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I n  t h e  fo l lowing  an a t t empt  i s  made t o  so lve  the  d i f f e r e n t i a l  

equa t ions  governing t h e  e l e c t r o n  motion i n  an i d e a l  b e t a t r o n ,  when 

a l s o  t he  r a d i a t i o n  r e a c t i o n  i s  t aken  i n t o  account.  The f i r s t  o rde r  

e f f e c t  of t h e  r e d i a t i o n  i s  wel l  known, be ing  a  slow c o n t r a c t i o n  of t h e  

equ i l i b r ium o r b i t .  However, i t  i s  n o t  y e t  known whether t h e  r a d i a t i o n  

w i l l  r e s u l t  i n  a  decrease  o r  an  i n c r e a s e  i n  t he  f i r s t  o r d e r  damping of 

t he  b e t a t r o n  o s c i l l a t i o n s  due t o  t h e  r i s i n g  imgnet ic  f ie ld . .  As t h e r e  

P e x i s t s  evidence i n  t he  theory  of c e r t a i n  r a d i a t i o n  o s c i l l a t o r s  f o r  

submil l imeter  waves t h a t  the  l a t t e r  might be t r u e ,  t h i s  i n v e s t i g a t i o n  

seems j u s t i f i e d .  

The i n c l u s i o n  of r a d i a t i o n  terms i n  t he  equa t ions  of motion compli- 

c a t e s  t h e s e  t o  such a n  i n t e n t ,  t h a t  a  gene ra l  approximate s o l u t i o n  

showing the  e f f e c t  on t h e  b e t a t r o n  o s c i l l a t i o n s  seems impossible ,  bu t  

i t  w i l l  3e shown t h a t  a t  l e a s t  i n  a  s p e c i a l  case  t h e  r a d i a t i n g  e l e c t r o n  

w i l l  r e c e i v e  an a d d i t i o n a l  damping. Only r a d i a l  o s c i l l a t i o n s  w i l l  be 

considered.  

It i s  found t h a t  the c a l c u l a t i o n  i s  most e a s i l y  c a r r i e d  through i n  

a  f l a t  four-dimensional  manifold;  t h e  u s u a l  t h r e e  space coo rd ina t e s  

being extended w i t h  t he  time d e p e n d e n t R = i c t .  Hereby a l l  c o e f f i c i e n t s  

i n  our d i f f e r e n t i a l  equa t ions  become cons t an t s .  Also the  equa t ions  
P 

w i l l  app ly  e q u a l l y  wel l  ho th  f o r  low and h igh  ene rg i e s .  
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I n  a d d i t i o n  t o  t h i s  a  s p e c i a l  sy s t en  of u n i t s  i s  in t roduced ,  wherehp 

a l l  c o e f f i c i e n t s  reduce t o  un i ty .  Th i s  system h a s  t h e  e l e c t r o n i c  r e s t  

mass M l o  and charge e a s  mass and charge u n i t s .  The l eng th  and 

time u n i t s  a r e  
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,h being t h e  pe rmeab i l i t y  of f r e e  space and C t h e  v e l o c i t y  of l i g h t .  

The equa t ions  of motion f o r  an e l e c t r o n  i n  an e lec t romagnet ic  f i e l d  

a r e  now i n  four-dimensional  t e n s o r  n o t a t i o n :  

t h e  two l a s t  terms r e p r e s e n t a t i n g  t h e . r a d i a t i o n  r e a c t i o n .  Here 

- 
i s  t h e  e lec t romagnet ic  f i e l d  t e n s o r  g iven  a s  t h e  c u r l  of  t h e  four -  

p o t e n t i a l  A, and 

i s  t h e  f our-oeloci  t g ;  t h e  d e r i v a t i v e s  of t h e  f o u r  space coo rd ina t e s  
N 

w i t h  r e s p e c t  t o  t he  e igent ime L . The f o u r - v e l o c i t y  is s u b j e c t  t o  t h e  

t o  t h e  r e s t r i c t i o n  

The e l e c t r o n i c  motion i n  a  b e t a t r o n  i s  n o s t  convenien t ly  s tud ied  

i n  c y l i n d r i c a l  coo rd ina t e s  ( r ,  9, z ,W. ) ,  and t h e  f i e l d  descr ibed  by 

an  a x i a l  spmrnetric f o u r - p o t e n t i a l :  
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1.e. t h e  magnetic f l u x  a t  time OC through t h e  c i r c l e  r = cons t . ,  z - c o n s t ,  

d iv ided  hy 2 T .  

The f i v e  equa t ions  ( 1 1 ,  (4) a r e  dependent i n  such a  way t h a t  any 

one of t h e  f o u r  eqs .  (1) may be de r ived  from t h e  remaining t h r e e  and 

eq. ( L ) .  We mav t h e r e f o r e  d i s r e g a r d  one of t he  eqs.  (1) and choose t h e  
L 

f o u r t h  where u - oc . 
We s h a l l  assume t h a t  the  p o t e n t i a l  A e h a s  a  p l ane  of symmetry 

a t  z = 0 ,  t h e r e b y  enah l ing  u s  t o  r e s t r i c t  ou r se lves  t o  cons ider ing  only 

o r b i t s  i n  t h i s  p l a n e ,  and t o  d i s r e g a r d  a l s o  t he  t h i r d  of t h e  eqs.  ( 1 )  

i 
with UPZ . 

The remaining theee  equa t ions  a r e  now eva lua t ed  i n  terms of t h e  

coo rd ina t e s  and A = A(r,O,w ), g i v i n g  
8 

r 
3 A 

n_ = ,y - it'-c3hn&+3/;n2 +/;a , 

where 
P oC 2 * 2  2. L .. Q41c LC LC K - 2  +ILL - 2  -2hhh. 

(7)  c =;p . .L L 
+Y~irn5+h*~?++, n ,  

an 4 

W being t h e  energy of t h e  e l e c t r o n  in  our s p e c i a l  system of u n i t s .  

The under l ined  terms in the  eqs .  ( 6 )  81-2 due t o  r a d i a t i o n .  

A s o l u t i o n  of eqs .  ( 6 )  i s  impossible  wi thout  d i s r e g a r d i n g  a  l a r g e  

number o f  terms. It i s  t h e r e f o r e  necessary  t o  s tudy  t h e  o r d e r  of 

C 
magnitude of t h e  d i f f e r e n t  terms. This  i s  done h e r e  by i n t r o d u c i n g  the  

we l l  known f i r s t  o rde r  s o l u t i o n s  ob ta ined  by d i s r e g a r d i n g  a11 r a d i a t i o n  

terms. Usinp the  r e l a t i o n  



- and n o t i c i n g  t h a t  the  second eq. (6) t hen  mav be i n t e g r a t e d  once,  we 

a r e  l e f t  wi th  
2 hB,xL = ji - JLrL  > 

(10) = -h2=+c I C =  c = n r f a n t ,  
0 2 2 'L 

h + A I L  - w 2 + * 1  -0. 

Assuming t h a t  B, and A a r e  p r o p o r t i o n a l  i n  t h e i r  time dependence 

and choosine; C =  0,  t he se  equa t ions  have t h e  c i r c u l a r  s o l u t i o n  

By eq. ( 5 )  t h e  f i r s t  oP t h e s e  equa t ions  g i v e s  the  u s u a l  r e s u l t  t h a t  

a t  t he  c i r c u l a r  o r h i t  t h e  f i e l d  Bo i s  h a l f  t h e  average f i e l d  i n s i d e  the  

o r b i t .  

Following t h e  customary procedure  we now s tudy  the  s o l u t i o n s  i n  t he  

immediate v i c i n i t y  of t h e  c i r c u l a r  s o l u t i o n  (111, w r i t i n g  

and assuming x and&<<l. 

Also, we s h a l l  assume a  magnetic f i e l d  va ry ing  l i n e a r l y  wi th  rad ius :  

P Ey eqs .  (51, (11) we then  o b t a i n  



In t roduc ing  these  r e l a t i o n s  (121, (131, ( 1 I L )  I n  t h e  eos.  (10 )  and 

n e g l e c t i n g  terms of second o r  h i p h e r  o rde r  i n  the  T ~ a r i a b l e s  x, C , we 

o 5 t a i n  t he  well-known f i r s t  o rde r  s o l u t i o n s  

s u b j e c t  t o  the  c o n d i t i o n s  

which w i l l  always he f ~ ~ l f i l l e d  i n  a p r a c t i c a l  be t a t ron .  C1, C2,  C3 

a r a  t h e  c o n s t a n t s  of i n t e g r a t i o n ,  C being r e l a t e d  t o  t h e  c o n s t a n t  
1 

- i n  eqs .  (10)  hv 

(17) C = -  C 
/ (I-f",) 4: 

The eigent ime i n t e g r a l s  i n  eqs. (15) may be conver ted i n t o  o rd ina ry  

t ime integrals by 

The f i r s t  o r d e r  r a d i a t i o n  c o r r e c t i o n  t o  t h e  above s o l u t i o n  i s  

r e a d i l y  found by i n s e r t i n g  t h i s  s o l u t i o n  i n  the r a d i a t i o n  terms of eqs .  

( 6 )  and then s tudying  t h e  o r d e r s  of magnitude of t h e s e  terms. It i s  

then  found t h a t  by assuming 

F a l l  r a d i a t i o n  terms except  t he  two terms 



f i  

may be neg lec t ed ,  a s  these  w i l l  he t h e  on ly  ones comperable w i t h  t h e  

f i r s t  o rde r  non- rad ia t ion  terms of eqs .  (10 ) .  The second of t h e s e  

equa t ions  must t h e r e f o r e  be i n t e r changed  w i t h  

Again i n s e r t i n g  the  r e l a t i o n s  ( 1 2 ) ,  (13), (14) and so lv ing  f o r  

x, & we now f i n d  

C f X- " - 3 
Bo (I+) Bo 

f 22) , --, 

c , k 
E = - M -  + 

Bo CI-k)Ba 
where one may i n s e r t  eq. (18)  and 

t o  o b t a i n  t h e  s o l u t i o n s  i n  terms of t h e  o rd ina ry  time. 

To a  f i r s t  approximation t h e  r a d i a t i o n  r e a c t i o n  w i l l  t h e r e f o r e  n o t  

in t roduce  any a d d i t i o n a l  damping f a c t o r  t o  the  r a d i a l  b e t a t r o n  o s c i l l a -  

t i ons .  To o b t a i n  such a  damping f a c t o r  one must s u s t a i n  a t  l e a s t  t h e  

second o rde r  terms i n  x ,& and t h e i r  e igen t ime  d e r i v a t i v e s  i n  our  

equa t ions .  However, a s  our  e q u a t i o n s  t h e n  Secome h o p e l e s s l y  involved,  

t h e r e  i s  l i t t l e  hope t o  o b t a i n  a  s o l u t i o n  u n l e s s  we by some means 

in t roduce  a  very  d r a s t i c  s i m p l i f i c a t i o n .  

Le t  u s  t h e r e f  ore  i n v e s t i g a t e  t h e  damping of t h e  r a d i a l  o s c i l l a t i o n s  

i n  a  b e t a t r o n  w i t h  a  c o n s t a n t  guide f i e l d  Bz and a  s lowly i n c r e a s i n g  

a c c e l e r a t i o n  f i e l d ,  such t h a t  a c i r c u l a r  s o l u t i o n  r - r  i s  p o s s i b l e .  
0 

We s h a l l  c a l c u l a t e  t he  o s c i l l a t i o n s  i n  x  about t h i s  c i r c u l a r  o r b i t .  

c % t h e  e a r .  ( 0 )  the  c i r c u l a r  o r b i t  a t  r = r o  e x i s t s  i f  



Then, a s  before  

Q,=- B, 
( 2 5 )  

> 
t h e s e  q u a n t i t i e s  now being cons t an t s .  A s  be fore  we in t roduce  x , r  by 

the r e l a t i o n s  (121, (13) ,  wh i l e  now (14) must be r e p l a c e d  by 

Then, assuming t h e  c o n d i t i o n s  

o r ,  us ing  M KS - ~ n ' l t s ,  

& b e i n g  t h e  ampli tude of t h e  f i r s t  o rde r  s o l u t i o n ,  

the two f i r s t  e q s .  (6) reduce t o  

2 .e 
( 2 9 )  ; - ~ ~ ( \ + 3 ( \ 4 = ~ ) ( k K + & )  +/Lo 8. 0 I<< Rae:] ) 

kt: + 2 ( x k t & e )  + ( ~ s ~ ) x ) ; .  c k ~ ~ i  + x2i + 
(30)  

'* + 433! (4X +s€) - - ~ J L ; &  @ p c  af 5.1 , 
Eq. ( 2 9 )  i s  now solved f o r  E which inserted i n t o  eq. (30) l e a v e s  

u s  w i t h  ... 2 2 - x + ~ , ( e h ) ;  + '8. ( \ - ~ n ) ~ k  + [ \ + * - ) k i l k + x ' ? )  - 2  B ~ L  
(31) L 4 f *  2 6 s s 

+ q s u  + ( + - s N ) ~ , B ~  K + QG 8.1 - 0 - This  equa t ion  may b e  solved i n  a r e l a t i v e l y  simple manner i f  we chose 



and d i s r e g a r d  t h e  terms of o rde r  a3F?'. Then one i n t e g r a t i o n  may be 
0 

performed a t  once giving:  

As we a r e  only  i n t e r e s t e d  i n  o s c i l l a t i o n s  about  t h e  s t a b l e  c i r c u l a r  

o r b i t ,  r =r we may choose t h e  c o n s t a n t  C =  0 .  Solv ing  eq. (33) 
0 '  

. I  

f o r  x we o b t a i n  

The only r a d i a t i o n  term l e f t  i n  t h i s  equa t ion  i s  t he  s m a l l e s t  term 

2 7. which w i l l  g ive  u s  the r a d i a t i o n  damping o f  the  o s c i l l a -  %loo, x 
2 t i o n .  Th i s  term i s  an  o rde r  o f  magnitude l e s s  than t h e  term i n  x . 

c Therefore  t h e  s o l u t i o n  of eq. (34) w i l l  n o t  dev ia t e  much from t h e  solu- 

t i o n  of t he  equa t ion  

which we s h a l l  denote x =F(Y) .  
r ,  
'hen l e t  u s  t r y  a  s o l u t i o n  t o  eq. (34) of t h e  fomi 

9 t ~ )  being t h e  wanted damping f a c t o r .  

I n s e r t i n g  and us ing  eq. (35) f o r  F(Y), we a r r i v e  a t  t h e  equat ion:  

A s  F i s  c l o s e  t o  t h e  s o l u t i o n  of eq. ( 3 5 ) ,  t h e  f u n c t i o n  J(Y)  

must be c l o s e  t o  u n i t y  and i t s  d e r i v a t i v e s  ve ry  small.  We may the re -  

f o r e  i n  t he  f i r s t  approximation n e g l e c t  t h e  terms t o  t h e  r i g h t  i n  eq. 

(37) ,  whereby 



and by s u i t a h l e  choice of t h e  time?'r0 t h e  c o n s t a n t  may be s e t  equal  

t o  un i ty .  Checking hack on t h e  n e g l e r t e d  terms i n  eq. ( 3 7 )  we f i n d  t h a t  

t h e  s o l u t i o n  ( 3 8 )  i s  c o r r e c t  provided 

The o s c i l l a t i o n s  w i l l  t h e r e f o r e  r e c e i v e  a  p o s i t i v e  damping, which, 

i n s i d e  a  c e r t a i n  time i n t e r v a l  may be taken  t o  be exponen t i a l .  

It remains t o  so lve  the  eq.  ( 3 5 )  f o r  x=F(?). S u b s t i t u t i n g  

C 

we obta in  

and upon i n t e g r a t i o n  

BD & - Y.. 
Be - Z ?  - 
F \Ss& 

I n s e r t i n g  r -% and i n t e g r a t i n g  once more g i v e s  
h \rS 

Here C 2  and C a r e  t h e  i n t e g r a t i o n  cons t an t s .  
3 

Observing t h a t  t h e  second term on t h e  r i g h t  w i l l  he smal l  compared 

t o  t h e  f i r s t  term, t h i s  t r anscenden ta l  equa t ion  may be solved f o r  x 

r- by i n s e r t i n g  t h e  f i r s t  o rde r  s o l u t i o n  

< 

i n  t h e  small  second term; hence 



Actua l ly  we have nede an e r r o r  i n  our computation a s  t h e  s e r i e s  

(41) and (112) w i l l  d iverge  i n  t h e  v i c i n i t y  of x=C We must t h e r e f o r e  
2 '  

check our  s o l u t i o n  (43)  by i n s e r t i o n  i n  t h e  o r i g i n a l  eq. (35). Doing 

t h i s  we f i n d  t h a t  t h e  s o l u t i o n  (43)  i s  indeed c o r r e c t  under  t h e  cond i t i ons  

( 2 7 ) .  

Combining eqs. (361, (38)  and (431, we may w r i t e  t h e  s o l u t i o n  of 

On the  b a s i s  of  t h e  above c a l c u l a t i o n  it does n o t  seem unreasonable 
4 

t o  assume t h a t  e l s o  i n  a b e t a t r o n  wi th  i n c r e a s i n g  f i e l d  BZ and M # -  5 ' 
the  r a d i a t i o n  r e a c t i o n  w i l l  cause  a n  a d d i t i o n a l  damping i n  accordance 

wi th  t h e  f u n c t i o n  (38). O f  course  t h i s  r a d i a t i o n  damping w i l l  no t  be 

comparable with t h e  damping caused by the  i n c r e a s i n g  magnetic f i e l d .  

Changing t o  convent iona l  u n i t s  and o rd ina ry  t i n e  t h e  damping f a c t o r  

(38) becomes -I=L - 2.7 ./o 4, ~ , 3  e 
(45) 

(Bo i n  gauss ,  r i n  cm, t i n  sec.) 
0 

f i  
For a 250 MeV Reta t ron  w i t h  r o = l O O  cm and Bo= 20,000 the  r e l a x a t i o n  

time f o r  t h e  r a d i a t i o n  damping then  w i l l  be ebout  6 m i l l i s e c .  a t  t he  

h i g h e s t  . ene rg i e s .  


