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NOJ-LINEARITIES.· D !'HE AG SYNCIiROTBOH 

The equation for the orb1t ot a particle in a magnet1c . 
l 

f1eld mal� be written " " 
f f "TX.~ 

where� ~ • aomentum in "Hr'" unlts� 

~. arc length ot orbit� 

I ~ - unit tangent to orb1t 
..JH II: magnetic field 

The equationa of mdtlon are equlvalent to the variational prlnc1ple 
'P' 

~/ {(.,llP� I-tIJiPl}"'"" 
'? 

where A II: vector potentlal and F and p' are any two points ot 

the orblt. It -p = p' thls means that closed orb1ts are curves 

enclde1ng maximum flux tor glven total length. Such closed orblts 

exist, at least "It the momentum 1s not too large, 1n a01 magnetic 

fleldo The dlscusslon ot synchrotron orblts therefore diVides itself 

into two parts: (1) Wbat"are the closed orbits in the tie1d1 

(2) Is motion in the neighborhood of these "equl1lbrlum orblts· 

stable? The stabillty question is the one of 1ntereat hereo 

Suppose that the equi11brium orblt l1es ln the nelghborhood 

of a circle of unlt radius. The particle mal be located relatlve t-o 

th1s clrole by means of co-ordinates 8) J<} 1 where IJ 1s the 

azimuthal posltlon, /f'. II-X. is the radlus and i is the displacement 

perpendicular to the plane ot the circle. The element of displacement 

1s 

and tak1ng & as the independent var1able, the var1at1onal 
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>·2·~~~i.~l._ orbit :.tll be '''a the neighborhood ot the c11'c:\;. 
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11(';'=f.. f ...U term• 

•:;;·)·.... ' ..retore, w1th' a s~1'1 cho1ce of fiNIl1Ie, we may write 

:,~;.~' .. '..... . .11." -~ ~~)() rAt . 
... ,!~. A" At and -At are to ~e regarded as small compared to As-

NOlf we know that X and 't are ot order I~, and tnat,.,X' 

. ,.',~ .'f~ are ot ordar I'"' ,Whe1"e .4"-" ;;.ft . In an AG machine 

:!·y.{~I. large,and we may apprQXUate J., by 

~ fQ+><) f ~ (X/a. +t'1Io) - £ {I-Ix}f4 ..f At I- Jxx' .f. A1 '11 
.~.droPP1ng a constant tara, 

L :::. -G: (~/.L +'f,3.)"'+A1 of Ax x' -I- A 1/ 
' ~b. quant1ties Ax.tAf arl4~d'80r1be the magnetic tield 

\<;exelus1ve ot the ma1n aulde tield, and are theretoreaero on the 

~·jqU111br1UJ1l orb1t. It 1s a 100d approximation to treat)( , ?f'" 

,.nd e as cartesian co~~:~ so tar as Ax , A'I and At are 

concerne$i, and we haveappJilox1mately 
- I-"JL ....~ 
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H~ ~f' t .J .Ax _ JA., 
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Maxwell'a .~o"reqUlre f:J ~ "9 Jt.jf' .... C , aDd the AI 4. _y 

beexpandttcl .lIJi__er80t )(. aDd· 't . the ooett~clent8be1ng 

.tunctlons ot • • In eaoh oJ-4er· tn J( an4 t there are two 

1ndepend.' Yeotors ~ wbi011..., be arlUged to have v~A"~" 

by a 8~ltab1e choloe ot the "use. ·It 18 perhaps simpler to make 

th1s expanalon 1n terms ot a80alar potential. '1'0 tourth order. . , . 

1n� X. .and l thi8 .aalar potential 1. 
l� =z., of- ~J( r;'l of- Yz {a.-,"),f'"- /ltf,.Jt'f - Ya (tJ.,rr") f'- . 

of> it t~~ - tt.-J J(~ - t '-' -'- t-P·)X....1- t (,e,t'et.·)~d"-.,.. Ti: {~~-fl~ I' 
... iitt-l4,,-r"fl1.~ .... -ti t~lI+".e)i~i - '* d,"'....l ... 
.+-it (~-*e).(al.,.. ~ itl rl~+-f")·l i~ #- OVc') 

In a pJ-actloal case, man1 ot the terms 1n 1/1 are neglig1ble, 

but they &reall written down here tor completeness' sakeo . !he 

quant1t1e8 . '! • .~ , ~ , a,. ?, a , d , e , are all 

periodio tunct10ns ot the aZimuth. It the un1t circle 18 a 

possible orb1t, eland f are ze~o In the general case ~ 

and fappear as .1n~omogeneouB term8 In "the equat10ns ot motion. 

'fhe functions N.,. a.. and , are understood .best by wr1ting 

doWn the f1elds to f1rst order 

U-.= ~ .. t\ot.-~q "'(~-9")ll,1
 

J.\ (' 6' ~ ~ .. ~ tL-I-f - ....'" - L~~f) a}� 
lit" i ... 4' l~1~d.'J( ~l'd"} 

M.� 1s the t1eld index evaluated on the un1 t c1rcle. a.. describes
r".. 

a tilt of the lines iI'Il • const, H, • const, the slope of the 



writing 
...
H a8 a gradiento 

These f1elds descr1be the system ,in the linear approximation., 
, I 

The Lagrangian is (tak1ng r ,.;. 1 tor oonven1enoe) 

and the equations 01' motion 

K' ll:-~) 1( - :z, ~I d' - ((A;'" f ") 0So - f 
q" M.o ( i- ~~' Xl - (4.- crl' ~ ':. .~ 

are the baeis tor the linear theory (EDe/HSS - 1)0 

Current 1nterest oenters on the effects or non-linear 

foroes of third order in X and l It we neglect all other0 

higher terms as well as " and f the Lagrangian 1s 

L ~ ~ l~l'lo .. ,110-') t ol.l-f I( - Y" L,_Moo).lC."1oo- ~.w 'O-a-
I , ~ ~~, 

- ~ (l( ~ - /, ~).\f· t ~~) t ~ (X'd' - .l( ~~ - it {It"- 1¥-I 

Where d and e are funct10ns or , determined by magnet 

design" The term 1n H\#. represents the eftect of the abrupt 

change in ...M,.. ~n g01Ilg from a focuss1ng to a defoouss1ng sectorc-, 

S1nce N'» is appro:t:1matdll a step-funotion g """II is approx1mat~ly 

the derivative ot a J -function., The orb1 t equations are 
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It lsolea~ that cubic terms are accompanied by very strong 

coupling terms which may have an important influence on the 

stability ot the non-linear system. Th1s is being investigated 

on the. 111i&c by Snyder, et ala Initial plans are to stu47 

the system 
x" + t'-·oMo) K· - Y;, e l)(.l- ") J(. 'f")� 

., 1I I ~ "�o ..... Mor Q-. 13 e '-~~ a- .~ ,/ " 
i.e., to neglect the etfect"ot hf,a and to assume i · 0 • 

The Brookhaven group has already reported results tor the 

equation 

which is the special case q• 0 0 In this case the motion 

1s stable tor cubic foroe of the order 4S~ or less of the 

·11near forceQ 

The cub1c eftects which have been omitted in.tbe 

above, as well as quadratio te~s, w1l1 be invest1gated bl 

I11iac 1n the future •. Also, the etteats or inhomogeneous terms, 

ln particular, Kerst's • '-turtction hump" w1ll be stud1edo 

~: L:' Powe' , 




