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Thefoll¢Jwing nc>tes deal (i) with the possible sU.ppl,mentary damping 
ofoscillatlcms ina synchrQtx.-Qn, (11) wi~h the en.e.:rgytoleranc. r~~.i.red 
at inJe.ctiQn, and (ili) with certa~nasp.cts of coner.nt radiation. These 
provisional notes do ncttrepresent aC9mpltteanalysi.s of these subjects,
but were begun in prep~rC\tlon.foX' the May 22-23 JIl••tinc9 of the technical 
group and to a small 8-xtent reflect the discussion at that IUJeting. 

1 0 DAMPINGQFOSOILLATIONS 

1. Introduction: 

Atz-ecent .meetings of. the technical group att8nt1<on. has b••n given 
to the possibility of damping synchrotronoscillations,t~ough tn'Mse 
of a radio-frequency E••• F! pe.r turn which varies across the radial ap
erture of the acc.lera~or. This possibility has a1S,or!ce;v.Qatt tmtion 
by the Princeton .gr.0UP., .' an.d.in a.n ea.r1Y Bel'.ke.l..ey .• ·· r •.p..-.rt....•........r.•...•..•.c...•...u.,t.1.Y 'ca,lle.d� to the writer's attention. Slnce it appears fr_. tn,analT'~.1$ that one 
may expect anundamplng ofbetatron.Qsclllationsl.f th' sync.tl%'Gtron os
cillations are damped in this way, the. arguaents ar,outl,iJled·her..u.ndel' 
(i) as a 1""vlew, (i1) as a challenge to devise ( ifpOSS1.bl.) "'1, accept~ble 

,......,damping mechanism, (iii) as an Ind1.catl()n 0,£ thetolerancfsreQ1Jlre<iln 
cavity construction, .and (iv) with the thought that.j.ns~accel.rators 
some additional damping of one of th.oscll1atlqnsDlayb,d.s~~abl.,even 
at the expense of a c,X'ta in undamp1ng of the other. . 

2. The Phase-Equation: 

The equation governing the ~hase oscillati.ns may be obtained in 
a manner suggested by the we:r:ko,f Twiss and Frank,4 recently rev1ewed by
Livingood,5 by writing the equations fora general partic1. and for the 
synchronous particle as {0110w5;6 

We consider the .E.M"F•.. p'.1' t~n to .vary. i.n..•• a substanti.ally linear manner 
across the usefUl aperture of the acceerator 

E,M,f, - "o( I - "'n AI"') 5'" rll rs 
where A r s '('" - r 5 • 

Introducing the vector potential of the gUide field LrA = (Plux)z. /~.:rrJ) 

. evo� 
cft-{pr i- el'"'A) = :J,'t7 (1 - ",n~)Sjntl
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By subtractlon: 

where W o represents ~'"""J'!"!'I'!i"I''''''''''''~.'''''~'f!!!!!!!~ 

moving on the radIus 

In the traversal of sev'l'alcavlties (Qrof asingl. cavity several 
times), we write in the usual notation, 

~-

which is of thefom: 

with 

This result appea!'§concordant with the non...r.latlvis~ic eq. (15) of 
ref. 3 for a con~tlti,nal sync.lu:'otron in which .~·1ncr.ases linearly
with time, where 

h = i O""n ==- _ 6 

;1. -1. ~';I ?s 
1.. -\0 s::.t:.., 

~:rrr s t./'e ..... 0 ~n-"s 

:1. ~ cv. ~ ~ -in~... • (Gl.~/ett')s (t;J..F/d.-t)se::- ~ 41", rJs .... :r- ~ _" .., .. ....;:..:R. 
.. t"'. ~:rr t.fj ~~ ,2;" (3 E S r s 

The concluslonsof ref. 3 concerning the damping of thezwesultant 
motion will thus be found to be consistent with OUJ:6 for· this case, 
as will also the results stated fOJ: the .xtr_e~.latlvlstlc sltuation• 

. r"' 3•. Solytion o.f the Pha seiSuatlen: 

To facilitate solution oJ the phase eq\,lstionwe:r.plac.e sin t 
by sin.;:r. in the daIlP1ngte.l'Rl and, rather then proc••a di,;r.ctlyw·th
the differen~lal equati~nf nO,te that the motion .ay b, derived frOJll a
Lagrangian 'I' 
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L. = (M{~)iJe't(P (-5in ¢s J~d.-t' >];~ of- A[;.><p (-si,., ;sJ~c:i:b 1)][Or,)-tJ IIG)]J 
.f"'" 

where IJ (I) • cos ¢ + ~ 'Pit') ~t;,' 

The motion. accordingly may be char8cte}.'ized by the KaJllJlt$n1.a,p 

H = iH [e.xp{s;,., ¢~J~d.t/)]p:L - A [tL)(P (-:sin tlsf~d."')][I/(~)-Ll("s)] 

~ lH~p {sin ~s J.5frd-t I)]r? of- -i-~p (.s/n ~sJfrdt /)](J,t:>$ ¢s (I-Is >~ 
, 

with the canonically conjugate _.ntWll 'F'" H£exp (-sll) tlsJ~dt')J~ . 

In adiabatic changes oJ the l'Qughly periQdic JIlo,tlon, the inv.ariance 

of the actiQn intffi.ra1 insuX'es that PmC'...><' (¢ ... sis >,.,.,o.,.)(X'..a.1As c()nstant: 

thus n. ML-exP (";'s/n ?,J~d.-t/)j (~-~5 ).,2,tn~)( 

=·AM.• co~'s ) t/~ £cxp {-sin ?$Jtr-itMJ(~... jifl)%i~>t:
 
rem.a ins constant, or� 

,.., (,- Is)ma-x oC lAM<>~ 's)- '1'1 e.~p t:nA\fR~~,"ijf:fj1i:'~Jjl~ 
The factor (AJl cos , ~ r i/JIrePfestnts'th~>~"sf~~ry da~lt~9 of 

synch.t.'ot1;on phase ()scillat.iqns and leads to thefa.iliarE-'damping 
at emlrgies such that 'Y is substantially C~ulstant...It.i.s .9fint,rest,
the:refo.te, toestlmate the ••xpon.ntlal factor wh,lch is In.trq,d,uc..dby the 
variation of E.M.Fo with radius. 

a. . S D"n· • v 'M' ~In ;'$ • _. (OE W o -:a:f ci-n ~s =' -Q,.crns 

( I/~) ($ if'! ¢'~ )J-ft di I -= - (a.trn/~) :J n !f. I 

fl 

a.nd Q,Xf[CI/:J.)(Sln Is)!~'J.:t'J: (e.p./f,·)-~fI"'f1lfb 

= (p~/rj)-4.~/_ t:r 

~ (A /p. )-~.4~ 
+. t .' 

(dplc:l"i )sro ) 
s 

in .ag:r:ee)lle/.\twlth the 
:r:esultsoft-.f. 3 when 
ci-~ 1St 1 ern" - f

J 
and' 

p~t . . . 
f.~ a~al ..fu~·na.te-g:tadi.nt 

synchrotr.Qn optrated near the center of the stablllty.ala9raJll. 

In a typical example an increase of .omen\tua fro. that cQrrespondlng to 
r a.. n Inie.etlanen•.r gy. of 50 .Mev (p..c....= 0 •.3.1 Gev) to an .. e.ne.". .r.. g..•... y~n.. the nelgh
, borhood of a transition energy such that pc =9.70GCJv then leads to 

the additional damplng facto!'� 

. -1J.,.l1-tr (. )-~.4cr

(Q.1olo. SI) =. 31,~ ) 
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Cilr approximately 0.18 for t:r= 1/11,8 • .It is nottd thatth.. senseof 
f"" the damping 15 un~ffec;.d by flipping the phase ~tth. transition &ne.%'91. 

It app.e~rs fX'ODl the forqoing that, frQDl the standpointo.f the 
synchrotro.nosc1l1ations ,this da.ping lIechanis. would.be de-si.rabl. in 
reducing the difficulties assQclat'd withtrave%,salofthe transition 
energy,since the in.~%'ease of amplitud.ere.sul ting frQ,lll an In,xactly
timed change of phase would startf):'C)DlalOlVer.level.ofamplit.ude. It 
is necessary, however, tG cClns1de., the .ffect of this ••chan1sJIl on the 
radial betatron oscillations. 

4. Associated bUild-up 9f B,tatron Osc111-at10n.s: 
.� ( 

It app·ears that consideration shquld beglvento two ways in� 
which the mechanism su.ggested ..m.C1Y infl\lfJnc§l the ..ma.9. n.ltud.e Of the radial� 
betatron oscillations. The fi%'st of thes87 1nv~lv.s. the e[V)( B.J 
fo.rce5 a.r151n9 from theJll3gnetlc flux-l.akag. wltllin the cavity, and 
pr&sumably $i simi1a1" r.adial impUlse wo:uldbe expected.in case a r.son
ator with an oblique gap .. waX', eJIlP10Yed_ . Thesect.ndeffect3 1s that 
resulting f1"oJll the abX'upt change in the ,qu1.11pr;wa orpit at.ach t~a~ 
versal of the accel.eration eav1.ty. W.pr.c••!it.c,nsi~..~ th.ese.ffeets 
in turn.� . 

5. Svaluation oflm.pul.sef;_ .h!a~ag.flYr:t""'.DJa$J.;t;X: 

Writing. the S.M. FlO pe1" c~vityas t;, C' - a'"rt>~r j. ~\n(b~~~).J 

we h.av~ Vir/ - <rnt"t]· ~in (h~.i:} := - ff1Jd.S 

:: -{ Jr� :8 (f'JS)c:ir c:LB . 

V,crn S\nCh"'6+) ~f.,..i(r.,9)cJ.9 
r's 

~ D=O. CooS ~ s -fr -a(r-:9)cl e 
~t.o>s r 5 

. intetX'attd through
th.. cavlty. 

It is realizEfcL tha.t the R.F•••1eet:t-lc and .agnetlcfields JIlusteonst1tute 
a self-consistent solvtton to .Maxwell t s equations ..and. that dJ.ffieult.us 
could in fact ax-ise if. one att.-pt.d to aeh..ieve an&••• F.wh1chover an 
extended regio.n weX'estrlctly lnaepend&ntof tq, path. The .stat$llets 
made hex-eln app,ear to b, satisfactory, how~eX'f fora,nE••• '. of the. form 
assumed, and considerations based on e~l ;; • is. sl1ggest th.at negl.cting 
-the pH so imPI.. ied bya s.p._t.1al.lI etA.s.t,nt .S.M..... '....•. af.. fe,ct.s.. the aaplitude
/J.r QI A/). r' by an amount n~llg1b. (5 to 30 percent l.n. a typIcal case)
in comparisqn with the t&1'1Il -1:1 (~e) GD6 tf con$1c1e.rt'dlat~. 

;\� rS 

We thus� obtain for Ute impUlse� 

APt" fF dot = c f"!> if <1lt�III 

= .e.f '! c:J..s • -
..
h4.J

V,
,':.": ",os; 

http:S.M.....'....�


A(~) = - th~)~~~ (!.os ,J� 
e.V,� 

:: - T ~n coS '1 

A (d.(r/"s)) = Jv.-A (~) :: -~ ~ Coos ¢' .:.. - ~ ~ C.cs e1 sole 6 ,l"'''S (3 Es 

= - (.:;~)~ ";,1') e,'l:rl f/ s =;:- Cd 
H4:)s ~-/;t'I , S 

If this 1lIlpulJS&.-re··the only .Chan\\m aff.4ti.nJth..betat~on 
o.scillations, it would· b. rea&enable to c~4.d.X' th't.,t,!4Jof ca.vltl"es . 
in p'airs, spa ce-dbya h.alf..wa.vel.ng;th~f tijerCl~iCl+~t.tJ,nosc.tl1ations. 
The maximum ext.ra relatlve'displac."At wh.J..ch ..Wt,~:"t~J'>"expected 
to arise in thisway·'be:t"!,trtn. _._r13 of a i.iik-p•.\!~ould not. exceed 

:l. (.1::..-) \~ (d.Cf'/r~))) =- ~ l, (~), f'J,"cr\"l 
r~ c:i9' .' r s p ~ ~ C. r'lv-s 

(the factor 2. is that e&timated by Courant, Ll.vln••~~" • .nd Snyde::8 to 
allow for the non-sinu6oi.dal' CAaX's'cter o,f ttuJqs.cfI!.'td.~~ in,·an A.G.S.• ) 

With he. cavlti,esi.,nall,.achexclted tos.$1.IIJ.lJ.~~R.f ...t.v-',l, 
(rj~j)~ Of' (~;i)s equals 

;2.;fTr5 [1 +-~ ] ;urr5 C'1 ~ ~r; J E.q. .. 
--)

he. ~ ,. ~ s h c~:L",· ($.~~.:t;;im8.) .E: s 

in. add!tJon we ma y take' 

Typically, with. n :;: 4(';)0, he ::: h ::: 16, Clccelf.r,-tlon. .£11)111 an. injection 
energy of 50 .Mev (ki,n*tlc) to a final .nertytlf·~p_V, an(1 a ris.-tiae: 
of one second, 

n[~~ 'rna-x] ~ ~I t!O,°lo° 2.11 )(~le~S~o>t-I~9\ ~:Cf: 
= 6. J~ tr o.b ·\~·~e..c::..-\::'o'C"'\~ 

which. 1s considerably less th.an unity {for th.e ha.rmonlOnt.tm.be.x-ass\UIled) 
with any reasonable choice ofa-. 

1.he iJnpuls& from the lea e fi.Idof such cav!tieEialeo w111 
imply an accumulative dlsplac, nt in tnt case, ,lpa,rtlcles for which. 
the betatrOn wavelength is not ,xactly twice tn"s,ep,aratiQnof a 
cavity-pair. FOr ~timating thtrs> effect we pr'$\UQth.~tt1U:ou9h ca~'" 
fUl.cQRtrolof the Magnet perfo_ance n is notp••!\ttdto wander 

r-- more than from the center of a small stability dia"nd half-way to the 
"./~ n " edge. We accordlngly consider 16~1 = fl;7i ... f(iPF \o'C" lon';:& O,R."-;:;; 
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I"'"� (whare k enters. a~ .•xp(:t (I(.) in. the chara.cteristic solutions for 
/ 

traversal of. a s~ctor~~r.J.,9 ·&5:n<1e the increase of :relative amplitude 
• f i . ... A. + ~ "" • 

from travetsal of a ..,s~or-pa:1r spaced by -;t. wl.ll not exc.ed 

ll:l"-I ~ (d.('("/r')~a~d,.tYPicallY (AA' =~\8\<1~~ \6\<-\.: 1t..T1'r$ :1/ '\T'r"s_ 
('~ de: l<.. \\I~ N,,:L Y1 J 

~ ~~ \......._uJ L.. 1'1A (.d.(r/r~)) : ..,.. (AEt)~ £!L c..~n ~s 
~ ,.......... -.,; ae: . ~1te .h� 

= TrM <'r ~1"f r s C, -+-~ J c::A:l'l tP S t!s;.p 

li"h'C c ,a..~I.e-t'~fo~ -birn~ ~~E ~ 

:::: 0# ooEr~ a-. 

The� increase ofamp.Ut~d.-per :revolution WOl,1ld, 

at the worst, be ~ times the- above result 
2

and� after severalxet-_lutions might be about 

,.....� 2.62 times larger still, if we, stay away from 

resonances by nole5s~thalt~,th-e--amo\lAt su.ggested. 

We accordingl.y write 

- O.� \\ 0-) ..(!.,..- t:'h-e.- ..... >('....'I'Y"I~\e. Co .one.", d.....~ 

(h .: J (, I 5'0 H..", . il"'l~e<;...--l,£,o~ lQ..1::;;~.), .. 

With ~ som.awhat .1.e:s-5-,-·t>h'an unity, thisre'Sult does not appear to be 
excessive in a magn.-e-t·,wftf:lS,t!""'%'sdlal semi-aperture is comparable with :t rs/" 

6.� Tne(i;rQwth..{)fOscli.la'ti'ons froll\: ste2..w~seSh.ifts.of Eguilibrk~Q:rbits. 

It has b&eft--pointed',-out' in the Berkeley repo:tt3 to which ref.X'CltlCe 
has been made .ea»-11&xa-,f:tra't'-i'lT"traversalof a.R.F • cavity the instantan.eous 
equilibrium o:cbit is: $ l;1d'd'ertly, d-!:splac$d by an amount 

(~) = a.. ~PI I~'PL) Ar)Y"s� .~v.-\'c. "? "" 0.. 1... ~ S (I -eI''f) -r; . 

With this displacement there is associated an increase of the sql,1are of 
the relativeamplltude )(W\of the betatron o$cillatlons Which; for sin
usoids, would a.aunt to 
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wh.ere ~ is the phas...fthe qscillationat th,et1Jat of travetsal. 
If we takeover this e*p-re-ss·Lon asroJ"lghly incUcativ. of the b.haVio\1%' 
in an A.GoS .• , wenote-·th·at 

Xn, c£ pa.t:rn/~ ~ p.2.."I(T 

The g.rQwth-fac.tor.so-fQ¥nd'·f.r the betatl:'onoscillatlons is tnus as 
rapid as the attenuatlQn f.scto'xfound in section 3 fOr the synchrotron 
oscillations. ' 

The effec.t juat~l'.ihed appears definit.lyto detract from 
the utility of.a, sy-st.....if.l·WRi·ch tha S.M.. F.decreas.sas onemOV$s 
radially outwa·rd .ac;t'$$s··,th;~'eperture.. In sOlle.clrcumstances" .how
eV.er, the radial bet.t-~.n "(t'Sc'illatlonsDlsy be of sc;wn8What sec$J').da;ry
importance to the. ",syncR'!'ott'QIl O'scilla.t1ons -- in. such a sitlJ,ation ' 
consideratian.m.is.b.tbe-,,·,d;·'O"en'to th, useef c..viti,es for which ,rr 
is such that th.e.eff~t-r'in·'qU$st.i:on is just suift-cient to cancel the 
customary IliP aQ,la~-edaBtPin9 of the betatron<oscillatlon$,: 

(J < I/~. g c::: o. ~ 

As has been remar.ke&.':8'.·~.'!!M&y22-23melting of the mid-west tech
nical group, however, a more adequate tr~tment of these ,effects wovld 
consider the betatron ,and synchrotron motions together in a, general
unified analysis. 

It may be noted that Kerst has pOinted ovtlO that a betatrgn
Inherently involves an indue.ed 2 ...M.. F. wh.lchincrease·s with radIus .• 
Although "gaps" may ina$en" .be present, due to lli:e shielding effel';t 
of th,e cO,nd~cting sections 0,fthe vacu\JlI1 chamb,'er"W,.all" Ph,a,se,stab,ility
is not invo'!Oved and the- 'effect on the betatron oscillations may he 
beneficial. 

7. Posslble Statist.iQ-al~owth.ofIa9Hced I!tatron-OscillatlIBMPlltude: 

In section 6 it was Lndic.ated that, when a- = 0, the .betatron oscil... 
lation amplitude-changes upon traversal of a cavity by 

t:. ()(rn ~)~ -;J.. a. X m (J.\~L)s 0.0"0 r 

or A)( O'l ~ - a... (~~'-1s "1"'#c,oC!o 
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Al though as pr.vi().~sly stated, tn. values of cos tf'rnay be presumed to 
qverage to zero, there'could c4nceivably be xandQJJl variations of n such 
that the vqlues of If' are dlstribut,d in asu'})stantial1yrandoxn waysta-
t..1.st1ca.11Y. In s...U.Ch a c.a.se. we.h.av.e a .... s1.t...U.at.i.on S1mila.r to the pro;;e... ction
of a two-dimenslQnal· "ramdom walkftprQblam and may wi\i. te fQr 1/ cavity
traversals 

= 

In the case of the electron synchrotl;"on described in an earlier 
report,lI we similarly write 

2 ~__ 0- A E :1«.c..X m ) > 2 

.2. E'i 

o. g-q~ X IO~ 
50 x 10" 

. -~::::. erE!.)~ 2:- o. (let:?, )( \0 
Y"l he." 

::: .Lj. ~ I, >< O. Oq 4 
...... Il~ 

'n nw 
o· ~S"s= 
Y')'hc. I/~ 

....:;o~.4U1S~$~_ '" 0," 8 
h c,. 11:1.J 
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8.� QRttation with a Single Cctvity; 

The effec~ considered in the pX'eCeding s&ctiol\s do not appear 
to preclude op~ationQf a high-energy protonsynchrot:ton with a single
cavity, since even with ranclOJll ph.ases we fiAd fX'QJD the results of page 8 

that n«A~m):;.>l/:Z;; o.OcP when h e.::: ladue to the non-sinusoidal char

acter ·of the oscillations,. we mi.ght consider that this result could be .as 
g,reat as a little over twice the' value found there -- say 0.14.� 

In a single traversal of such a cavity� 
Afi'/v� II n I A><~ I • ~,gl P cos t 

s 

~Lgi	 :~E" Is 
4.1$\ fig I t.- Yo 103 

= q1,5')(lo~ 

o.oo.:z.'l r= 

Again, due to the non-sinusoidal character of the oscillations we may 
" better write 

nI~><ml ~ 0.001, 

1.� ;MotbvatiQn:� 

Thequesti.on ha~ been ra1.sed concerning the requisite energy�
tolerances at injection and whether there exists a disparity between 
the L~nac requirements as specifi~d at Brookhaven and those currently
conceived in the mid-west group aftti elsewhere. 

2.� Acceptance tnt! .Stable Svnch;otron Qsc,illatimls: 

One approach to this prQbl. has been given by Ko Johnsen12 in 
the CERN proton-syn4hrotro1l Lectures. In thls approach the. xilquireme,nt
considered ha.s been that the inltial mom.ntum sp.read shall be 'no greater
than that ac~eptable into synchrQtron phaseosc!llatlons!>f9r'be case 
of no frequency error Johnsen cites [ef!> his eq. (3)} theresul t 

) 
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which is consistent with eq. (16)0£ a report6 by the present write:r 
~ if 1"( I in this l~tt(;ll:.quati"A isr~~.r,h,d as su~staJ\tlally unity.13 

For the silnilcu: ac~ele.:r:atOJ:s .GOJlsld.ered in the CJmN andJ4AC;r:eports 
we list the followi.ng p~:ra.t.rs and find 

Inj 0 EneU:'gy, Kinet i c 
• a Total 

Ap/p 

, 5j 4, 4 

Thesel.'esults may be compared with what would then be a satisfactory 
~ expected perfQm.ance of the linac, as r.ported by L. H. JOMstQA:14 

The momentum spread taJ:>ulate<i ab(JV'eapp~~:rs to CQAstitutr2thepasisQf
the Cl!RN design speclficatlMs 10.60£ the CERN repqrt~, ~.. FoX' the 
Brookhaven. de~i9n a .higher harmo.n1e. nUlnber may be under iQn.~der.atl.on 
-- ,the foregol.ng examplewitl\ the harmonic number changeet. 88 would 
lead to 

¥ = .±. o. let )( 10-'- NSf. added in eroo!: 
=-he !iiJ\)ok:llav'rt A'C'celerator 

1).yelop.~mt.olvlsion nt:ln\1.tes (#57)
ofthe.i.X' March 16, 1954 JIle$t,lng 
suggest the rtquirellent . 
~l/2% in energy, .;tl0-3 radian, and 

3. Avoidance Qf Resonances: a width of 1/2 inch.
J 

The change in ,effective n due to. m_entl.Ull error should for 
safety be no greater than that which. will di$place the ope.ration point 
from the centeX' of a.. .•. dla.mand., .• .. .•.21T- a.Ad .... 11. -r.e ..nces,sma.ll .... bOoLInded bI· .. sOlla
half-way to th. edge. The mOlllentVlllspJ:ead .whch i$ t.l.rahleGllthis 
acount has been estimated ear.ll.r6 as;tO.20!-Yli" fo;r:op.ration.n.Clar 
the center of th."Aeck.tie diagram- (0' = 'T1!~L or +O.31/"iAfor a po.i..nt
situated on the diagonal but closer to the origin T, = 0.311' ) .Fo.%' a 
field index (n) in the neighborhood of 400, these cansiderations 
necgssitate a tol.ranceofabout+l p$r C$:nt .in m._nt·UDl Qr+2 percent 
in~~,!;rgy and are .•Vld~t;Ly·le'S6,·'a'_and!nstnen ·tn.'1!Gqulr.ints dis



,. 
cussed PX'~iou.sly: ef 0-' Fig•.,9,A, p. 111 of the CBRK .repGX't12 and the 

~ accompanying d,lscfssi4n.bY',A4aJas (Sect. 111.-4, asp. po 1(2) .. 

4. Cle-at:anceo.:f Inf*tSlim.~:rQ<le: 
"'.;, .'''' . " 

An additlo.o.al .. a,nd,mQ.;r;e S&vere- limitation. of tn. t.ol*:tabH~ energy 
spread may arise if .tJte.hfam ls()bllg~ to clea;rthe.J.ectrode of an 
,lectrostatic infle(;tar at:r:uct\:1~.. as it spirals in.wa~ dQring the in.. 
Jection intet'Jlal., It,should ~.''':t~ tnat st,lcb a.ll a,;;rang~nt presents,
possibly, s~l'l(luS difflculti.-s-··!n·maeh1fUlsJ)f th.• typespres.~tlyu.nder 
considerat1111l,du.e..to t~ ~V;$ry's.'8'll pitch qfth.e spiral. in thepr.sen.ce
of a .1inearly-:tising, magnetic .:£1"1cl _. aboMt 0.6 DUll Pe,rtU:tn,o If it is 
intended to inje,(:,t .at .tn. sta,rtQf the i,nJection lnt.~al parti.cles whose 
traj ectQrles ~ave initially ~h&sc.ll0Ped'. appearance of the repetitive 

.....• ..... .. fi f •..8,. Fig 0oX'.bits illust.te.. ted. by CO.tl,lr.ant Li.vin.gs.t.on.,. and $nyd.,er ..,e.•. ..• 4.1 ,
it may be not", tha.t for se»me· particles, an .spess ntwa, will reqU[:te
the superposit~Qn of a betatrOrtosc,illa.tion Cclt an ini,tlally negative
si,gn) ,famplitude (6.3~/n) tAP/pl. In tne cQux:se of a<revol~tion, this 
betatron motion may cODlato. represent a positiv. cUspla.c-.en.t at the 
infleetor location. rh,.~radi-al error from this e.ffect. can 'then amount to 

~.r '" ;L >< ~.g9 ~ 
~. r')-f 

and would restrict tKe .p.~,sstbl••,xce-ss momentUJll 
~_ n AI'"� 

p - ~ ><'&.39 ..-...,:- ,� 

f"""With, for exampl,...6.r :. 0.6 .. :: 0.6 x 10-3 )4, n:: 400. aM 
l' = 86 ..50 M as bt(q.;;., w"thus find tne cOJIIPar~t!vely ~ . ':l.,Wtatlon 

~ 40 a 0.0)( ,o~3 ',.., ·" ...3 
p II: .2.. x~. gq 8'(;, .. 6 ....0 ::. 0, r;l.;J.. )1(1 0 J 

hf£ 
= E K· 

IY) • 

I.he .dLseu..sSio.n of th.1.S. '. S&.,C.t .. .. .• ably ..1,ad.s Only., t ... %,0.t,l.gh... l.011. pr.••.s.UDI .. ..·."'.a e.st~at.eoJ the desired energ,y,.,tolerance ,when an inflect·o,X' is \.1s$d_·to.>;>ta!n a 
more definitive ldea('lfth$;·~ulr••ntsit w(Juld seem app;.opr.tat.e to st.lldy 
in some detail the .indiviclual trajecl.o'rlesof repres«mta.tl.ve particles
injected wtth variQ\J's allou:n't.s of ...ntum- and atlgular-e:rr$:r at variou.s 
times within the injectl,q.ll interval. 

l~ Introduction: 
i 

Since tnel'e ha.s beenwithJ.it th,mid-1N..stgro~ps~ ~xpr,ssion .of 
interest in the construction"f a circular electron qC:;C'l,l;f~or, the atten
tion of the Technical Group was di:teet~ to a I.':.c.nt~epQ,rt .•·by HQdvick 
and SaxonnllQn the SUPPl'ess1on of qoherent Radiat1onby&.Lec:t;Qtls in a 

r-sync:h:totrc>n".. Since sqnle g.•neral disc:usslonof c9h.1:.....t ra4iatif.Ut r.sult.ed 
at the May 22-23 meeting,. the following co••nts '(Jrt CiPp,nt,i~f"r what~er 

interest and r.eferen,c.e v.a. lue. t.hey.•. ma. Y. hav». Th.e lIl.ath....,."a.. ii.cal. note.s. are .
somewhat crude but may have the merit of affQt'd.inS8 s.tm:ple feel for the 
phenomenon. 
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r" 2. Reush ,F~ht.2~.0:~ E~ag~t£; ;£9£" 91hQant;I\Cl,dgt.ait19JH, 

If the: power .:ta4iat.~n.on-¢~h'J:'~ntly .1sP~(w)<:tc.> l'ex.' ,1eetrQ,n, 
the eoherent radlatiOa·pOMl\ f~". a SJU;J.lbW'lcbOf,~ Jl.l..~tJeonseharac-
ter.1zed by aSYJIlII.$.tr..i.:cal.,.d,ls 't131butlondensity p 'is. ' . 

00 p.. 
? = N;l- j if (~)j' 'Po (e.;,) a.Ct', 

o 
J'r(><) e. _.. ~ c:.l-)(

where F (t.a) ... ,�
J p (x) d.x� 

3. List QfF~..Factors: 
• ; i, ,-}~" .q........ . f� 

... . .. , 

We cQniider tn. £4.ll0wJ.~fO"'fact_s; 

(1) Feu: a un1,fOrJrl bunch of ltngthli 
sfY)'··~

F::::. .• ' ". p"e:.,., 

~' 

( t i ) For., aGJ,.ta.sslan ,bunch, Of width L 

F~tPC-i (~6.'~J · 
,(11,1) Fo:r. a ,.grOuPOf. p.a,rt. icHlS ,JROV.... ...•.• Ke.....J>....' ins W.lt.hi .M and. w.1th

amplitudes unifo:rm1y dtstrlbuted from. 0 t.o 1.12: In this case 
21 J. j

-P{l<) oC d.s/(:!J2_ x 2):1./:/; ;:: eosh - h- o-Tl&" 
/

>< 
L!.2

P =- *" J cosh -:1 -k>c Co~ ~>< c:l)(� 

o ~ ,� 
:: ~ j e.~6h -1 ~ll,.oD6 ~""'Y dy.�

(;) ~ .1- c:. 

4. Introduction ,q.f,thfJ .In:c/)h~eJ:1t.$p.ctralJ).istributl0n'})Q (w): 
" '.' ',' " .' "', '. ,?_', •.' . ",' ,c', '--:' .,:. .•. ,' , '.~' ~ ". ,> t. ".' ::. ", 1 ",'. ,,-" ~ 

If f for.' the lOWo""f~...ncy :J:adlatl~ irap·orl~nt, in .tn•• oiherent 
effects. we writ. , , '\ 

~o (w)'. K ~ j Is) 
the conEfrEmtl:,ad'lat,ion in the cases con..sidtx'N becqQ$ 

(i) FQr aunifo~ hlJnch,,., 

.:a1'f 1< N:L ( ..fj:_:>413
1>(:I.). V3 r' (G'/3) ,... 

=1.1.02. K N ~ (1;) £/,(g • 



.' 

(il) :P~r a (iausslan bu,nch,� 

?(;L) = 31 (f) K N~ (~) 4/3� 

• :;;. '11 '< N~ (-t;) LJ /a 

. (iit") f~rS .. KlI'f4' osel11attons w.t-tht,tnifO.tBllr.-d1s.t:tibutect� 
aDlPlit.ude~ the- in:t~l,cm).J,.s ..r"cQ1Rpl.x, butt appears safe to take� 

'P(3) ~ ~ K t\j'l. (i-) 4/3 II 

.Th.e factQJ:' qf.� 6.r.ep_$~ts a(pes~imistic) estinlate of th. integ:tal .. 
00� :J. 

(;t)~ (~)4/3 J2 tis d.~ £/ c,D..-k -t (t). c,C)s zy ely].2. II 

o� • 

50 R~sultant..·,i!ti!lfl,4S .~E:tb.tt.~t,l\§;dfatllll~ 

:P:tQnle~ (I~.~~~ a,pa"X"'bY'sc'hWtng~16 we: find (s > >50) 

-Po (~) c:l~ (3i~~ r (!) ~. (~) 1/3 ~ 1./3 ,*w ) 0<II 

T' rf) \R. (~)1./3	 \'e.'V'l~ V.~&4...e,$,&.A.. 

We then find 

(i) fo:t a. urt,l.£~m..· bUA~h
 

'"P(r) = ~'Ii (M) 2/3 N:J..;I(; (~) 4/.3, ~,
 

Thei..J4I.,P
j, 

•.l$s$.� 
,',','
p.eX' tUX'n.. is 1 aCCQrdiAgl

,'",
y,

',.';, ','� , , 

V (,) ... ~ 11 (3)121,3 '" (~) J.//~ 
statVG!ts/turn 

= ~oo rr (3r~/:3	 ~ (tyl/a 
volts/turn 

volts/turn, 

withe still in e.s.u. 
a.ndR in c;a. 

Th.ls result may als.b••xp.1"ess~ as a "·;tadiat,ton reslstanc.~: 

'R~. ::. ~?	 =: (~rr):C3).tJ,13 (~)~,G statOhm.s 

~ /~) J./Is (Jh$s, in a9:r:.~t with. a 
= \~o '!"f l~ :t.sult stat.. by'. S<;hwinge:r.17 



.' 
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(11)� FOir .a. Gaussian·bunch /3� 
'F(~):=r tl ('3)I)~ rr'(-!-)].a W:£';Q.; (~)4
 

in agr"$m.ent with$q......._ (2.Q.},q,f B pap;.r by ~chiff.18� 

"(~) _� ~ (-:;)11/# [r' 1';')].2'" (~)#/3 
statvqlts/tlJ.m 

vQlts/t1,lrn, again with 
• in. e:. s. u. and R in CJIlo 

(ii1Lfqr. the s..H<\Jl.,,·CBSe-with di.strl,but.o a.mplitudes we est1Jllate 

V('2) ~ '>< 10.3 ~~ (~) ~~ volts/turn, with e and R 
-- r~ .... in the same units 

as befo.re. 

6.IHm§Piica~,Jg!a!Wil:es : 

. sr- way Q;f an .exaDlpl&r·f!~9t consider a single bunch ofelectrQns� 
for wh ch I� 

W - /0 I 
R :II .5'1 1-/0 c:. omJ a..~ 

'w/R - 0.6:� 
then '/(3) =r I x 1e>.3 X� 

If, on th.e Qther hand, 

N ::: 3x: lOll pestbu.n.ch, 

R::: 700 em, and 

IjR;::: 0.037,' a·s might be expect~ with operation 
in a high ha.t'llOtiic, 

.h� ~ ~ , I ,I - / 0ten� V(3) ~ t, x 10.;7 x -.J)< 10 x "".8 x La 1 _ t:r / 
ryoo� }( o,cl~3 - 10 vrl:utn. 

Forcomparis.QR, ,the- inC:Qh.e-:rent 1055,. foX' electron-energies of� 
10 Gev and 2G.e.v .c.orr-esp-9nd in UUfsex-e:spective cases to:� 

V h -= tl 00 '11 d.8)( I0" / " (/ 0 000) if _- /7 10' "/'- . r"""'J.incc:l .� 0140 <::),5"/ x v ~., 

./ tF - /0 ,I L I
/.lot:> n' 1t.D )( /0 (;l.000)'1:= ~x /0'" v i:v.rn, 

'700 <0.(5'/ 

7 0 affect o£..Sb..Lelc:Uns: 
~ $··.1 £,,-,,,,.,.• ( « 

~ The. coherent ,radiatiQn,which is 9£ ~.la.ti:vely leng wavelength, 
may be reduced considerably by s\,litable- shittld.!hg. By use of a suitably
modified Gr~en's functiQn,$chwing.~19has c;o.ns.i.4.~ed the cas. Of a uni~ 
form bunch between infinite parallel cfnductill9 shlflds,of s.para.tion a, 
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"......� and obtained a sh.ielcii.ng. factor (1/~l(1/3)1/6 (a/a) (B/t)2/3. fQr L>a. 
saxon has review~..th. ,d.~atl()A .~f this. faet.or. '. whieh !'le. eonsid.ers IlaY I 
assUllS the v~lu~.O.o071 .in· &, typ1calease Cit/a =50.L/R=O.04). to in~ 
clude .anestl.Dla.te. Q.f th.·-&ftleld"!flqeffect for para1l.l cond.ucting sheets 
of� f inlte width. 

~V •. ~E$ 
,� . 

1. _� ·,.,~:t.at.Uftlvlfrs1t.y.fI.wa. I~a City, Iowa (April~.,J44C JDAaat.i~[.

16,. 1954 )..•.se4. also.... (.s -·inf'O';m.al. no ....'....'.'p .... ·. Dam...Pi.ng.. 0."_ f Pha. s. e osc.·il1atlons~"..� .. .••. te ..~ ..•.5S. ible(L.J .L•• Aprll...1, 1954- has.,e-Qfi 'inf~ldiscussion with Drs. Haxby and 
Palfrey. at BloomJ.,ngt,oAf,:r;ndiana·,J12 Jl_b'*ary 1954) and (b) lett.er to l) W. 
Kerst (ApriL 9, 19,541.J.)a.Ilpi-ngQf'pnase oscillations .. wasccmsidered attractive 
in the interest (X£ faeilitatlng'the phas. chanse at the t:ransition enex-gy. 

2 0 cf. W...Mon.and 1\o~li~l.y, ·eJUnut.s of P:r:inc." ..eting (July 15,
1953. p.2):"It is k.newn. that lnthe conventional syncflt~tron the use of't a 
sloped acceler,ationgap, gi,ve6 illcr-eased phase, stability at the. expense of 
increased radlal oscillati-em.. Ttl. first questi.n considered here was whether 
the same held in bothpha&e's,ta-bil.ltyregipns fqrthe stJ;:9ng-focuslng synchro
tr.Qn. and. fox bQ,thJ.'positlv,.' gaps (wh.~. the. V'OJ.tage gaIn increasesw_th par'" 

t.iC~..~,....•...dIt.r_a,ln.strue.inall·iUS1 n ..:.tl.. .. ...•..& eircuastances. <.wher. •..• v'."thattn&:l..• t a9.'.e· synchrotronW..i.thamplitudepa.rti ..••radiJ ..•... ..t'..a.· .. ......•a.n.do ..•. ega .. vt1,'.•.•.' ' 9 .•. p-s- ..•...•..' .. th •. ..•.. .. .. deere.ase.s •.cle
is r ':.".only· if,t..... betot1"O'ft aaplitude is lnc.reasea, and vice versa. How-r- ever, sin&e~posltiv~"1fnct~~.~rativ.~,gaps ~ayealways oppos1tely directed . 
effects the· use-·-Qf a'li~t'lng·g.ap's as prevlo\;J,~l)' sv.9g(rsted for the 
transltlQlt,:t"91·Oftw~:;-_'%'U~_,ut

. . 

in princ,tpta
.', . 

•. 
. ,w"'" . 

Thepo..ssibi.lity gf using such slop.ed. gaps. to damp out. the betatrQ,[l , 
osci11ati,Qn·arGu6ed<>,-sOJmr·bl't~st 0 ..If '. the energy front the .betatronoscilla
tion we. ,..c·oupl.ed" int'O 'a ·~l_··inerease. in mean radius then the problem. of 
adjusting the rad.hl'smi'tht -p1'QVe easier I)f solution than any other damping
approach (though,this'wS&;\ just speeulati()n)~" . 

30AtlA~~'·Ga:r~n;'Jr~"·L-;-Gluckste:trt, L.R.He.n:tlch,and LloydSDtlth,
"Theor.ti~·l Con$'ld~-ti"Gn'Slntb,Design of a P:r.qtQn SynchrQtroJ+",sect.
IIID--z:j,Icrn..~ (~~e:r'9,l949J].ln this sCi)'ctiQn the authqrs consider 
both a cavity ctevice··.tnwhieh ·th,e en,rgy gain can be a functlQnGf radius .be
cau.se. ()f l$a}{&ge·~"ff9et"s a'nda dee-typeel.cttode in which a radial variation 
may be· intl'Qduc~', 'bec;au'S, Q'fthe.ti-'''''Qf...flight, .by shaping the dee faces. 
These mec-hanisBls- 'a're showntoglve similar damping-effects. 

4.R. Q.1"wivss and-No ,H. F1"ank, Rev. Sci. Inst. 2(\. 1(1949)0 

5. 0� J. J. Livi.ngoQc,h.ctogX'aphed Argt1JMe National Lab-oratQ.:ty notes 
(NovEmlheI' , 19-5g,}.� . 

6. LJL(AAC)-3 (Febr1,1a:ry, 1(54) -- esP. ref. 7. 

r'a letf~rT~~~mP~~~~n:~~:;s~ufX:~irt5;Ol~g:)~iterby his inte.t'ptetatlon of 
it 

80 COurant, Livingston, and Snyder,Phys.Re-v. 88, 1l90t·.,.• 196 (Dec~.r 1,..
.� 1952). 

http:p-s-..�...�
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9. LJL(M,A.C).,.2 (January, 19~) .. - esp. p. 4. 

10. Private telephone conversation (May 20~ 1954). 

11.� Lawrence W. Jones and L. Ja~k50n Laslett, LWJ~LJL/MAC-5
 
. . (~~.Jnber , 1953).� 

12. K. Johnsen, CERN' p:r;oton~sYJlchrotron lectures [M. Hildreo Blewett, Ed: ..' 
Sect. 111-3 (October, 1(53). . 

13. The factor 1.17 in eq. (16).£ the MAC :rio~rt6 represents the nu~ 
merical value of 2 [-co·s ~o" (.00"7'/2) sin "'0] 7 . , fOr .00 :: 57/6. 

r:: -(dw/w ) / (cip/ps) and is only slightly less than unity \,1nder thee

conditions prevailing at injection and for which JOhnsen 's equ.ation was 
written•. 

14. L. H. JOhnston, Bull. ()f th~Axn.ericanPhysica1. Society, 1954 
meeting in Washington D. ~,. paper Cl. 

15.. John s.NpcjYi.pk: and David 8. S.axOn, )tPl'ltp~S\,1pp:resslon of co
herent Radiat.;~nJ:>Y lUectr*>ns ina Synchtotf-~ni·,r,chnica1.Report

No. 21, Oepa:r:tment of pnysics ,University en Qa.lifo:r:·,nia at. Los Angeles
Los Angeles, Ca.U.f~1 (.1.1ay, 1954). . 

16. J. SchW~~g~). .Phys. Rev. ~,l912-1925	 1949) • 

17. J .S:~;h~~~ .'." 'arvard Lectures, Aui~:· 

18. L. 1 ..Schiff, R~w. Sci. lnst. ll' 6-14 (January, 1946) -- esp.
appendi", pp. 12-14. 

19. J. S~tlwinger, "On Radiation by Electrons 1n a Betatron" (1945),
unp\.Jb1ished manuscript kj..ndly Q()Jmnunicated by Professor schwinger and 
cited as ref. 2ofour rtf. 15. 
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