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1. Introduction 

~c eCl'Uations r;overr:.1nc the trD,joctories in an alterno.tc-t';r~,diont 

s:,'D.c~U'otron hL',ve been derivod. asine ~ £l:)ecicl s:,"ston of coord.iuates and 
giv1llG attention to eOU1'li~ terns, in all Appondix to a report by Oourant 
and Snydor (~/HSS-l. J?P. 51 ff.). Reference 1la.s been r..l'.de to the reGUl ts 
of this a..'"1nlysis in WJO-3/1·:AO-2 and tho subject haD been revie',lcd in notes 
prepared et .A.:1 by 1.1. Hmnemesh. The ehare,cter of non-linear terms 1'1h1ch 
~ be caused delibere.t~lY' to enter into the equn.tlons has been discussed 
b:~ Po\·,e11 (I.fAO-JLP-l.2). 

It is the purpose of the !,resent note to reviet1 in 0. siMple ':10.y for 
internal use e. deriv~,tion of the!':e reaul ts for cftses in ,·,hieh the equilibrium 
orbi t 1s sufficiently smooth that it rnny in effect be considered circular. 
The extent to uhieh r,ubstentl~~ non-111,1oar terns 1T.1pl~' mnr~ed modification 
of the nagnet !'oles ':/111 tU so be noted~ 

2. Use of tho Princi'01e of Least ADtio n 

Since it is tne different1~ eq~~tions for the trnjectorics ullich are 
of intel·est, rather thtm equations for tho motion in tiMe, 1t 1s enproprie.te 
to cons1c1.er use of tho·jr:nci..,le of lee.st action. Thio nr1ncl'Ole is conven
ient to t';)~)l~' in the 7)rcscnt 1nstr'.nce, since the T.1t",gIlct1c field (11' sta.tie) 
does no 1:ork on the na.rtlcle Met the magnitude of t~le nechenic~. rlOJ!lent'Um 
~ be considered constant. 

~le accordingly uri te 

o 
,) 
t CD- + el) -CiS = 0 ,. 

uhere ~ re~rescnts the ~ochonical mOMentum end I is the vector potent1a1~ 
In cylindriccl coord1nateA this assumes the form 

sJ{p (r2 + r,2 + BI2)1/2 + e (rA~ + rl~ + BlAB)} d/J • o. (2) 

,·ri th !JriJ:1es (10 sie;n~.t1ne differentiation ",i th rcs":Jcct to the azimuth angle. 

By ~licat1on of ~erts e~U?.tions. one finds for the z-motion 
•. QA aA "oA 

- e t .;:.:;1 + r l---!: + Zl--!J= o.L ~2 0 Z VB 

e[ri>A~ + rl()~ - ~ - rIQ~] = 0, or 
QZ () Z U ~ a r 

= o .
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d f r' 1 -p
P dj (r2+r12+z.2)1/P. J 

d S r' )

dlJ (r2+r f 2+81 2)1/2 J 

In the ~J)~cnoe of currents '.11 thin \h.e Vn,cutU:l ch~.mbcr, 9~! =0 and 
ve ~:lri te '! == - VV. Since ,. '! :;: O. 92 V :; O. If no currents thread the 
orb! t, V ,1111 than be L\ sinrJ,e-vcluec1. 112~rnon1c ftU"!ctlon. ~U thoU£;h e~rcs-· 

siona for vector 'r\otcntipls to.r l)os'~ible u.~e in (2) ~.re Given. for eXll.f!11e. 
by Snythe (nStatic nnel J~,rnun1c ""U.ectrlc1tylf, ~d. II, Soct!' 7.05), it is con
sidered J:lorc e~..,c(ticnt to uor!-: ',Ti t~l ::i010.8 deriv~~a. in thin Ufty ~rot1 a. scalar 
,otcnti£'~. for t:l.O follouine; reasolls: 

(i) the vector :.:oto:·1ti '''1 C():I~Or.;~l1t~ ·".re inter-rolC'.tcd, 
(il) the cOl:-t::11ctenc~!1 of t:':.c f:l,S~~'J'lc{, !;at of vector 1'otont1al 

components n~{ be T:10re (l.if:icll1 t to e~tr.blish, and _ 
.' (lii) the usc of the scc.l·"r ··)ot('!nt:'~l c~.n .!\utoJik~tic~ll~' be ~loyed 

to e1 ir.tinate fiel d.s l!hic!1. '.loul (1 i::l91 Y cttr:ren to t:lreading the orb! t. 
In the usuAl c1esign. of an i(~.ea1 rnr,chine. nc:':loctil'lt azimuthal varia.tions. 

it is ~p-:'rOI)l·lf1.te for ~, first-order ~.n['l~Tnis to tp~:e 

r: Ar •.., . 
V == j)oo J.. Z - n r ~ . 

o 
~he cX!)rossion (5). conttd!lill € sacond-ordcr terms. r;!ves fields ~'l;lich are 
s~,tisf~,cto~r throu{;:tfirst-order e.nd s~.t:t9fics In:;llnce' s equ~.tion in 2ero 
order. 

3. PotontiE'~ Function 

Ha.rmonic "1otential functions, atti tnblc for use with ..cylind.rlool ~oor
dinntes.~ra obt~innole by s~)arationof v~~i~bles ~nd ~rc listed, for ex
anTJ.:llc. in Srnyt11e (O!')_ cit •• Scct. 5.291). S!:1:r the's emrossions i,~volve 
:Bessel ftt.'1cti ons Jm(Y..r) and Urn (kr), hyperbolic fu...~ctions of kz. t'.D.cl oirculs.r 
functions of m~. The ~,::"rnmBter rn is restrictccl to integrnl volues :'f 
single-valued ~.,dmuth funotions r',re c1..csireLl. In r:'.ddition sone snccialized 
forms may be introduced: ~. ( z or l)·(sinr.1~ or cot1m~), (In-r or I)' (z orlt 

Accord1ncly. e'~rc$s1ons of interest for the radial function miGht includo 

,1 (kr) lJ (kr ) - J (kr .)~.; (kr) J (Jo-)n' (kr ) - J '(kr )l! (kr)
nInO mOM i 1'3 nom 0 m 

J' 1{J~r ):7 (~~ )-J {kr )11 I(kr j all( J 
M

, (!:ro}:T~.fOa'o)-J~(kro)l!m(kro) • mom 0 mom 0 ~L 4;~ ~. 

Par uork ui th flUlct.ions of the ,~bovc forn it lIould be cO:lVen1o~lt to o::Y)Nld 
then about t~1.C r~.dius r o of the cquilibriun orbit, o.s ne.y be ctone convcn
ientl~r iJy re:cronce to tllC l:.iffcrc::.1t:1 "'1 e(l~".tion for t~:GSC f\1nctions. 



Suit~;Jle 

~:lCCC ~crics, u:.:.ich setisf~ 3essel t s eqL~.tion throueh terns of second ora.er.
 
nrc neen to ~\)""'ronch t:~c C~}tmSl0nB for s11lkAr and coskt.r. re~octively.
 
t1hon la-o 1s laree (1:1 cOID''larison both to unity nnd. to m). Similarly, for
 

k = ~. the series becone tile <>:qJll,llsiolla of ~(kro/D.)I!r/ro)13-(ro/r)r:J and 

of ~r/ro)rJ+(ro/r)m.Jt reS'pectivoly; t-!ith both n and k equal to zero, 

B1 re~)resonts kr In r/r0 :o 

The co~lexity of selecting a sufficiently general ~otent1al function 
by me~..ns similar to those indicated above sug,:;ests that it io !,referfl,ble to 
fol10t-l the ~rocedUl"e of I)O~·tell (ltAC-J'ltP-l) end uri te the 'L,otent1e.l directly 
as a poucr series in the Q,Ulmtities x a ~r/ro and y:: z/ro : 
V.-	 22 

B- = z + r l2~ + Ax + 1):1 + Ox + ~ + Ey
00 0 ~ 2 2 ~ 

+	 Fr + Gx y + Hxy + Iy
4+ J x + K~ + L x272 + Mxy3 + IT-y41. (7 ) 

I 

through terms of fourth order, ui th ; and the coefficIents A :3, ••• !1I 

functions of tho azimuth an.~e ~'. 

It has been su~cstcd by 1"oltoll th~_t it is o.dequate to require tho
 
!,otential aris1ne from the terms 1.,ithin the sqWlr~ brnakets (7) to satisfy
 
Laplace's equation in rectangular coordinates; if 1:10 do not nake this np

~roxina.t10n ntt}rl.s ,.,o1nt, hO\1ever. ".!e roquire instend that
 

(1+-..t}2 ,,2V + {l+x)1! + (1+x)2 ~2V + 'ZeV = o. (G) 
~x2 ~x 4y2 d~2 

If. follouine; PO'.rcll' s notn.tion, '.1C introduce tho coefficients

a. = A , a = C -E	 d=- 4L • ~.ndl 
G 

~ = ;a • b = I -3" e = i (X-I·I) • J(9a••h) 
n = -D • c ....	 r-&

3 
the coefficients of (7) r-,re deterriincd l);r !a",lc.ce' e eq'llation (g) to yield 
t:le :)otenti~~ 



V = '1 + 2/1
r 0»00
 

+a,x "*" 0. Y + ! - ¢tt .. (CL/2) x 2 _ n xy _ a + ~ft + «(£/2);12
 
~ 2 2 

60 .. a. + (i/21a,·- a,U + 5!ft 3 6b - n + aft 2 
+ -12--' -- x - 4 - x Y'
 

_ 60 + ~ .... (3!2)~ + ~p - 5¢" . 2 Gb + n - an 3

4	 ..Cl' + 12 Y' 

+ d - 3c + (3!2)a - (15f4)~ + ~" - (~3/2)¢" .. an .+ ~iV x4 

24 
4e + 3b - {3l2)n	 + (5/2)13" +nft ~ d 2.2+ -- l~ - - - ry - tr x-y 

_ 4e .. 3:b ... (3/?Jn - (5{2 )an - nit 'J 
12 xy

d + 30 + (9./2) .... (314)0', + a tt + 0..1 .. (5/2)~tf + ¢1v 4 
+ 24	 y • 

This 'T)otenti(-ll Mt:'~r be used, to obtc.in c~~.~resGions for the field-com,onents 
vnlid ti.trough terms of". third orcter. 

:81 '(} (rr) . 
_~ = (l~)-l 0 00 

Boo ~) ~ 

= 2 ¢t + (a,' - 2¢') x + a' y 
+ a' - (5/2)(£' / Iff' - ¢ii: x2 _ (n' + [1'):q _ at + (a.1 ~2) + ¢111 .; 

+ Gel - la' + (~3/2)a.' - a,ij.i_ 24~' + 11 ¢1i1, x3 
12
 

+ -6bl + 5n1 ~ 43' - ~1i1 x2y
 

111 + 16111	 iii-6e t + a' + (512)~' - 0.	 2 6b 1 + nl _.a 3
+	 : 4 .' . ~r + - 12 Y t (lla) 

?'( V )
roJioo
 

,) y
 

= 1 + f3 - n v - (a + ¢" +~) y 

_ G~ - ?- + ,flit 7..2 _ 60 + a - (312)a. + cx," - 5~":xy + 6b + n - eft y2 
h 2 4 

+	 48 + 3b - (3/2)n + (5/2);3" + nil 3 d 2
 
12 x - '2 X Y
 

4e - 3b + (3/2)n	 - (5/2)8" - n tf 2 
4	 xy 

+ d + ,C + (a!2) - (,{4)e ~ a" + (£" - (5!2)~1 + ¢iV y3 • (llb) 
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()x 
r" 

= a. + (a - ¢,. - ~) x n:7 

60 - eo + (?,)2)1"t - a.n + 5¢tt 2 + -6b + n - an ..",.
+ 4 x .." 

~ 

60 + a - (ji2)~ + ~n - 5~n v2 
4 t1 

d - 30 + (2/2)n - (15/4)~ + ~" - (~1/2)0n • an + ~iV x3 
+ , 6 ~ 

... 40 + Jb - (~/2)n t, (5/2)~" .... n~ .,,2_ _ 2: .~24 ...-y 2 ..~ 

4a - 3b + (3/2)n • (~/2)~" - nW 3 y • (110)
12 

'Z~c correctnecr: of t>cso ::"i~1(1. corrryoncnt~ r:1f'~r 'OC chec':cd "u~r use of the con
dition ~.! =~. ZAG field cOMnonents (lla,o.c) ~~e found to satisfy . 

u~ ~~ ~~~ 
(1+x) (~ 2 + _ r), + J3 ... ~,' 1 = 0 

oY rx r ('.Ip 

thrQU€h terns of r;eooncl or{!.er. 

4~ The ~9un.t1ons of l~otio.n 

The fielc. eOI1.~onents (lla, b,c) Ma.V DC su"bs~i tuted into (3) and (4) to 
obtain the cc;.1'l.:~.tions covern1!lb t:ll? tr!'\.jectories. ~!e rostrl~t.o1:trselv~8 a.t . 
"Qrcscnt to ";)e.rticlcr. ....oS~cotiilf,; t:1e c~uili~)riuM nOMolltum: i.e •• p =Po = e30oro. 
Since i t s:l~ll be ~.Sr",UMC(i. th~,t x t'l.nd y r.re no sreater th~Jl of order 1.« 1 • 
it i$ '~')ernissi~)le to rc·,)la.ce n 

d :: z • -) vi d ( r I '~ xll 
~., ). by..L.- and ~J by-
up! (r2+r t 2+z, 2}1/2 J l+x dp t (r2+r,2+~t 2)1/2 · l+x· 

One t~len obtains for the axi~l noti on� 
J3 

r 1" I.l!!.. [~:1 = O.l+:t r o ;300 - %'0 B;J 
:r" -+ (1 + :d2 

:3
n 

r - (1 + x) A' ~ = c (12)
13 • 

00 00 



y" + ny 

in which terms through third order in x,y are retained in the part of the 
expression not involving x'. Since the terms involved in the coefficient 
of Xl will presumably not be introduced intenti onally, we l:eep e:x:plicitly in this 
coefficient only terms through first order in x,Y t and tlie term . 
-n1xy which 1s necessarily present. 

Similarly, for the radial motion,� 
B� 

x" - (1 + x) (1 + x)2 :B Z + = o 1� 

00 

x" + (1 - n + 2f3) x = -s + (a. + ¢" + ~) y 

+� (~b + ~n - 1 - f3 + ~) x
2� 

~ tt tiC"� 
+ (3c+..!a+~+~_L)xy

2 L.~ 2 2� 

(.! - ¥:.b - 2n - La II + ~) x3�
3 ~ g ~r 12 

+ (~+ 60 + 2a - a. + 0." - 4¢") X
2y

2� 
~5 n au n") 2� 

+ (e - -rrb - s -T - 4" xy 

_ (~+ ~ + ..!.. _ ~ + ~ + ~ _ ~fI 
o 2 12 5 0 0 12 

+ y' (2¢' +a.'x + ~ty - n t xy-), 

to the same order as eq. (13) for the axial motion. 

It is noted from eq~s. (14) and (12) that the coefficients of y' in (15) 
ar.l.d of -Xl in (13) are identically the same expression ij(V/roBoo )/ g~ . 
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:By way of comparison. the potential oi ted by Powell (MAC-JI,P-l. :p. 3), 
if employed in accordance with his procedure, leads to the equations~ 

2 
y It + ny = Q,� + (a - ¢If) X + k(60 - a,") x 

- ~(6b + e") r:r - ~(6c + a,1t) y2� 

1 ·v ~ 1 2� 
+ bed - a" + ¢l ) r + ti:(n lt + 4e) x y 

- 1 d:xy2 + ..L(nll - 4e} y3
2 12 

- x' (2¢ r + fL' X + stY' - n' ry + ••• )� (i ) 

and 

x" -+- (l-n) x = -$ + (a + ¢tI) Y + ~(6b + an) x2 

+ ~(6c + cr.l.) xy - ~(6b - ~n) y2 

- ..L(n" + 4e) x3 + .±.d X2 y
12 2� 

- ~(nll - 4e) xy2 - ~(d + a" + ¢iv) y3� 

+ y' (2~1 + Ct' X + 13' Y - n t r:l + •• ~.) a� (ii) 

LEvidently the� coefficient of n tl y3 in (i) and of n" x! in (i1) was mis

written on p.5� of Powell's report: of aomparaulenote are the terms ~nll x21 

in (1) and -rrnnxy2 in (il), which also appear in (13) and (15) respectivelyJ 

It would at this point appear reasonable to adopt the following view
point concerning the functions in (13) and (15) and in the corresponding 
equations (i) and (li): 

With care in the design and fabrication of the magnet structure 
one endeavors to secure 

a. and ~ of order 1/1).. or less;� 
a, b, and e of order no greater than n~
 

d end e may be made del iberately of order n3 if� 
significant cubic terms are desired: 

~I no greater� than of order "\In and ¢" no greater than 
order n: 

the rate of variation of the function n with azimuth will 
be limited by the pole-face discontinuity being removed from the median plane 
by ~~bly rollftl -- this may result in each differentiation 1noreasin« 
the l~llit-ue..e of th~ i;;~~tiQ.n <J~" uc l;-l':.:"·tJ li11aa '_1;(4$ Ul-o..(H' u;f.c u,nd e 13'l 
euell e&setf, the ~e!ft of the red_ itt willeI! t~ "1vat!..- .... l~ 
will� be short compared to a sector length: 

the derivatives of the remaining functions will be subject 
to limitations similar to those applying to n: and. finally, 

Xl and y' will be of order l/~. 
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If the foregoing conditions apply, the equations (13) and (15), or 

(1)� and (1i). reduce withiro a.seato~·to the similar, and simnler, form 
yft + ny = -2¢ I x. + (a - ~") X +� .!(3x2y - y3) .~ ~(3xy2 - x3 ) , 

3 6 (16a) 

x" + (l-n)x = +2¢' y' + (a + ¢ft) Y ...� !(Jxy2 - x3) of- ~(3X2y - y3) : 
3 (16b) 

if these conditions are not fullfilled, recourse might be llad to eqs. (13)� 
ancl (15)~ 

The linear terms in these equations (16a.b) fall into the form of eqs. (l)� 
of EDO-3!HAC-2, ,,'hich originated in the Brookhaven report EDO/HSS-l (PI'. "51 if. )� 
of Courant and Snyder. with M = a. and Q, = 2~ •� 

In concordance with an observation of Courant (EDC-3/MAC-2, p~ 2), the 
terms involving x t and y' in (16a,b) may be removed by a suitable 
transformation. For this ~urpose we introduce the quantities u and v 
as new dependent va.riables :. 

x� = u co s ¢ + v sin ¢ • 
y = -u sin ¢ + v co s ¢ . 

(It 1s noted that, with this substitution. the bounds on x and y are 
similar to those on u and v in that. in particular, x2+y2 = u2+v2 .) 

Our� equations (16a,b) then become: 

v II� + V [ 4t 2 of- ~ + (n - ~) co s 2~ - a s1 n 2¢] 

=� u Ca oos 2~ + (n -~) sin 20] 

+� (3u2v - y3) [i cos 4¢ ... ~ sin 4¢.J 

(3uv2 - u3)L-~ oos 4¢ - ~ sin 4~] (lSa) 

un� + u~¢12 ... ~ - (n - ~) cos 2¢ + a sin 2¢~ 

=� v La cos 2¢ + (n -~) sin 2¢] 

+� ( 3Uy2 - 1l3)[~ cos 4¢ + ~ sin 4¢J] 

...� (3u2v - v3)L-~ cos 4¢ -' ~ sin 4¢] (1gb) 

..� 

*This transformation was suggested to the writer by discussions with 
Professors Langenhop, i-Iaple. and Thielman of the Department of Mathematics. 
IOlla State College. As ha,s been pointed out by POt-rell (private communication) 
this corresponc.ls physically to a:- rotation ofaxies at a rate proportional to t 

the long! tudlnal field -2¢'.oo ~ 
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I 

The terms involving n' and nn in (13) and (15). or in (1' . 
and (11). w1ll play a dominant r81e a.t the transition between seetors~ 

The equations would then assume the form 

n"'" nit 2 
yo" = + 12"':; + -rrx Y + n' -x:I Xl 

rt n 3· nit� 2 n1 ** (19b)x" = - 12'x - 1+ xy - xy y' 

The discontinuities which result, according to these equations, in 
passage between adjacent sectors have been examined oy Powell (MAC-JLP-2) 
and by Snyder and Sternneimer (HSS/:RMS-l) presumably wi th the condition 
in mind ~hat the transition occupies an arc-length comparable with the 
aperture: 2 2� 

Xo +Yo \ :KoYo� 
= 

4 (if' + 2 (x~ lAD� (20a) 
_I 

Ax t� (20b)=� -2 
xoYo

\Y']-6U
-
't- y3 ~yl·

h.y = ~-... _..9.. ;. ~n	 (200) 
. 12 4 1'
'l"x 3 

xy2!:�000� I 

h.x = - 12 + --w- J·tin 

Powell has checked this resul t by appeal to the condition that the 
Jacobian of the transformation from -E to +E shall be unity. A 
second check of the results for Ax t ,6Y' may be obtained by noting 
dH/d~ = fjH/(j~: by forming the partial derivative of Powell I s Hamil tonian, 
considering it as the totaJ. derivative, and tntegrating1t throUgh the 
transition. one ~ compare the result so found with th:at resulting from 
the values of Apx' /iPy (or Ax' t ~Y') found previously: In the present 
case the results appear to be consistent with 

In conclusion it should be remarked that neglecting relatively small 
terms in a differential equation does not necessarily lead to solutions 
which remain close to the correct form. Thus the terms ex, and -$ 
(in (13) or (i) and in (15) or (i1» -- or the terms ~ cos ~ - ~ sin ¢ 
which would then enter in (lSa) and -~ cos. ¢ - ~ sin ¢ in (1gb) -- repre
sent periodic forcing functions which, even when small. may have grave 
consequences under resonant (or very-nearly resonant) conditions 
(EnO/HaS-l. Sect. 6a). 

2k 2k 2k**For the terms considered here. _ V = _ '!Z " (_)k x +r. ~ 
Booro 2� .f-, (2k+l)t d~2k 

k=O 
end has been carried through the terms of fourth order in x.y. 



5~ Field Plots 

With reasonably large values of the index n, the distinction between 
a suitable three-dimensional azmuith-independent potential and a similar 
two-dimensional potential becomes negligible in constructing field plots 
within the region of interest. One may compare, for example. the z-component 
of the focusing field (exclusive of the guide-field) as given by potentials 

of the form N (kr )J (kr) - J (kr )N (kr) 
(i)� n .0 0 0 0 0 o. 100 k 

-k2 H (kr )J (kr) J Ocr )~tl (!tU s z roo 1 000 0 o 

~ 2 2 - (k)2 1 
0(ii) ~ I' _~r + !('~~r). r {Ar)3 sinh kz. from (6a).

k _� r 2 r 0 6 r 0o J
the resultant field-component - ,v/~ z being proportional to (llb) when 
cosh� kz is expanded and suitable values are ass~gned to the constants 

[n = kro ' b = -kro/G, e =~«kro)3 - (kro»).:J: 

(iii) the two-dimensional form - ~ sin lmr sinh kz • 

A comparison of the field-values resulting from these expressions is 
givan i l~ the f allowing tabl e : 

(-3 ) - 13 z 00 
-~jf 

00 

for !:ro = n =400 • Ar/ro :: .l/n 
(i) (11 )� (iii)n (Ar/ro) 

~-dimensional Series (6a.)� 2-dimensional 

-1 (0 .8426) co sl~ (O.S346 )coshnz 
-sin(-l)cos~ = (O.g415)co~ r o r o ro� ro 

+1 (-o.g405)cos~ (-0 .S321)cosl~ -sin(l )cosh~= (-0 .S415)cos~~ ro r� r ro o� o 

~l:e tiTo-dimensioxwl resul tis f1ccn to ti:f::cr :fron t:le t:l:rec-c.liucnsionnJ. forn 
by 1 er;s th~n t·",o ~,:~.rts :>er thousan,l in thi s e:c(JI\!11e. 
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It is of interest to sketch the field 'associated with situations 
in which the field at the median plane exhibits a dependen~e on r of the 
type currently under discussion in the Mid-West Conference. We use two
dimensional potential functions for convenience and consider th~ region 
of interest to extend to x ii l.r/ro = "J:.l/n t y:; z/ro = .:t lin • 
1Ton-linearities of amount characterized by (lcro)2 =. .!n2 Ce = :t ~ ] 
will be considered~ these values will icrply cubic forces as great as 
one-half the linear forces for certain points within the region of 
interest (see following table). 

___(X_,_Y_) I~L_im__(n_3/_6_)_(~_~_2Y Y---,3_)__ 

(O~5/nt 0) O~125 

(O~75/nt 0) 0.281 

(lIn, 0) O~500 

The figures which have been constructed are listed below, with 

X .. :ox t Y any, and I = X + i Yi 
Fig. 1: Conventional ~ua~~Dole Field -

W = Z - Z2/2 U = X 

IdWl' I I 

l-· :: ll-tl. = I-X v ::; y - XY 
i dZ! y=o I y=o 

Fig. 2: Sinusoidal Field in 1~Ied1an Plane -
:::"wT Z + cos Z U = X ... cos X cosh Y 

= t 1 - sinZJ V = y + sin X sinh Y ., 
I1:1IY=O Y=o.� 

::: 1 - sin X� 

Fig. 3: Hyperbolic Field in Median Plane -

W = Z cosh Z U ::; X cosh X cos Y 

:: 1 - sinh ZJ V ::: y sinh X sin YI:ly~ 1
I 

Y==O� 
= 1 sin..'0. X� 

,~ 
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Fig. 4: Oubic field in opposition to linear field in median plane -

Z2 Z4 4 4 
w = z - -2 + -=t'i" x 2-'i- X _6X2y2+y 

~ U = X - 2 + 24 

Id~11 = 1 - X + ~ 
dZ y=o C 

Fig. 5: Cubic field supplementing linear field in median plane -

Z2 Z4 2 _2 4 2-~ 4 u = Z - - - ~ X -y- X -6x r+Y 
2 ~ u=x- 2 - 24 

3

Idt~1 1 X X V = y - Xy _ XY(X~-y2) 
dZY=O = - -T 

It is notable the extent to which the introduction of non-linear 
fields in the median plane necessitates a marked modification of the theo
retioal pole faces exteri or to the useful a.perture. By means of a plot ting 
board at Iowa State College t Dr. Zaffarano is undertaking to examine the 
non-linear fields which can be produced by reasonable poles of finite extent 
(with or without the use of a neutral-pole structure), ignoring for the 
present the influence of the coils which generate the magnetomotiv6 force 
in pra.ctice. 
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