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APPROXIMATE CALCULATION OF NONLINEAR LOCK-IN AT O‘::]T

D. W, Kerst - February 9, 1954
University of Illinois

Oscillations fixed in position in an 4.G.S, have been
observed in computational work on non-linear restoring forces
at Brookhaven and at Illinois, and the Michigan analog has
demonstrated them. A study of thé characteristics of this
motion has not gone very far on the computer at Illinois, but
the one dimensional and the two dimensional (with coupling)
cases have been found. The regular features of this hunting
and throbbing motion have led to the following primitive attempt
to calculate the general features of the motion.

The Process1 described here has the non-linear force
opposing the linear force. The computer shows that wave
form is closely triangular with rounded peaks, If the
initial conditions are equilibrium conditions, a closed
oscillatory orbit is formed which 1is a second closed orbit
in the machine, Oscillations about this additional equili=~
brium orbit occur 1f initial conditions are not just right,
and they take the form of a slight throbbing of the amplitude
at a subharmonic frequency and a slight phase hunting of the
peaks about the gquilibrium phase which 1s in the center of a

focussing sector,

1, MAC-8 and memo-H.R, Crane "Locked-in Motion" (Craniac).
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In the following estimate only small dlsplacements are allowed,

st

F‘

average restoring force in regions where energy is

added or subtracted from oscillation

SZ = average displacement in this region
V = velocity of particle
¥p = force at peak

)K;> = displacement at peak

displacement of peak in circumferential direction

£
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S
"

wave length

?) = pure number of wave lengths
GJy =  equilibrium circular frequency of oscillation
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<<
1t

stray of peak from equilibrium amplitude

N

fraction of peak force which is from cubic term
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If 3> (O , energy is removed because two dark-—
end regions, each of length 25 on each crest, have force
and velocity opposite. All other regions of the wave produce
no net energy change, Ip one wave length a length 8 S con-.
tributes to energy change. At peak this is all potential.
to raise the peak by ,jlxp work rmust be done:

P F.d )< - ’(P F per wave length

d])(---; EX ~
(1) OXp_ -
5 8«-1‘@ S

If the frequency of oscillation is not the equilibrium frequency,

ds_ b,
(2) 7 - ‘—:Z; Pﬁ}z{

If @3 é? ("/O the displacement, S, continues to change,

But if forces are non-linear,

3) Jc- -0 D cxfow e < It €y
605—- = (gX 5& # ﬂ RJ (Ux’;(g

Differentiating with respect to }1 gives a second order

equation
6(2c; ﬁ Jes (ﬂx,) , U s &1;7 S {E'i’/.c(/
(W) (,07'(2 Ly ﬂ;(; /,P/( f, A p /:!'9 R ><,> )

Thus if 3’;}“ < O y the motion, S, hunts; and if
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éy%%; ~>>(7 motion is unstable,
Thus the frequency must decrease as amplitude increases for
stability, that is the cubic force must be oppositely directed

to the linear force,

»S-:~S;\SZACJ2~;7'

st JHM
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By observation from Illiac
0T

— ot < . v ’&- P
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So

(7) —_—

with a non-A.G., non-linear oscillator we know
dw _ 3
—— e - / -
Lo %
By Illiac Tape #46 and #49
do — o, 69  For f= ~2F

—

U
é%?i = o Zig‘jﬁ. J=on jﬁl ~ 0.3 55

arbitrarily taking é&é{ ::_E;:ji- at tip of tie and using our
| o =
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differential equation)( rmy 933 )(3 (Powell MLC-JLP-1)

'(4) l 5’\).) )
- s
® Gr= - + o

@ L= 6.3 V;Z’

The number of wavelengths per throb is /}w - %’)ff

Wuw )/)L_ (This is 1.3 times bigger
(10) 7% than the observed on
7701,,{5 —- — Tape 46 and 49).

I

Thus the subharmonic throb generated by the cubic is ~/ Z‘/’
The amplitude of the throb can be ‘estimated from (3)

bxalq;—. ;«;\/_a"“w \o /2 Sl
£ }ylhﬁkp VA Gl Q L Mp
BY (&)
(ll)cg y ‘
; 2S5 - . w7 5
S22 = = == Cos Ly = AT L s oo
X ?L /(/ ra ( } '/" , g })L oSl ( 7’[
BY @)
-7
_ x5, -
f& - 50 - —'Z“'L - /\x WHERE DKy = DEVIATIG

from equilibrium initial condition at extremity of S oscillation,
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So
(12) ¢
SXe K
Xx. T OgE (e
Combining (12) and (10) maxima are
.
(13) > %> g }? o using computed ){
AX Y Wy or using observed )@L
v/
S¥,
Clp —
AX/ }La[i!_
Only the throb frequency has had an experimental test
with the result that :}l was observed to be 78% of
<
~ calculated for two cases to date, Ir C))QP 1s not much
less than )(f,‘) dhﬁhk is not constant during the

oscillation and the differentiation (4) has a term which

tends to remove the restoration to equilibrium for

negative cg“><{> . The oscillation can damp down toward
zero amplitude and then grow up again with reverse phase.

This action is observed in both non-linear and linear cases.



