30 
40 
50 

T o t d .  Charge 
(Coulombs) 

9.6 x 
12  .o 
14.4 
24.2 

I n j  . Current, Pa r t i c l e s  for  
1 rev.  (m) 50percent c a p t w  

0.49 3.0 x lo lo  
o ,68 
0.90 

1 ;95 
1:: 
7.5  

3.6 11.4 
5.5 15.3 

10.2 
15.8 
22.2 



I.. J. L a b l r t t  ( L J L )   it^. { ?~~lifi ,?iCIT E ~ )  fS/~.t/'!.t - 
4 bu:r?ary i s  i , ivsn o f  t h e  t h o o r a t i z a l  b a s i s  f o r  c s t i - r a t -  

ini; t h s  ensrrjy ho:?ogenc?ity d e s i r a b l e  i n  t!?e ha : : !  i n j e c t s - :  
i n t o  an A. i;. synchro t run .  j o ~ e  nu!:wrlcal oxa:~p.les a r e  
9lvc.n f o r  p ro ton  A. G. synsh ro t rons  of 50 P:kv i n j e c t i o n  
eners y. 



?rn? r<'?Y: :,* e.:3:;,;3:,; ' . ' ,. , .. 
21 Jun. 
( s t e n c i l  cut  22 iPov. 199) 

XTQUISIl3l ElTERbY T O L E R ~ C E  AT IUJ?3CTIOW 

b e  material  contained i n  these  notes vrsa oncloaed i n  a ] .o t te r ,  
dated 21 Jtme 199, aent t o  D r .  r e r u t  at !.fadison. I t  i s  mproduced 
hcre f o r  convenient reference  by the  Mm7A technical  groiq.7 - 
Motivption' - - .  

Aa mentioned i n  prevloua notes  FRY-~une,  19547, the  question 
has been r a i s e d  c o n c e r l l i ~  t h ~  requisite energy toTerances at  i n j e c t i o n  
and concerning the  s s t i n a t e s  of t h i s  q u ~ n t i t y  reputedly aade at the  
Broo!hven National Laboratory. 

Ne.thod of Approach: 
Tho amroach m v be consid.ered t o  be similar i n  p r i n c i p l e  to 

tlmt of K. Joivlecn ~cEKI* proton-synchro t ron  i c c t u r e s .  Sect .  111-3 
( ~ c t o b e r ,  195317, as repor ted  e a r l i e r  /-drrvious noten and I.JL(MAC)-3 
( ~ e b r u a r y .  1 9 f l 3 .  I n  thir:  e p s o n c h  ti& req~drement  considered l a  
t h a t  the i n i t i a l  nomontm rm~read ehdl l  be no g r e ~ t e r  than that ac- 
ceptable i n t o  synchrotron phase o s c i l l a t i o n e ,  b u t ,  i n  the i n t e r e s t s  
of e f f i c i e n t  c q t u r e ,  a more aonaenrativcr cpec i f i ca t ion  m a y  be i m -  
posed. Only i n j e c t i o n  f o r  a e inc le  t u r n  o r  l e s s  i s  considered. 

Dcrivntion of Form*: -- 
The equation of irk-se o c ~ ; i l ! a t i o n ~  i n  the  steady s t a t e ,  with 4 

representing the  e l .ec t r ica1  pllasc a l : ~ l e ,  may be wr i t ton  - fif. LJLONCJ-~, 
and reference!, tharein7: -. 

P + A' ( mind - s i n d o )  a 0 3 

where Eo 2 )  m d  -Y =(T) -* . 
0 zrf Es 1 a ..- 

m 
This equetion has  the  f i r s t  i n t e g r a l  

J2 = 2~~ p o n d  + cos 6, - (7- 1 - do) s i n  do] 
' 2 n 

and * m a  = 4 ~ ~ f i o s d ~  - (7 - do) s t a d  J .  
n 

For b o a  5 ,  . 2  
2 a n  7 

4- = 4 A  I? g-  

Por e f f i o % s n t  capture,  b v s v c r ,  we w r i t e  

fin, = 1 . 1 7 f a .  

where f i s  a a m e r i c s l  f a c t o r  which might be t&ea t o  be about 0.3 
(see F i8 .  1) . 

The r a w c i a t e d  nomentwn v a r i a t i o n  i s  

i m 
'D - 



The required pa& R;R. ~03tci+33 per ex%, To ,  i s  estimated by - - 
1 

2JL - 
A @ + 3 ~ _ 7 &  - ( & ~ / * k r n )  - 3 -- 

~ - ! a c e .  tine) 
CL. 

ev0 I3ri+--7zf - - -  m- - .  . c . (RCC ; time 1. ain 6, 

nmerisril Vdiies: 

Ye include :n the ta.bb'le ';cilow resul tu  comrxted f o r  (i! t+ nncfiine 
eimUw t o  t h s t  ylnrmsb bp the ?'BIT e r o q ,  (1%') rr irachice of tho type 
belicred under d e s l w  at Srcckhauen, and ( i i i )  a. 8liniltw nachice x i  t h  
c h r a c t e r i i l t l c s  Siscuaeed i n  the roid-west gro'q.  The vnlueo l i o t r d  
for the Cm? mac!~ins ern ' 3~sed  on what s p e a r s  t o  be J o h n s e ~ ' ~  e.asLmptian 
of f = l m d  1 t9a ;ladue of ~ V O / ~  for  ths C E O T  mchiae i n  
estimated from the quoted E = 1 2  kiloe;oucs!sea and leads  :o rosulL,e 
similnr to those etnted ?y Soknsen i n  the absance of frerpsncy e r ro r .  
The vr?lue t ~ k e n  f a r  9Vo/;?r i n  the BXL caze 13 o>tnizsd from t!u, f o r -  
plula of the p m c e d i n ~  s e c t i c ~  ns " 

. 

!!!zEsx: 
It appasrs frcm tho foregoing tab le  tha t ,  f o r  many of tha deoigns 

presently under conuideration, i t  would be adequate to i n j e c t  f-om a E I W  
56 Mov yrotone vhosa e n e r g  -read .nu8 Cei in i te ly  within 20.3 percent. 
Energy e t a b i l i t  , from pule@ t o  pulse,  i s  a l so  highly desirable.  Z l i s  -+ tolerance nay e c o v ~ r o d  with tha t  emected 3 o r  the fliIIIIeR0t~ deaign. 
sa reported by L .  B. Jolmston &l1. AFS, 1954 meeting i n  Veflhington, D.C., 
papor ~ g ,  ~liunelg = 50 2 0.2 Mev or  = 20.4 r s rcen t .  

m e  Brockhaven potq,  h v o  suggested pr ivately  the objective of 
tO . lpe rcen t ,  a l thowh the ADD minutes No. ( b k o h  16. 199) sue eat  
the requirement of ' Y p  ?ercend i n  en.-. Z t i s  believed t h s t  '16 percent 
i n  energy repregents the present thinking of the group. Attantion m u ~ t  
dl80 be given t o  the H e m i t t ~ e *  of the beam. and the des l r a3 i l i t y  of 
a beam of 1 milliampere from -- tlla =tor kas been csuggested. .- 



TI. . Plat  of s@oa tor scoapBrnao in% p W h  ouoilXaBions. 



L c aackson Las le t t  
23 December 1954 
(Sequel t o  notes of 
28 October and Addendum 
of 22 movember ) 

FrmTRER RnL4xS CORCERTX 

S W E  ORBITS WITH PIIATIVE MOl6EYI?!'b; CS!PACTION 

1. Implications - of Symonls Smooth-Appr~d.r.~-;>i:::l - . - - - -. - - Tee-: -- 
The implications of the smooth-approximnt:.?n technique i n  

regard to  the attainment of s table  o rb i t s  with negative momentum 
compaction were discussed with E. Courant and K. Symon at a recent 
E.'Gi'U meeting (18 December 1954). The smooth-approximation essen- 
t i a l l y  replaces the d i f fe ren t id .  equation f o r  the t ra jec tory  by 

x f l + + k 2 x = a ,  

where the constant a i s  introduced a s  a measure of the  f rac t iona l  
momentum e r ro r  and k2 is apos i t i ve  constant i n  the s table  case. 
To the extent that  t h i s  approximation represents the motion ade- 
quately, 

a m = -  "' • I i s  c l ea r ly  posi t ive .  
a k2 

For nl = In2/ = n andequal  sector-lengths, the compaction 
would be given at the center of the "necktien (n  = n2/1r2) by 
~s(MWRA)-l ,  Eq. (511-7 - 

This r e su l t  i s  seen t o  be i n  close agreement with the exact r e s u l t  
f o r  t h i s  case: 

a = -4 .8105 n n r 01  

We may expect the smooth-approximation to fail  f o r  betatron 
wavelengths shorter than the period of the magnet s t ructure  m~ 

(MITRA)-1. p . l o 1  -- i n  such cases the ar@ments based on the 
smooth-approximation do not apply and we may then encounter stable 
operation with a < 0 . 
2; Stable Motion - with Negative a - i n  - a donventionel A-G Synchrotron; 

A t  the meeting of December 18 i t  was pointed out by 
E. Courant that  i t  i s  possible with flpatchlf operation to  have stable '  
motion with negative momentum compaction i n  a conventional A-G syn- 
chrotron /square-wave - n] . 



I n  the case t h a t  nl = 

na = 1 

Y'l + v2 

cosUr = Cosh J1/2 cos s-ld 

cosu, = Cosh cos fi 
2 '  

with Y'l 
= f i e , ,  jb2 = . n 7 7  1: 

I n  the f i r s t  f igure  the regions of pos i t ive  and negative a are  
i l l u s t r a t ed ,  a s  a function of $bl, p2, f o r  t h i s  case,  together 
with a representation of the regions of s t ab i l i t y .  A s  was dem- 
onstrated i n  Sect. 1 of the October 28 Notes, a l l  the boundaries 
a = a, coincide with ce r t a in  of the curves for  which cos or = + 1  
I t  i s  seen from the f igure  that  negative a can be a t t a i n e d w i t h  
s t a b i l i t y  by operation i n  selected patches. 

el = = 0.3 T , e2 = = 0.7 T . and the period i s  T = 2. 
2 6  245 f i  

Then nu = 1 g 
15.70g E 6 . 2 8 3 2  + -3 = -0.1454 or 

The periodic solution t o  the inhomogeneous equation f o r  t h i s  case 
i s  i l l u s t r a t e d  i n  Figure 2. I t  i s  noted tha t ,  a s  i n  Figure 7 of 
the October 2S Hates, t h i s  solution crosses the axis -- i .e.,  
crosses the (periodic) o rb i t  fo r  the llequilibriumfl pa r t i c l e .  

3: Aperture Requirements -- f o r  the Preceding Example = %. (U = F): 2 
The m a x i m u m  ( r a l i a l )  displacement resu l t ing  from an angular 

scat ter ing 6 occurring at the most unfavorable loca t ion  i s  computed 
by the formula Gee ,  f. ex., the 3 L  report  of Courant and Snyder. 
DC/HSS-1, p. 151 

disp l .  = I s i n  or/ 

A B where ( i s  the t ransfer  matrix f o r  one period of the ( r ad i a l )  

motion. I n  the example of Sect. 2 ,  the maximum value of I B( i s  
obtained at 2 ~ 1 1 0  from the center of a rad ia l ly  focusing sector and 
i s  given by 



Figure 1. Regions o f  Stability and of Positive and Negative Compaction 



Figure 2. Plot of Periodic Solution of Inhomogeneous Equation 

for the case of nl = n2 , iyl = 3R/2 , p2 = 7R/2 . 
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-I. since s ino r  = -1 , 

disp l .  = or  

The ve r t i ca l  aperture requirements f o r  t h i s  case appear somewhat 
l e s s  severe. 

The excessive rad ia l  displacement met i n  t h i s  example i s  i n  
contrast  t o  the typical  r e su l t  f o r  el = v2 = fl/2 : 

displ .  = e x ~ ( n / 2 ) R  6 = 4 .8105B6  = 1.5312 TR6 . 
6 J;; 

I t  is  thus seen that  the amplitude i n  the patch operation i s  over 
three or four orders of magnitude l a rge r  than i n  normal s t ructures  
of comparable period o r  (a l te rna t ive ly)  similar n-value. One ex- 
pects, i n  addition, t ha t  resonances w i l l  be closely spaced i n  patch 
operation -- these features  have been noted elsewhere ~ U U - L V J - ~  
by L .  W. Jones i n  connection with the Mark I11 FFAG configuration. 

4. Aperture Requirements Formulated on the Phase-Amplitude Repre- --- 
sentation of Solutions to  F i l l ' s  Equation: -- 

For solutions wri t ten i n  the form we- or 

~ E D C - I ~ ,  with w26t  = ~ 2 ,  the matrix element B f o r  t ransfer  
through one period i s  E e e  expressions f o r  U(Z, Z,) and P(Z)  at 
the bottom of p. 14 an; the top of p. 15 of the Appendix to  the  
October 28 ~ o t e g :  - 

B = w2 s i n  u 
x2 

The m a x i m u m  displacement resul t ing from an angular sca t te r ing  6 
i s ,  then, 2 

d3.6~1 . = B m m  R6 = - sin o Wmax R6 o r  
~2 

I 
where 4; i s  evaluated at the posi t ion of maximum w or  minimum 4 . 



5. Aperture Requirements f o r  the Examples of the October 28 M U M  llotes: -- -- 
(a )  For the example of Sect. 4 of the October 28 Notes, 

W = 1;s and max 

~2 = 1 . 0 5 6 ( 2 ~ / ~ )  = 6.6351T ; 

hence, by the r e s u l t s  of the preceding section. 
2 

wmax - =  0.4833T and 
If2 

rad ia l  d i sp l .  = 0 . 4 ~ 3 3  T R6 . 
(b) For the example of the Addendum (ETOV. 221, i n  which s t epwise  

constant values of F were introduced, the matrix element B f o r  
t ransfer  of the rad ia l  motion through one period (commencing, as i n  
sub-section 5a, a t  the center of a focusing region) i s  believed t o  be 

3, = -0.4107 'I 
and s in  or = - 0.6956 . 

B 
Hence rad ia l  displ  . = -- s i n a R 6  = 0'4197 R6 = 0 . 5 9 0 4 ~ ~ 6 .  d.6956 

(c)  For the ue r t i ca l  aperture requirements of t h i s  example, unfor- 
tunately, the s i t ua t ion  does not ?G>pear to be a s  favorable. I f  we 
write the t ransfer  matrix f o r  one period of ver t ica l  motion, referred 
t o  the center of the ve r t i ca l ly  focusing region a t  Z =  0.5'I. we 
appear t o  f i nd  

3, = 2 5 . 6 3 ~  

while s i n e v  = 0 . 9 2 4 .  

Eence 
2 ' 6  ver t .  displ .  = ~6 = HR 6 = 26.4 T ~6 . 

s i n o  .972 

I t  i s  not c l ea r ,  however, that  t h i s  feature  of the ve r t i ca l  motion found 
i n  the present instance i s  i n  any essen t ia l  way charac te r i s t ic  of stable 
motion with negative momentwn compaction. 

6. Comment -- on the Synthesizing - of Motions - with negative a: 

I n  Sect. 3 of the October 2g motes i t  was pointed out tha t  one 
could se lec t  a form f o r  the function w which, by v i r tue  of the values 
of i t s  Fourier coeff ic ients ,  c o f ~ d  be seen t o  r e su l t  i n  a c 0 . Vith 
t h i s  technique, i l l u s t r a t e d  i n  Sect. 4 of the referenced Botes, it 
appears d i f f i c u l t ,  however, t o  secure u c O  without ra ther  la rge  
vdlues of or . 

- 

Thus, f o r  the ( r e l a t i ve ly  flat-bottomed) function 

w = 1 + 0 . 3 6 ~ 0 ~ 6  + 0.1 cos 25 

= 0.9 + 0.36 cos d + 0.2 cos2& , 

such that  
W m a x  ( a t  cos b = I )  1.46 - = - -  

w min ( a t  cos 6 -  = -0.95 0.738 



and f o r  which 

w3 = 1.21912 + 1.228392 cos$ + 0.51459 cos 2'6 

+ 0.122364 coa 3-4 + 0.0&72 cos4.d 

+ 0.0027 cos 5.4 + 0.00025 cos 6-6 , 
the select ion of or must be guided by the following Table: 

Hence, to obtain a ': 0 with the function selected,  one must take 

7. Correction t o  the lTovember 22 Adden8.m: -- 
I n  tke P7ovember 22 Add.endum an example w a s  given of a case 

involving step-wise constant values of F such that  I? = 0 i n  
the in te rva ls  0 . ~ 9 5 ~  t o  0 . 4 9 g ~  axd 0.502T to  0.505 T .  
Since the inhomogeneous equation which was considered i n  connection 
with that  example was 

and i n  the in te rva ls  f o r  which F = 0 w a s  taken t o  assume the f o m  

X" = a. 

i t  does not spear accurate to term these in te rva ls  "Straight Sectionsll. 
I t  i s  believed preferable to  regnrd the intervals  f o r  which F = 0 i n  
t h i s  example a s  regions of guide f i e l d  without focusing forces.  








