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H. R e  Crane has proposed t h a t  c e r t a in  resonance o r b i t s  i n  a strong focus- 

sing synchrotron with non-lineari t ies might be stable and t ha t  p a r t i c l e  paths 

might l i e  close t o  and o s c i l l a t e  about these  o rb i t s .  The most stable o r b i t s  

might then be those where the beta t ron wavelength i s  an i n t eg ra l  number of  

magnet periods, In the  case of e i t h e r  t h i s  machine o r  a near-perfect l i n e a r  

strong focussing machine, the  amplitudes of beta t ron o s c i l l a t i o n  m u l d  depend 

largely on in jeo t ion  conditions. Courant and Snyder (ES)C/BSS-~) ( referred t o  

hereaf ter  as  G and S) consider the amplitude of o sc i l l a t i ons  r e su l t i ng  from an 

e r r o r  i n  i n j ec t i on  angle of pa r t i c l e s  in jected a t  t he  equilibrium radius. The 

j u s t i f i c a t i on  fo r  t h i s  treatment i s  t ha t  t he  diameter of beam spots from Van 

de Graaf s and l i n e a r  acoelera tors  can be made small r e l a t i ve  .to t he  aperture 

of projected strong focussing machine s, h i l e  the angular divergence of  the 

beran i s  s t i l l  of the order of .001 radians. 

Lot us reconsider the  r e s u l t s  of C and S on t h i s  point, I n  seat ion 3 they 

shuw tha t  

w, u / '  

i s  a constant of t h e  motion, where 

2 u - Y + (&y +fYTIZ (1) 

P( and (B are f'unctions only of posi t ion wi thin  each sec tor  and the values 

o f  n and N fo r  the machine, A t  the center of a focussing or  defocussing sector,  

i s  maximum or minimum and d. i s  zero, 



A t  injection,  y = 0, y1 i s  the inject ion e r ror ,  and U = Byt2, PI = fl inj y' 2 . 
Since 1 i s  constant, y2/fmx t i n j y l  2 , or  

C and S assume f i n j  = F ~ X ,  corresponding t o  in jec t ion  a t  the center of a 

focussing sector. I f  one i n j ec t s  a t  ths center  of a defocussing sector,  

f i h j  = fmin, where (B min i s  determined from a m t r i x  s imilar  t o  t h a t  f o r  

B MIX. 

min = cos 4C/ sinh V/  + s i n  W 
GO s sinhCy - s i n  (Y 

2 
I n  the above, k = I n l ,  nl = -n - n, q =  T 7 ' k T c  and S plo t  ka max wrsusy* 

2- 

Figure 1 lsproducss t h e i r  graph including a l so  k/ 'min. The gain i n  y mix for  

a given in jec t ion  e r ror  i n  y' using ra ther  than (2  1 i s  
V ~ m x  p min 

a factor  of 2.5 i n  the center o f  t h e  nectie. T y ~ i c a l  values of y m x  for both 

cases am given i n  Table 1 f o r  a range of parameters. 

Althou& these r e su l t s  hold r i g id ly  only for  a perfect ,  l i n e a r  nachine, 

there are probably equivalent values f o r p  , etc. For a w l 1  amounts of non- 

l i n e a r i t i e s  and for  the case of s t r a igh t  sections i n  the center  of focussing atxi 

defocussing sectors. 

Of course in jec t ing  a t  a posi t ion of minimum p f o r  one coordinate mans 

in jec t ing  a t  a posi t ion of maximnp For the  other,  henos the potent ia l  gain 

of a fac tor  of 2.5 mentioned above would only be real ized i n  one coordinate, 

This a lso  means tha t  coupling t e n s  a re  important i n  the non-linear case and 

must be considered unless strong "lock-inr' occurs. 

Qui te  apar t  from the above discussion, an observation on the  fonn of non- 

l i n s a r i t i e s  might be made. Powell shows (EWE JLP-1) the equations of motion i n  

a non-linear f i e ld  t o  be: 



MAC-EWJ 1 

. . 
r + (1-n)r + er(3z2-r2) = 0 

8 

z i -nz + ez(3r2-z2) = 0 

Since e has the same sign i n  both expressions, a posi t ive  e can provide a net 

focussing force f o r  both r and z, providing they have comparable average 

a q l i t u d e  s. Previous m rk on the allowable amount of no-lineari*, besides 

assuming no cross term, has assumed that e changes s i p  with n. It would appear 

super f ic ia l ly  more desirable t o  b e p  e posi t ive  i n  sectors of  both posi t ive  and 

negative n so as  t o  pmvide a continuous ne t  focussing force. 

November 18, 1953. 



TABLE I 

Resonance conditions and maximum amplitude of osci l lat ions 
resulting from injection conditions. 

2 
n p  min 0 -4 1.0 1.8 2.5 3.5 5 

P.Bmin ? 
4.0 4.8 5.8 6.9 7.8 9.5 

P 

7 n  max min P B 2.0 2.2 2 .4 2.6 2 -8 3.1 

n :: 625 
71 - RS = i o ~ m  
p a x  (P min) * .8 4 88 .96 4.04 1.12 1 .24 
S-.ax (as) 2.8 2.0 1.8 1.7 1.6 1.6 
M 42 45 50 5 5 60 64 65 
Q = N/T 21 15 12  11 10 9 8 

n r 1000 
y 1  = R s  t 10cm 
p a x  ( b ' m i n )  .+.6 -,66 . .72 - .78 - .84 - *93 
p a x  ( a s )  2.3 1.7 1.5 1.4 1.3 1.3 
N 53 58 6 3 70 7 5 81 83 
a = N/% 2 7 19 16 1 4  1 2  11 10 

- 
ymax (,& min) = f ~ m a x  ,B rnin y * i n  j 

ymax (C&S) = pmax y1 i n j  
r 4  




