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A NOTE ON THE AMPLITUDE OF BETATRON OSCILLATIONS
Lawrence W. Jones

University of Michigen and Midwest Accelerator Conference

He Re Crane has proposed that certain resonance orbits in a strong focus-
sing synchrotron with non-~linearities might be stable and that particle paths
might lie close to and oscillate about these orbits. The most stable orbits
might then be those where the betatron wavelength is an integral number of
magnet periods. In the case of either this mschine or a near-perfect linear
strong focussing machine, the amplitudes of betatron oscillation would depend
largely on injection conditions.s Courant and Snyder (EDG/ESS-I) (referred to
hereafter as € and S) consider the amplitude of oscillations resulting from en
error in injection angle of particles injected at the equilibrium radiuse The
justification for this treatment is that the diameter of beam spots from Van
de Greaf's and linear accelerators can be made smell relative to the aperture
of projected strong focussing machines, while the engular divergence of the
beam is still of the order of o001 radians.

Lot us reconsider the results of C and S on this point. In section 3 they
show that

W= U//g
is a constant of the motion, where

ve 7 KyeByY (1)
o and f5> are functions only of position within each sector and the values
of n end N for the machine. At the center of a focussing or defocussing sector,

F? is maximum or minimum and OK 1is zeroe.

Atymax,y':og = O,U=y2,W.y24gmax.
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At injection, y = O, y' is the injection error, and U = /Jzy'z, W -/g inj y'z.
Since W is constant, yz/lémx = /9 inj y'z, or
¥ max = 7’/5 mex & inj y' ,-_-'//gmax/gianS (2)

C and S assume /ginj = /é’max, corresponding to injection at the center of a

focussing sector. If one injects at the center of a defocussing sector,

/5 inj = ﬁmin, whe re /5 min is determined from a matrix similar to that for

P max,

k/gzmax e cosh ¥ sin ¥ + simn @
cosh sin(? - sinhgf
k/g % nin = cos¢/ sinh (Y + sin ¢
cos(}] sinhq/ - sin (}J
2
=0, = rlk/N. C and S plot kg max versus SV.

-n =
e 2

In the ebove, k = [n,, n1 =
Figure 1 reproduces their graph including also k}J 2mine The gain in y mx for

in (2) is

a given injection error in y' using rather than
)ﬁmax /3 min f/j 2max

a factor of 245 in the center of the nectie., Tyrical values of y max for both
cases are given in Table 1 for a range of parameters,

Although these results hold rigidly only for a perfect, linear machine,
there are probably equivalent walues for f9 , etce For smll smounts of none
linearities and for the case of straight sections in the center of focussing aml
defocussing sectorse

Of course injecting at a position of minimumﬂfor one coordinate mpans
injecting at a position of mx:l.mum/é for the other, hence the potential gain
of a factor of 2,5 mentioned above would only be realized in one coordinate,
This also means that coupling terms are important in the non~linear case and
must be considered unless strong "lock-in" occurse

Quite apart from the above discussion, an observation on the form of non-
linearities might be mades Powell shows (MACT JLP-1) the equations of motion in

a non=linear field to be:
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r +(1-n)r + er(Szz-rZ) -0

% +nz +ez(3r2—zz) =0
Since e has the seme sign in both expressions, a positive e can provide a net
focussing force for both r and z, providing they have comparable average
amplitudes. Previous work on the allowable amount of non-linearity, besides
assuming no cross term, has assumed that e changes sign with n. It would appear
superficially more desirable to ¥sep e positive in sectors of both positive and

negative n so as to provide a continuous net focussing force,.

November 18, 1953.
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TABIE I

Resonance conditions and maximum amplitude of oscillations
resulting from injection conditionse

a— ™ aw/3 /2 en/s T/3 en/1  w/a
Ax 27 2 3 4 5 6 7 8
T .
1,875 1473 1457 (,_) le42 1,31 1,22 1,15
(cos(:cos‘/’coshf’) 2
To/M | o6 55 o5 o45 042 «39 «38
(‘r- W’n/N)
ng fmax (8S) o 44 24 19 18 17 17
2
n4 min 0 ¢ 1.0 1.8 245 345 5
zygna:;gmin ? 4.0 4.8 5.8 649 748 045
7 n/?m:;ﬁnﬁ.n 20 2e2 244 246 2.8 3el
, n maex 6.8 5 4.5 4.2 4.0 400
n = 625
y' = R = 10om
ymax (4 min) ° 8 .88 W96 4,04 1.12 1.24
yrax (C%S) 2.8 2.0 1.8 1.7 1.6 1.6
N 42 45 50 55 60 64 65
Q= N/ 21 15 12 1 10 9 8
n = 1000
y' - RS = 10cm o . )
ymax (@ min) i eB ~e66 s T2 .e78 - +84 - +93
ymax (C&S) 23 1.7 1.5 le4 le3 1e3
N 53 58 63 70 75 81 83
Q= N/~ 27 19 16 14 12 11 10

ymax (/Gmin) = ‘gg-mai:,é min y'inj

ymax (C&S8) = Amex y' inj
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