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. MURA NOTES 1. Jackson Laslett
28 October 195k
Pomit L ' CONCERNING THE ATTAINMENT OF STARLE ORBITS

WITH NEGATIVE MOMENTUM COMPACTION
0 110 0034398 8

1, Motivation.

At recent meetings of the MURA technical groun it has been pointed
out that it would be desirable to have a maciine with stable orbits for

witlech a = %% (where X =171 - ro) ie negative. If such a machine

were voscible, it would possess the definite advantage of removing the
transition~energy problem,

Al though an ordinary alternate-gradient machine with a L0 may
be contrived readily [f. ex. (Fig. 1), n, = kn , @, = (1/2)6,, and

}1 = waz 1.3, with indices 1 and 2 designating respectively the radially

focusing and defocusing sectors, for which ma= —3.053_-_7. there can

appear instability in such cases, This situation in regard to radial
stability or instability is perhaps not surnrising, as the following
argument demonstrates that a passes through infinity to attain negative
values (cf. Pig. 2) at just those values Tor the parsmeters of an ordinary
A-Q machine for which coso,= 1.
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some specific exemple of stable motion with negative a .
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It appears of interest, therefore, to examine whether the existence
of stable orbits always requires a to be positive or, if not, to present

We undertake to

eyxanine this question, for radial motion, in the following section,

n
C. e

General Expression for a .

A recent BIL report by Courant and Snyder [EDC-15/ indicates that
stable solutions of the differential equation

where

where

The constancy of the “ronskin insures that [w(z )_72{11-?—

2

$5 + FOX = o,
o
P(T) is veriodic with meriod T, may be written as
+id(z) j 8in
x(T) = wly) o , or w(‘t)’ OR ¢ (¢ ,
L-cos
bz) = g + V(1) ,
w(T) and ¢(¥) are real functions, each periodic with period T,

and o 1s a real constant,

= K2 , & constant.

A periodic solution (period T) of the inhomogeneous equation

2
%.% + P(F)X = a, where a 1is a constant,
%
may be obtained by inductive reasoning _/_Eee Appendix -- the writer is

indebted to Dr, B, C. Carlson for discussions on this noinﬂ or confirmed
by substitution.
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If, regarding w as a periodic function of § with period o, we write

3 o T
w(p) = A, 4,‘_. /_A cos Tqi + B_sin -—-—ﬁ] (2)
o |
we find, from (1),
(o4] 2 2
o T +
J\/I:\ = aT[AoE—lﬁi‘/L_éj’-k;_—-]
‘ o k=1 2me? T
a
or
@ 2 2
P o o +
- DR b B
fy ® === B g ljlb §'A2;r G e T (3)
KT k=1 2m?
o

This result may be checked for an ordinary (non A-8) synchrotron,
for which A, = 00, o= (1-n)'/2n, R =c?a-alf2 - P32

a = 5 in agreement with the

well-known result.
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3. Selection of Orbits for which a < 0°

The last result sugcests a means for determining certain situations
in which a 1is negative for radially stable orbits, the coefficlents of
the Fourier expansion for w3 [eqn. (2)7 being selected to achieve this
condition,.

With the functional dependence of w on ﬁ thus selected, the relation

wa %%“ Ka should, if the lntegration can be performed, give the form of

the relation connecting # and ©. w can then be expressed also as a
function of 7.

Finally, the required form for the function F(%) appearing in the
original differentisl equation characterizing the machine, is determined by

w ﬁ‘a -wh = wbF,

5 i
¢ =

n

or ¥ : primes denoting differentiation

~

with respect to ¢,



4, Example .

A simple, albeit strange, examrle of radially steble motion with
negative a may be constructed by the methods outlined in section e
Te toke

wig) =1 +Ecos§, with E= 0.8 and € = 0.8 for 0 = 0,8 (ont) [
w(f) =1 +0.8 cos1.25¢
w(B) =1 + 2.Mcos1.250 + 1.92c0s°1.25¢ + 0.512c085 1.25¢

1}

1.96 + 2.78% cos 1;25?5 + 0.9 cos 2.5 + 0.128 cos 3.75¢

For this function we would exnect, from eq. (3), that

= _E_. \ (1 QE)E o l’_‘ (n 78“)2 4. (0.96)2 (0 129; J}
R 2| 0.5625 5.25 © 13.0625
- -3a3L - -jaze 22
% £
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The functlon ¥ 1is given parametrically, in terms of ¢, by

p o= (38y° 1 a5
d‘ w qi-ée

ai(, . Qwy , dw T
ag " gge afg a2

W (dz/d(z‘)3
g i dw dw
= ;‘E 1w (w - ?2 ) + _ﬁ)__

2.2m2 % % 2.8 sl.25¢ - 0. c0521,25¢
(1.056)7150)" 2 5co 16
(1 +# 0.8cos1.25¢)
= (1,056)° (2'”) 2.82 + 2.35005 1.25‘5 - 0.18 cos 2;5_¢
(1 + 0.8cos 1;256)6
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We thus have the differential equation

2
d°x
—_— 4 ‘X =
= 0
with F expressed as
(2,11211)2 3 + 2.85c081,25¢ - 0,36co8° 1,250

T i 0.80051.25Q)6

"

T =

T - m—;rfonst +1.326 + 1,28sin1.250 + 0,128 8in 2,50 7 .

The solution to this homogeneous equation is
. +
X = (1 + 0,8cos1,25¢) e"'m.

This result may be checked directly by confirming that
ar a°x _ ax 4%

Wol? " WP,
L 5
R
it being noted that
aT I : L
-(m"—' (-?—:L"-‘—é;)(l + 1.6cos l.25¢ + 0. cos 1.25&)
* 5aiEe (1 + 08coslash)® = porned
The solution to the inhomogeneous equation
2
%i"x'é +FX = a f—he right hand side being taken as a constant,

representing r, (Apfpo) ¥4
is obteined from eq. (A-2) of the Appendix as

X = (P-lfaﬂ) ( d)(l +0,8c0os1.250)7(1.9 - 4.9493cos 1.25¢
N -0.1829 cos 2,56 - 0.0098 cos 3.75¢)

= {ig lfeﬂ)}a (%??)(1 + 0.8cos1.250)>(2.1428 - 14,9199 cos 1,250
- 0.3656 cof 1.25¢ - 0.0392c0331,25g:
(e

H

(

2 | | .
) a(l + 0.8c0s1.,25¢)(1.96 - 4,993 cos 1,250

T
2.110m ‘
- 0.,1828 cos 2.5 - 0.0098 cos 3.756)

(e ) a (1 + 0.8cos1,250)(2.1428 - 4,9199 cos 1.25¢

- 0.3656 cof 1.25¢ - 0.0392 cos> 1.25&5).( \
5
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The average value of x is obtainable in a direct manner from eq. (4),

to yield (A p=0c=0 8(2'n)
Q= 5-;— = 3,? 2 Tl ) (1 + 0.8coel. 2595)3(2 1428 - 4.9199cos ¥.25¢
=0 - 0.3656 cos” 1,250 - 0.0392cos’ 1.25¢) ag
0.8(2m)
= et (o llF_,ﬂ,) (-3.126)
= -3.1}69‘—g-£§11-)— , as expected.

KT
a

{* The validity of the expression (5) as a solution of the inhomogensous
equation may be checked directly by confirming that

a7 a°X dX 4a°7

% af2 P 7 |

d‘r3
E—

o
i
o

A graph of the phase parameter §, vs., %, 1is shown in Fig; 3.
The function F is plotted in Figs, 4 and 5. The function w, the
solutions wcos@, wsin@, and the periodic solution of the inhomo-

geneous equation are shown in Figs. 6 and 7.

jé_ConclusionZ

It appears from the foregoing development and example that it is
not impossible to have radially stable motion associated with negative
momentum compactioni Thether axisl stability can also be achieved
(in a Mexwell field) and practicable conditions achieved with negative a

remains to be investigated.
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APPENDIX
DERIVATION OF THE PERIODIC SCLUTION OF THE INHOMOGENNOUS EQUATION

1. T™e differential equation

a%x

—— ]'(1) I = a,

e

#(T) veing poiiodic in ¥ with period 7, may be written im vector form
vith X« (dldf) E

g + M) = %,

vhere 4 = (; ?)' E"(E).

The solution of the homogensous equation relates X(T) to X(F))
by a matriz U(T,7,) such that

) = WT.T) XT,).

In the inhomogeneous case we obtain, in addition, a response from an
impul se (ngil) which immediately augments ,X' by adt* --

hence, for the inhomogeneous problem, y

$T) = DT.T) KT, + [u«:.z*) ©) az*.

0
Por a solution of the inhomogenecus equation which is to be periodic

with the period T, we require

XT) = T-1 o
-0z, 7-0]%2) = oz, 700 e, or,
=y
défining

P('C) = U(T.T-‘ T) N 2,

XY) = ﬁ.-r(t)j"lfu(‘r.’z:‘)(i) az™ .
¢~

i¢

2. In terms of the solutions Il = we

¢

» Xz = veﬁi , the transformation

matrix may be written

wnwﬁé cos (¢-¢Q)-N6 sin (¢-¢Q) wow sin(f - ﬁo)
2 4! 2 4!
¥o ¢o v, f 0
BT, = [(wo,..g;,- vwgd)cos (680
~(wiw! +wow¢°'¢') sin (g-f,)] wow# cos ($-45) +wow' sin ($8,)
w2 oo ¢' 8
0 o o o

for which the determanant is unity by virtue of the relation wad' = W°2¢'° ;
as follows from the constancy of the Wreonskin.



."/

Thus s gsine

/‘ coacr—-;:%rsinc 7

e
k ! w' W'
= i i "
\ (¢ +-;2-a-r)snc coso + —rsino

/1-coso+ = » sine -*E-i—?—g \
1 -p(¥) = f il ;
\ —-—r sin - co80 - —sino
weg wi"
i l! 1___ gino ] 1 _sing
= ¥ 2* ﬁ I~ coag ] o¢' 1-coso
i=P) = ,2-. _é ; b
o . sinao d g sing
\1—coscr EL wi' 1-coso

and, with a(7) taken as constant,

e sin(ﬁ-éx) R
U(T.Tx)(g) " (v r )(o ) ﬂ%/ b 5 \

;3%;—, cos(@-¢*) + ““ET‘KSin (¢-¢%)

|
Our periocdic solution (period T) to tho inhomozeneous equation accordingly

then becomes given exnlicitly by use of these forms in the exoression
A "

XT) = A-2)77 w, £®(0) o
- T tg-m e
the codrdinate function is ﬁ“,‘;
x(r?: - & g} W __sing sin o { L w Xy sk
) e ¢ & wi' 1-coso | ‘—T wxp' X sin(d-47) at
1 sino ! WQ' X w! x \ =
* 4 1 - coso bt’t-‘l‘!_wxﬁ'x cos (¢-¢") + W]{¢|x sin(¢-¢ )_ ar-,
o - r
< Bgdl (G- ac* + Sine_ [ 5y a
EW‘;_’ i sin(g-¢7) 7" + T-coso .\ _ig'x cos(P-¢") a7 |
(-T _ -1
T
A 1 . < Fod
= STy ‘(iwxgﬁ'x gsln(ﬁ-ﬁx) + 5111_[5 - (¢,¢xﬂi d,_x
(i
s (7 L qoufth- %) 2.7 ap?
T Zsinlo/o) ¥ Fop wg' ¥ e~
Introducing the constant X° = wo@' . this result may be conveniently
expressed =
MZ) = 3 :( = } W oW cos_/:—(ﬁ-éx) - -2-_7 a7 (A-1)
2 sinla/2 e

r‘a" _T
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or, alternatively, "6
X(T) = —¢ j W ' coe[Td-¢%) - 3 Tar*. (a-2)
2K sin( 0/2) g
Hence .
m
(X} = 2 [ w2 ¢ ¢ 6-0%) -27 at®
) el{b'l‘ﬂin(trla) f l; ¥ cos /T 5
o
= 2 3 3-¢%) - S 7a6*,
K0 7 sin(c/2) f J ) A ¢

w now being expressed in terms of QS as a periodic function with period O .

A rewriting of this last result, employing the periodicity of w, leads to
the forms cited in Section 2.

(%) - J"ac&f 3 costh- 6% - 3

fET gin(o/2)

(]

o (‘c
z 2 Jdé; w3wx3 cos(ﬁx-ﬁ—%) ag*
E T sin(o/2) Jé
.
T A
2 fdﬁj w3wx3003(dx-ﬁ+%)d¢x
n

1{6 T sinl{s/2) A

Il

3, The result (A-1) may be checked directly. as follows:

[

Xr = 5 J{w wicos Q‘—(ﬁx-%) - ww ' ain(é—éx—%) ?[d’zx,
2K~ sinf 012) T -
the terms introduced from the upper and lower limite of (A-1) cancelling.
r T
xn = g }_2»:2(5[ sing + J.j[w"-*w¢‘2]wx cos(¢-4" - 3)
sin(a/2) ‘f-TL .
3
—(EW'¢‘ +w" )W sin(ﬁ-ﬁx—%); an
which, by use of ow'p +w éﬁ =0, wo' = K, wé'e—w" = wF Dbecomes
. YT
o= 2 ‘2»;2:5' sin% « MT) & w coa(qb-ﬁx-%) ag ™
o< sinlo/2) L T-r

a - F(T)X

hence "
" ¢+ P(T)X = a, ae required.

The form (A-1) is, in addition, clearly periodic in 7" with the period T,



ADTERTIOM

[ R

20 Uovember 1954

A situation involving step-wiee constant values for T(Z) can
be syntheelzed to represent closgely the exarmle given in Bection U,
With fairly minor, but comewhat eritical adjustments, it appears that
the situation can he adanted to give both radisl and vertical stablli-
ity. The counstants sugcested are listed below.

2
X, mz)x = o
d%e
interval for T TEFV?)
In uwnits of the pertod T '
S S e T st ey - TN
0 to 0,200 (2.81)° = 7.2961
0,200 o 0,300 (3,53)2 = 12,4609
0,300 to 0,400 (5.25)2 = 27 .5625
0.1200 to 0.%30 (B 17)8 = 66,7489
0.430 to C.4b0 (12,33)2 =  152,0289
0460 to 0.47E (20.00)2 =  kco,0000
0.475 to 0.490 (38.70)c = 1497,6900
0.490 to 6.495 (79.60)° =  6336.1600
0.495 to 0.498 Straight Section (F=0)
0.498 %o 0,500 -(147.07)2 = ~21629,584G ) radisliy
0.500 to 0,500 ~(147 ,07)2 = —21629.5sh9.f defocusing
0.502 to 0,505 Straisht Section (F=0)
0.505 to 0.510 (79.60)? = £336,1600

ete,

It is believed that the radiel mction is characterized by cos o, * 0,718,
The periodic soclution of the inhomogeneoue equation
2
d X -
—= + MI)X = a
aze
appears tn start off at Z' = 0 with an ordinate —O.}8?+aT2 and
with gero slope, leading to the rather pronounced compaction factor
@z (X)a 2t -0.2272,
It is belleved that the constants listed above are such as to result
in stability of the vertical motion, renresented by the equation
&y _
are
the value of cos g, being estimated as -0.2 .

PT)Y = o0,

Characteristic solutions of the radial equation, and the periodic
solution of ths inhomogeneous equation, are illustrated in ¥ig, 8.

The nature of the solutions to the problem presented indicates
the possibllity of attaining etable solutions characterized by a < 0 .
One might thersby be encouraged to seek systematically other, more
practical, situations in which alpha is negative (or possesses a sufficiently
small positive value) and the transition-energy problem is eliminated.
L. Y., Jonee has recently made mention of FFAG accelsrators in which
negative alpha apnears to be realized [See. Mimites of the Michigan
Working Group for 11-12 lovember 1954, HURA-LWJ/DMK/LJL/ERS/RMT-2
(12 November 1954), MURA-LWJ-6 (12 November 1954), Abstract for the
(January, 1955) New York meeting of the American Physical Societi].
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MURA NOTES L. Jackson Laslett

14 August 1954
(Stencil cut 22 Nov. 1954)

RETABULATION OF SPACE-CHARGE EFFECTS IN THE AGS

[Ehe material in these notes was contained in a letter, dated 14 August
195“. sent to Dr, Kerst at Madison, It ie reproduced here for conven-
ient reference by the MURA technicel group;T

A eimnle discussion of space-charge effects in the alternate-gradient
synchrotron was given in LJT.(MAC)-2 (January, 1954). It now sppears that
attention may be focused on single-turn injection, but that the value
A =40 cm assumed for that cese in the example of LJL(MAC)-2 may be
excessive,

1t appears desirable, therefore, to present a revised table based
on single-turn injection and with A taken as 1.5 cm (radius), e take,
in this example, n = 345 (cf. BDC-12, p. 6, in which the value I8 for
n is discussed). The table is constructed by use of eq. (5) of LJL(MAC)-2
and, because of the more conservative assumptions, contalnsresulte approx-
imately 1/10 as large as those cited vreviously.

1/2

R_ = 8600 cm A= 1;5 ecm radius n=2%0.0n
J = ¥ 0,07 (512
=+ 1,3
Kinetic Rnergy at Total Charge Inj. Current, Particles for
Injection (Mev) (Coulombs) 1 rev. (ma) 50 percent capture
n 9.6 x 107 049 - 3,0x1010
2 12,0 0.68 3,7
144 0.90 5
10 24,2 1.95 T1+5
15 126.5 3,6 11k
20 ¥l 55 15.3
30 4.7 10,2 23.4
Lo 101, 15,8 ]21.6
50 128 22.2 0



Requisite dnexrgyy Tolarance at Injection,
L. J. Laslett {LJL) otd, (MURA NOTES) 6/21/%4

4 surmary 1o glven of the theooretical basis for estimate
ing the enexrgy homogeneity desirable in the bean injectad
into an A. G. synchrotron. 5ome numerical examples are
given ifor proton A. G. synchrotrons of L0 Mev injection
GNRTCY.
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REQUISITE ENERGY TOLERANCE AT INJTCTION

[fhe nmaterial contained in these notes was enclosed in a letter,
dated 21 June 195“ sent to Dr, Terst at Madison, It is reproduced
here for convenlent reference by the MURA technical group./
Motivation.

Ks mentioned in previocus notes May-Juns, 195“7 the guestion
has been raised concerning the requisite energy tolerances at injection
and concerning the sstimates of this quantity reputedly made at the
Broo'haven National Laboratory.

Method of Approach!

The approach may be considered to be similar in principle to
that of K, Johnsen [CERN proton-synchrotron lectures, Sect, III-3
(October, 1953)7, as reported sarlier [previous notes and 1.JL(MAC)-3
(!ebruary. 195r1] In thin approach the reguirement considered is
that the initial momentum epread shall be no greater than that ac-
ceptnble into synchrotron phase oscillations, but, in the interests
of efficient capture, a more conservative tpecification may be im-
posed, Only injection for a einrle turn or less is considered.

Derivation of Formulas.

The equation of vhrse csalllations in the steady state, with é
representing the electrical plasc angle, may be written _Eff. LJL(MAC) -3,
and references therelnT'

é+A ( aing - ain&) = 0,

where 2 . wB Py B0 1 IV T
A woh('\")z\nEa and Y“(E) .]-_Tzl
2R

This equation has the firet integral
32 = 212 [cosd + cosﬁo - (m-4 - ¢,) ein ‘oj
L2
and ¢ = 4% [Gosd, - (g ~ o) sing 7 .

max

"
For ﬁo= Z' o
‘mx

uf[ﬁ? -z

= 1.37742 ;

s

ém = 1,17A.

For efficlent ceapture, howsver, we mev write

ﬁmu ; I - . o

where f is a numerical factor which might be taken to be about 0.3
(see Fig. 1) .
The associated momentum variation isa

1 dw 1 !
2o F T T @t ~ gonh
| 1.17:/\/—1 eVo/om
= 78 Y KT




-
[ =

The required poak RP voltages per tum, Vo is estimated by
- ZL -
L (s8/turn) 2 e
en :
c-{acc, time)
PO i L
R/1+ Zﬁj o

an ¢+ (acc. time)- sin b0

Numerlcal Valnes:

Wa include in the teble Lelow results corputed For (i) & machine
eimiler to that plamed by the T8N group, (1) a machine of the type
believed under design at Sreckhaven, end (i1i) a slwiler machire with
cheracteristice 4lscussed in the mid-west grovp. The values listcd
for the CIRN machipe are Dased on vhat apmears 4c be Johasen's essurption
of £=1 and (¥ 21! the velus of ﬂVo/gn for ths CERY machine ia
estimated from the guoted B = 12 kilogruss/seo and leads %o resulis
simllar to those stated by Johnsen in the ahsence of frequency error,

The velus tsken for Bvo/gﬁ in the BHL caze i3 obtained from the for-
mula of the preceding secticn as

g5, x 1,5 x 25x 107
3x10% x1 x 0.5
n X -
for ‘o = zo although thip value seeme somevhal lesg than that suzgseted

=AM x 103 ev/rsdian,

by the Brookhaven ADD minutes ¥eo, 02 (May 12, 195%). 50 Mev injecticn iLe
assumed ln each case,

| CIN | DL ‘%_ LUSA
Tuj. Bnergy, Kimotic] 5 | 50 | 50  Mev
Inj. Energy, Totall] 0.99 0.9 0.29 Gev
8 0,314 0.314 0.3k
{4 el 0.89 0.89
Vo/om 23.1 2103 |1 b x 107 18.7x107 ov/radian
h 38 1 16 36
£ 1 0.3 1 0.3 1 0.3
Ap/p 0,295 | 20164 {0834 | 40,037 [#0.297 | 20,046 %
AB[Bp | 2 $0.31 % [ 20.8% % | 20,254 | 20.56 4 | *0.17 ¢4
A W S R i

Summery
It aprears from the foregoing teble that, for many of the designs
presently under coaslderation, it would be adequate to inject from a LINAC
%0 Wev rrotone whoee enersy soread was definitely withim *0.3 percent.
Energy stebility, from pulse to pulse, is also highly desirable., This
tolerance may be corparad with that exnected Bor the Minmnasota deslgn,

a8 reported by L, H, Jolnaton [Bull APS, 1954 meeting in Weshington, D.C.,
papor C1}, namely Eps, = 50 X 0.2 Uev or AE/Exyn, = F0.4 percent.

fhe Brookhaven group have suggested nrivately the objective of
*0.1 percent, slthough the ADD miputeés No. 57 (March 16, 195%) euggest
the requirement of 1/, percent in enewmcy. It 43 delisved that *1/3 percent
in energy represents the present thinklng of the group. Attention must
#lgo be given to the *emittamce® of the beam, and the desirability of
& beam of 1 milliampere from the injector has been suggested,
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MURA NOTES L, Jackson Laslett
23 December 1954
(Sequel to Notes of
28 October and Addendum
of 22 November)

FURTHER REMARKS CONCERNING
STABLE ORBITS WITH NEGATIVE MOMDNTIR CCMPACTION

1, Implications of Symon's Smooth-Approximaiion Technique'

The implications of the smooth-approxinmation technique in
regard to the attainment of stable orbits with negative momentum
compaction were discussed with E, Courant and K. Symon at a recent
MURA meeting (18 December 195’4). The smooth-approximation essen-
tially replaces the differential equation for the trajectory by

" + k2X : S - TR
where the constant a is introduced as a measure of the fractional

momentum error and k2 is apositive constant in the stable case,
To the extent that this approximation represents the motion ade-

quately, X . 1
o % = s and is clearly positive.
" k
For ny = [nal = n and equal sector-lengths, the compaction

would be given at the center of the "necktie" (n = m2/T2) by
[Xrs(MURA)-1, Bq. (51)_7

3 . g N Ssed
k2 n2T2 'z : 1 - n
8/ 12 = 0M9B TP .

This result is seen to be in close agreement with the exact result
for this case’

a

» or

2 minl'.@ " E_%E Sy -
= olgune |

We may expect the smooth-approximation to fail for betatron
wavelengths shorter than the period of the magnet structure [ﬁRS
(MURA)-1, p.107 =-- in such cases the arguments based on the
smooth-approximation do not apply and we may then encounter stable
operation with a <0,

2, Stable Motion with Negative a in a Qonventional A-G Synchrotron:

At the MURA meeting of December 18 it was pointed out by :
E. Courant that it is possible with "patch" operation to have stable
motion with negative momentum compaction in a conventional A-G syn-
chrotron /[square-wave n /.




..2—

In the case that n, = 'nal = n (,;=1)
3 90 8
= — - +
- ¢ * s |1 ¢ Ctuh(yo/2) ~ ctn(;ﬂllﬂJ
coso, = Oosh;ﬂa cos% and
coso, = Cosh Wl cos ¢2 5
with 5&1 = 47 8,, 502 = ;/I{ee, il a1,

In the first figure the regions of positive and negative a are
illustrated, as a function of ¢y, #,, for this case, together
with a representation of the regions of stability. As was dem-
onstrated in Sect. 1 of the October 28 MNotes, all the boundaries
o = o coincide with certain of the curves for which coso, = +1,

It is seen from the figure that negative a can be attained with
stability by operation in selected patches,

For (fq =3mf2=4724 and 7, = 7m/2 = 10.9956 ,

o, = 3/2 , o, =17m2,
g, =% =037, 6, =Lk =0,77, and the period is 7 = 22,
S 3 8, ovE 7T, and the period is 7=
| -3 v R B
Then m-m—o-g/_‘&zs;e + 2.00003_7 = -0,145; or
a = -0,1454 /n .

The periodic solution to the inhomogeneous equation for this case
is illustrated in Figure 2, It is noted that, as in Figure 7 of
the October 28 Notes, this solution crosses the axis -- i.e,,
crosses the (periodic) orbit for the "equilibrium" particle.

3, Aperture Requirements for the Preceding Example (¥, = %, w2 = g)‘,

The maximum (radial) displacement resulting from an angular
scattering 6 occurring at the most unfavorable location is computed
by the formula Eee. f. ex., the BIL report of Courant and Snyder,
EDC/HSS-1, p. 15 ]

!BI max
1 gin G‘rl

BMRS-

displ.

]

RS

where (‘g'g) is the transfer matrix for one period of the (radial)

motion, In the example of Sect, 2, the maximum value of ]B[ is
obtained at _":T/lO from the center of a radially focusing sector and
is given by



Pigure 1. Reglons of Stability and of Positive and Negative Compaction
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Plot of Periodic Solution of Inhomogeneous FEquation

Flgure 2.

7m/2 .

for the case of n = ne, (‘yl = 3‘"/2. (/{2

e
-— —
AT

o't Fo

< E\m

o

+

c+



Bmaxg- AT

Thus, since eino, =-1,

displ.

exp(qn/2) o, - 59611
LeRe s RS . o
795 TRS .

The vertical aperture requirements for this case appear somewhat
less severe,

The excessive radial displacement met in this example is in
contrast to the typical result for Wl= }//2= LEN
displ, = = (Mfe)ps - %8105, 1.532TRS .
vn ¥n

It is thus seen that the amplitude in the patch operation is over
three or four orders of magnitude larger than in normal structures
of comparable period or (alternatively) similar n-velue, One ex-
pects, in addition, that resonances will be closely spaced in patch
operation -- these features have been noted elsewhere [MURA-LWJI-6]
by L. W. Jones in connection with the Mark III FFAG configuration,

4. Aperture Requirements Formulated on the Phase-Amplitude Repre-

sentation of Solutions to Hill's Equation!

w ei-i’;

For solutions written in the form or

wsind, weos ¢

/EDc-15], with wP$' = K2, the matrix element B for tramsfer
through one period is [see expressions for U(Z,?;) and P(Z) at
the bottom of p. 14 and the top of p. 15 of the Appendix to the
October 28 Notes/:
g we sin ©
e
sing

p

The maximum displacement resulting from an angular scattering &

is, then, o
B Wmax
= ————uﬂ 3 —
displ. T RS = RS or
s o BE

1
where é;, is evaluated at the position of maximum w or minimum :5 -



e

5. Aperture Requirements for the Examples of the October 28 MURA Notes:

(a) For the example of Sect, U4 of the October 28 Notes,

Wi 1.8 and -

K = 1.056(2n/T) = 6.635/T :

hence, by the results of the preceding section,

2
Vmax

%2
radial displ.

]

0.4833T  and

0.4833TRS .

(b) For the example of the Addendum (Mov, 22), in which step-wise
constant values of ¥ were introduced, the matrix element B for
transfer of the radial motion through one period (commencing, as in
sub-section 5a, at the center of a focusing region) is believed to be

B, = -0.M07 T
e sin 0, = - 0.6956 .
3 s _oMo7 T B
Hence  radial displ. = g RS = “Fpoep= RS = 0.5904 T RS .

(c) For the wertical aperture requirements of this example, unfor-
tunately, the situation does not napnnear to be as favorable, If we
write the transfer matrix for one period of vertical motion, referred
to the center of the vertically focusing region at T=0.5T, we
appear to find

By = 25.637
while sino, = 0.972k4 . ¢
) - B . 25,03 % )
Hence vert, displ, = —-—-—-sincRS = _5%@:_36 = 264TRs.,

It is not clear, however, that this feature of the vertical motion found
in the present instance is in any essential way characteristic of stable
motion with negative momentum compaction,

6. Comment on the Synthesizing of Motions with Negative at

In Sect, 3 of the October 28 MNotes it was pointed out that one
could select a form for the function w which, by virtue of the values
of its Fourier coefficients, could be seen to result in a< 0. With
this technique, illustrated in Sect. 4 of the referenced llotes, it
appears difficult, however, to secure a <0 without rather large
values of O, .

Thus, for the (relatively flat-bottomed) function

w = 1 + 0.36 cosg + 0.1 cos 24
= 0,9 + 0,36cos ¢ + 0,2 cosaﬁ' ,
such that
Wpax (2t cos ¢ = 1) 1.46

= 1.98

¥ (at cos § = -0.9) 0.738



_.7 -

and for which
w3 = 1,71912 + 1.228392 cos$ + 0.51459 cos 29
+ 0.122364 cos3d + 0.02472 cosld
+ 0.0027 cos5¢$ + 0.00025 cosb6§ ,

the selection of o, must be guided by the following Table!

T
He £° 1 b
on o,
0,80 +0.1192
0,81 + 0.0203
0,82 - 0.0897
0.833.. - 0.2569.

Hence, to obtain o < 0 with the function selected, one must take

Or
- = 0,812 .
o b, 2

7. Correction to the November 22 Addendum:

In the November 22 Addendum an example was given of a case
involving step-wise constant values of F such that F =0 in
the intervals O.M95T to 0.4987 and 0.502T to 0,505T.
Since the inhomogeneous eguation which was considered in connection
with that example was

" + PR)X = a
and in the intervals for which F = 0 was taken to assume the form
I
X = @y
it does not appear accurate to term these intervals "Straight Sections",

It is believed preferable to regard the intervals for which F =0 in
this example as regions of guide field without focusing forces.
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