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NON-LINEARITIES IN AG SYNCHROTRON

This {5 an incomplete report on results whieh =i
beon obtained with the help of the Illinols digital computir.
it 1g intended as an indication of the course of current worl,
and it 19 hopsd that i1t may be of use to members of the grour
in thelr thinking on the general problem of orbits in the non-
linsar AG synchrotron,
The existing code provides solutions of the differential

equations (MAC=-JLP-l)
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The integration proceads by the Runge=Kutta method in 20 steps

per cycle of the fleld gradient. Resﬁlts are presented 1ln tabu-
lar or photographic form which has become familiar. Input data

in the form of 1initial conditions for coordinates and momenta

are supplied to the computer by means of a punched tape. The
integration of the differentlal equations requires approximately
two seconds per cycle, that is, 1/10 second per Runge-Kutta step.
S%udy of a very large accumulation of numerical results has pro-
vided more or less empirical information from which certaln rathep
general properties of the non-linear system are beginning tc emerge.-
The writer has been of the oplinion that a thorough understanding

of the complete system as described by Egqs. (1), which include



the effects of coupling of radial and vertical modes, couid @ .4
be achieved before the uncoupled system had received consi-s .
attention, As it has turned out, the structure of sclutions o
uncoupled equations appears to be sufficiently ecomplex that svin
this i3 a major task., It is to this latter and simpler proeviesn
that the following remarks apply.

It may be of value to explain first the syatem of
scale factors which has bsen employed in the reduction of I
(1) to a "standard™ form, It is clear that units of length oy
be chosen arbitrerily and independently in the direction paveil:’
to the equilibrium orbit and perpendiocular thereto., That ia,

one may write

A»:nf x=5§ ?-,-_‘57

where a and S are scale factors which are at owr digposal., Th=

differential equations forf and ? are

j' = {Ng‘ - AE Lg’-—3g'rl‘*)}'0‘(4-t>
,‘7' = {-va % E(3§’vl - q‘)j T (at)

N= & E=a*S"e

One may, for example, choose the period of the driving force,

T = €4L arbitrarily and also arrange scale factors so zs
to provide any desired ratio of E to No The scheme of normalizc-
tion which has been adopted has been to take T = 1/10 and to
choose S iIn szuch a way that E = N, The equations then assuns the

form

& = Nf{* %(;’-3;79] 7 (at)
7 =Nyt (357 g 7Y
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in whieh only the single parameter N appears and the relatlvs
strengths of linear and non-linear force are determined by "=

amplitude of the motion, The rules for converting results oo

computations to standard form are

7= /o E=nN A = 2004 émﬂg
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By the use of such scale factors it 1s posslble to cover prachi-
¢ally the entire range of values of variables and at ths saue
time always prescnt the computer with a problem which econlcrma
to limitstions get by the code. So far as the uncoupled symiao
1s concerned, a complete and practical solution of the entire
systen would consist of a seriss of grapha of the motion for
repreaentativevvalﬁas of N within the range of interest. Per-
haps the moat useful form for such a presentation 1s providaed
by the system of phase plots which has been used with such groeat
advantage in the linear theory, For comparison to the linear
theory the following table gives the connection between N and
the familiar ¢ of EDC/HSS-1.

N o~ N o’
0 0 358.97 30°
200 | 16°36¢ 531,38 5o
00 | 33°31! 695,32 0°
00 | 51°10¢ 986,96 90°
800 | 70° 9t 1213.32 | 120°
1000 | 91°30¢ 1296.42 | 135°
1200 | 11795} 1357.08 | 150°
1400 |169°13¢ 1,06.41 | 180°
1500 | unstable
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I% 1s not practical 2t the present tise b0 nroow
somplate surmery of computer resulig, For purgoise

©io9, Dovever, we shall rewilew a partilcular cuasa, rwvel

[ o Mg T = Y
o= ety 1 /o ) beo (1.8., the foro:
oprpraise in focussing and defocussing parts of o wsobtor.

o
A2

)

o methiod of presentation adopted 1s baszsd upen $he obuss
that tha diffsrentlal equation induces in the phase plena
{ransformation of the form

FEeT) = fl5ew), §00,4) L
FUter) = U5t §4),¢) 265 %)

which ls continuous and area-presgerving. This transformailer

is convenlently represented by a system of vectory wiih o
at the initlal points ( Jit), { (f)) and termini L %he polsv:
( § (£+7), § (¢ ,..7-)) corresponding to the same posiilicon irn itho
next sector., The transformation depends continucusiv upon Sz
ghoics of positlion € of initial points in the sector. Lthie
coniinuous variation in the phase plot from point Lo woinit in

tha asctor, however, preserves all topologicel propsrties of

the transformation. Insofaer as these are concerned, the fnitiul

point may be chosen in whatever way is convenient. In the pre-
seﬁt instance the first polint in a y~focussing aector has baen
chosen as origin since the computer begins 1ts calculetions et
this point, It would perhaps be of some advantage btc medily

things in sueh a2 way as to allow more latitude iIn thlas resioch,
since phase plots based upon a point o gymmebiy ci refsrsucs
will i general have a simpler geometrical form, Thig Lg, howe

ever, not a particularly important considerstion.
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Curve A In Pig. 1 shows the higutery of o emnll
suge moblon which ls, thsrelure, very navgsly 1ino
coricrmy to expecitation, Curvee B, ©. ¥,
effeet of largor aviplitude and correspond mgly |
force., 3ince this 1a a "yemotilon," the cubic ol diroow
add together. The »ffect of the nou-linear term @g,-
to strenpgllien the total force and decrease the Lovabron wns
length, Thua, in the neighborhood of the origin where <
approximately 10-3/l sectors are required for & complots iy -
of the origiﬁo As one proceeds to larger amplitudez & ziuna’
smaller numbar of sectors is required, and in Curve ¢ Lho oloo
1z accomplished in 10 sectoras, wvery nearly, In Curwe D ths ni-
linesr force 1s larger still, and less than 10 assctors arg »a-
quired for one betatron oscillation, and in E, F;, G, we
ses the wavelength shortened to 9, 8, 7 sectors, respectively.
Slightly beyond G is an apparent "stability limit," and ampli-
tudes larger than this give unstable motions. By a preeesgs of
successive approximations it is quite sasy to egtablish astabiiliily
limits with any desired accuracy,

A closer study of the transformation reveals maany otz
interasting features, The sequence of points marked 1C on sagh

- of the graphs define a curve which 13 a map of the vertlexl ariyg

under the transformation 7 *° » and those marked 9, undar el

stc. The point of intersectlion of one of these maps with L
vertical axis 1z seen to boﬁwithin the accuracy of presgsunt auii >
tationa, & periodic or "fixed" point. That is to say. ths mooiow
which begins with this point, e.g- c;will rapeat itsell perind”
eally in 10 sectors. The mere fact that the mzp of & cuvve uwlo

2 transformation of this kind intersects ths cuvrve ip, «f cour
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no iadication of periodicity‘at the point of intersection.
(Incoed, the general situation is that illustrated in Fig. « .
wiich there 1s clearly no fixed point.,) The same situaticn i

8, T7, and so on, and i3 indeed a general D¢l

found for T9, T
of such intersections which occur withln regicona of stability.

The second interesting fact emerges when one rsiuryis
that the points C, E have obviously the periods 20 and L8 seu oy
respectively. One might, therefore, expéct, on Perhuaps no Lol
than intuitive grounds, that there should be an intermelinst
point of pericd 19 sectora. Investigation with the ecanpubsr
shows that this l1s indeed the case, and the precesz of doublilicz
and 1nterpolgting naw fixed points can appearently ne carrizd oo
indefinitely, One 1s thus led to the conjecture that the :inz
1s densely covered with perlodic points, of larger and largear
periods of course.

A third and very atriking feature of the phase plcts
1s that within stable reglons all polnts derived from a glveu
initial point appear to define a continuous closed curve an-
circling the origin, That this is 80 in the llnear case is
well known, but there is not, to the writer's knowledge, aﬁy
adequate mathematical proof of this fact for the non=linear
aystem. Also; the calculations seem to show that any radial
line exhibits the same sequence of fixed points 2a the vertical
one chosen above for the sake of example, end that each fized
point under £f4~ 1ies on & continuous closed curve, each point

of which 1s fixed uner > , Thus in the stable reglon the
motlon c¢an apparently e described in terms of a one-parumetoy
family of closed Ynvarieunt curves, sach of which transforms into

itself under .° «nd every peilnt in the atable recion (=
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Talmost periodic®, 1.e., every point lies inm a2 nwigh
chuseins arbivrarily wmany polntes which are Dlaed wnder oo

wWhen one goey into the reglon of uagtuliz cotis

tng oloer hend, tansze aystemsatlies disappear and

Y,

C Jer an unabsble motion have an ervatic Lelhavior weiel

r fadleation whatever of any kind of smooth curve.
ftaell oot surprising, since 1t is the property of the cuvvu
clooeld which 1s of easentlal importance. Thils iy $1lustre’d o
foraihly, perhaps, by remarking that any curve which jJolns o pals
with its image under T generates under the tranaformetinn u
curve which 1s invariant in the sense that 1t trapsforma Inbo
itsslf. However, it 1s not in general a cloused ouive.

| It will perhapag be worthwhile to digirex: for e wmowo .
and deseribe zome rather vague theoratical considsrations winics
in the wrlteris opinlon, may in the futurs be devalopad irnto
somo 2ort of adequate theory. These consideraticuz are brsod
on the fact, well known to mathematlclans and polutad cut by
Snyder at Brookhaven last summer, that in such a stabls resglon
there must be at least one closed invariant curveo' The reazonipg
L8 ms follows: éuppose that a point, say p,, 1s uniformly aveula,
that 1s, that there is a neighborhood R of Po guch that no imeze
(under T" ) of any point in the nsighborhood lles outazids somos
¢ircle of radius M. Consider now the union of this neighborhand
with all of its images under T” (= < mu wi , Under i
bypothssls stated this will define a finlte reglon within tae
cirele, Since the transformation is s continucus uvrne, it iz
clear that the boundary of this finite region mugt tranglors
jnt: itself under ¥ , because any neighborhood which eanialn:

points of the boundary in its interior conteins also pelints wihlon
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apre lualde and pointa which are ocutside the reglon geusrut:i.

- v e
i N

B, «3d the imagoe of this neighborhood w:der ninatig
e of the same character and thus eontaln polats of ths
it 1a appreclated of course, that these arc mathwmanbic.l::

plete saments, but they are 1llustrative of thin noius o

Continuing in this intuitlve way, one 1 forced o
consluglon that the boundary not only transferms iho ftawll
wadar 7T , but that it mast also at some polnt b3 in cost o
with the generating neighborhood, as illustrated in Pig, 3. =i"
ils fév the reason, of course, that the boundary consists of
peints vhich are at least arbitrarlly close to images ol polnis
ir the zanereting neighborhood. Ineidentallr, the boundan;
erated In thls way defines 2”disc in the topolozlical menasn winliol
mist, cocording to a theorem of Brouwer, coataln ot lesst ons
point which 13 fixed under T, In practice; of couwvras, tis
i 2limost always-tho origin.

Suppose now that a small neignborhood wiloeh contelin:g
the orlzin has been used to generate an lnvariont clesed curve
in the way dsscribed above. The closed curve and its genovato:

F]

sre in contact at some point., Construct now a new nelghbogrhcad
which is a little bit larger and contains this point of contscs
in its interlor. Provided the new nelghborhood 1s stable. it
will slso gener;te a new boundary which 1lles outside the first
one and 1ls agaln an invariant clossd curve. Ths process mey oo
continued, and it is clear that the stable reglon may in iLhis
way be covered densely with invariant curves, the ouberazat oF
which will be the stability limit. If 211 the above is itrue,

the renarkable fact relative to the intersectlon of a iinz wiil

its map 1s now underatood, 3Slnce the point oi intsrsectlon i
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a seint of the inverient curve theough thse orizinel noial,
cain be none other than the image of the original wolp® fueio.
Trae the intersection is perlodie, The abowe Goazidirabl oo
v worstaisly not to be taken very seriously until lhor

Yoo oput on some sord of flrm mathematlceal footino. i i
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vl ety opinlon, howsver, that thls should

vosts An thls dlrection 1s goling forward.
3ince flxed points apparoently play so prominsnt sz

vala ln the structure of the theory, 1t has been found useli.l

to hava at hand a classification of fixed pointa in tering X

the trangformatlon in their neighborhocds., This classiflcentlov

hig already been carried ocut by variouns wrilters, partlenluoriy

N. levianson, The coﬁdition that the trangforwmilon Lo arss-

nrassrving, however, gimplifies the claasiflcatlen ovar Wirid

which heg been glven in the literature For wmosd Zensral

I% tha noiznborhood of a fixed point cne may wxyw.oul the broor.

coatton (1) = F(§, 5)
gr) = (£, f)

b, Tevlore theorem, retalining only firsi-ordexr

d.

ta this way ' £(7) ¥, ¢ rﬁg f = ;ésf' cele.

P

n

9§ +5z§

Mot ell of the coefficlents £ , f,, 3¢ 32

§(7)

cen be zers becmuse of Liouville's theorem, viz

The trensfermation 1s, therefore, always linear snd grpyaspio’

in nonegingular matrix form, Moreovar, th# grop i
ia invardant to sirdilarity, 1.e., affine trsusforaabions. A0
wall known, the trace and determinant of a 2 X 2 wmatelix ovs

variany to such affine transformationa. In this cage tus

terms.  Uno ov i



deterninent 1s always unity and the trace 1ls the parmmelsy
detarmines the topological character of the trangiviuiron:
the nelpghoorhood of the fixed point. Now the thoory of
13aznr btransformations has already been expounded ot lonas
it e louown bhes there are exactly flve essentially wiiiii-oo

trpss ol transformatlon determined by the trace accortlin

following teble,

Case 1) -2<lrA < 2

2) 2<trA,
3) tr Ag < -2
4) tr Ay =723
5) te AJ; =
.A' = &Hs o N .J;";n [ A'ﬂ. - ‘fﬁé}" -;'! E oy il.":‘ ':‘ i:"il
- SIND Cose { Iink ¥ R ffi"

hy= (‘-&Co.w"b’ sinh & Ag= [~ c(x; As = ,f/s" . ?
Y osinh® =g kY 0 ...3}’ ( 4 N
% | ,

A1) poasible linear transformations may be obtailnad by ziali-wv'

transformations of the five matrices given. ¢, ¥ and $:£ i
real non-negative parameters.

éase 1l 1s the one familiar for stable linoar motion. Tho orlgin
i3 an isolated fixed polnt and the transformation in ths nolshilini.
hood ia described in terms of lnvariant clvrecles. Casc 2 coorazt s
to unstabdle linear motion in which a point transforms e sa s el
1ato pointé of the same branch of aphyperbolic arc, Tha oriati-

ie apein an isolatsd fixed point, Case 3 1s also an unstzblis
situation in which succesaslve points now alternate betweern oproslic

branches of anhyperbola, OCase L 1s the limiting case separeting

l from 3 end is exemplified in tiie linear theory by the "g = %"



oL uu” in which succeaszive pointg alternive bLelwosn Lo

Yines, The motlon is divergent except for gpmclel Inlinizr -
ticus correspending to the ¢ - axis, The origin Ltends 2 oo
Gevtonnd Tixed point under &, bat every poinh i Sim ol o
ek T Viwed under&fz'q Gase 5, whiech 13 of susolal Lt
coreansonidsd to linaarvmotion with ¢ = 217 and Jorms Lo

Iing Weatweon case 1 wnd csse 2. lHere congecutlive polinta oo v
tho same straight line end the transformation prozcads u
lncrensnis at each step., The orlgin 1s agaln a firved noins.
rut not ilsolated. Every poiat of the § w AXaAd 1o now Jlool

under ¢ ., It %3 apparent that thias must be the noturs o

trangfornction in the neighborhood of any voiut ol & clagad

Q\vgud ¢ curve of the kind desecrlibed above., Ih iz

o

W | R . P
of ccurse, that 777 may be substituted for 7 3 all of oo

abova dlscuaslon. It 1s a rather useiul check on tha cosizor o
madn warller to examine with the compuier the detalls ol ‘e
tronalormation in the neighborhood of such a curve, Agsin wiof
tha accuracy of computation, the conjectures sre conflirmsd ot

13, a transformation of type S is found in the nelghborhoo o0

any reriodie polnt in the stable reglon, In tarms of Lhe Torceio o

4 and ¢% s the equation of such a closed curvs ol

:‘V?
-
<

iz slmply f‘+.3z==g which fact may be an apenlng
for analytic treatment of the subject.

It 1s striling that all of the abovs eri a3
cally nothing whatever to do with the fact that J &2 oo
by the differential equations of motion. Ruther, the moouo.
described would =eem to zpply to more general claszaes of I niue

transformationa of the piane, Heowsver; it may be thei every

progarving transformatlon may Le generated dy a dilferaniicl
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indeed. In this connection, 1t may be remarked thet 1f il

Tferentlal equation

-5( = F\/‘{J ¢ ) ~ / _g; * .;-7;) = A ', . .

genaratas the transformation

Slé+7) = flsw) fed), #)
§ ) =g (), § (), £)

that then one has, by an easy calculetion,

| 2 L. A7y 5oa
Fet =g —5 - hdehade) AT I RE TS

20 that there 1s a one-one correspondence between the differ..i' .

cyuation end the "force function” F (g)‘t) o It ia aooon -
s2d In some ways instructive, to verlfy thla relatlcisiilin
linear nease, |

It is hoped that the abuve vary sketohy outlips of
few seliant points will gulfice as sn luterinm cenort om 0 ol
extensive program of calculation whilen 13 Ln prosss. & 200
plete summary must be post-poned in favor of ~ontionirg

PrOgram.

J. L. Powell



