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, If themedl'an surfaoe or An acoaleratl'jr .1s not everywhe:r'e p'lane ~ 

oX" if az1muthalflelds are present 9 ooupling is lntroduoed bet~reen 

horlzontal and vertioal osolllations; the equations of motion ha"le 

1;,he form ,\
• f)w; ( \ 1" QIe ) 'i:' .t-' i f1 (9 +~. Q ft~) J il,•,/ "} >; 

- alf})X' ~. !?'l/P ) ... ,:~, Q'/tl)L~c (l) 

'~o)&~'3ro"kMvenreport bDC/HSs...1.• pp~ 37 rf ~ )., It ,18 shown in 

'('.,.!),,::/liSS<..lt.na.t this oou:p11~ may lead to resonanoe 1f
'0 

t',c:('ll'1~ltlc,n~ 1.11, one revolutlrn'L Gt"llldtt1i")n (?)_1s fulfilled '''''he:n· 

·;'i"'tu·' f::'1~>he:;" the .!tUm' or the .4..1t+~erml&~ t,f' t,he vertl(';al e.n~"lh('·l'izcmtftl 
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median '8111"1808 or,an acoelerator 1s not 

orl':r azimuthal fields are present, coup11~ 1s 1ntrO\luc~d'bet~$n 
. h(lJ:~i~ontal and vertlqal OSC1llations;' the equations 'Of~,'~ttt>n hSve 

'; ." 

. -. the form 

BrookMven r.p01't EDC/HSS.l,PP.. '" fro) " It is f1h.own in 

thattblttc()upl1~mayl,ead to resonanoe 1f 

" 

,;~~~tl1atlona . in one revolutlon,.C6nd1tl0n(I!Jr1s ,'fulf'llled when

":~~re11~herth~;"brthe$1*tf"erWQ§ or 'the vertioal and borlzontal 
s ,,~.:__, ';<'~;""~" .' " ., ~ -,- . - , ,.< ' , ., " 

~'~l:t~~:Lon; frl~ql1~les equals Et;n'lntegral mul't1pleof the rre... 
, . 

';Q~~n~t;,,6t".:r-~V()1't~'t."ono ~lsshar,"hown 1nthe report o+"t,he Camb1\ldge'� 
,Si;f ,,\i'.,,:.:;;\,,:,'~, ..~:. "� 
·O~S1~3tJ~.~Y~~1."nuf.) ,1:hat» unt1ereel"taln reRtrlctlve annditons D this� 

J·H'Jupll,Jwa(,.tu~11y>reault B In. Instab:111ty only 1~ the .!lWll 0 f" the tw(') 

f~raquenOl~.~'~~mtiijgra.l,Wt111el~ tne difference is lnte;n-al there 

1 p ml;!'f}ly 'MTltJt;'er~hal1p:e of' f'!nel"~Y between the. two modes" In this 

!!:1{'l'ttJ 1,tw111 he aholf:n. tha.t this conclusion remains valid. in -"4 ...,... 
~enet'~:t . ,:;;E!. fitS ~ 

.... 



,we >1u~li;tli'; 
,'C,' , 'f"':"i'~,i:-<"~"':,/(:;" .' -"'::":i:';' 

, 'proo,·t/ 
ForSlrdP110ity:~ ~iet;'t:S?4, 'in (1).' 

I " ," ,- ",'._ ':. ' " :..':,.:,,:,:,.';~,)' ,«/-:. ,:, ~ : ": .:""-,,, ';:;_~~,'::' ,', ' '" . 
, equat10ns (l)oa;rii, 1n ~aot'tW"'frant~'~ol'med so\~u; to ,e11mlnat:;e I.t ""'......'u.. ,.," 

" ." , 

"" ~d.1l. _[Q;clt- .. • 0. 10e•.1l':~r.,le no_,,~rent Uniting 

the, o'rb1t;, .We replace the a1te~t1~ badlents .If1 and, Kz by 

2,Be~\i~"'lMtW ~J:lDt0n10; oso111ato:r terms ~12and '02 • "obtalnlnF; the,.' 
,"'; ;c:.£,'·,< -;.' '". ~ 

Mlf] ,~ .. 

1"1'1') x 

(4). 

'with i.:, ~_.;a baIt over' a quantlt,denot&S_ ~1;S, oomplex con.1ugate?' 

, ,; '-\. rUff~re~o& reSbnan()~ ar1ses .1 f, ,1"'01" some 1~teger k, I), - t''J.': ~ 

wnl1e, fl sumresonanoe ,$r1se~1f'. f'o1" some k, V, +"a =...4. 
N"," suppoae; ifft, ~re at a d:1~ference reBonanoe'~ ,Omitting' all 

'~jf,oept; the reSOl18tl't terr'!$, 'Wo have 
, 

l{'f 

i' 



t1~St ',b'f 'equat1ons 
. -, '.'

i~~d"rt~p~tiYe11 to:changes1n .the amplitudes X and X;g 

the f1rst-nd' seoond~terms m:the· '9~cond equation lead to Increasez 

in Z and ~ iI respect!vely: 

(6) . 

Sq~:r1ng the,~b801ute values of X an~ Z1n (t>..~. ';Ill~ltlplying the 

~eS1.l1ts. resp~ot!v811 I by '~l 'and )~'-' ariaa~a~, we find. 

( 7)' 

tud..'pfonCtDi(,d~nan1noreaseatttRiexpense'of' the othfU' 'J 

. > 

"Crinthe ·o.therhand, at a 'swn 1"8.$0»81'100 l-fehave II fo%' some k I; . 

. .)l'r,V2 .. ~" . If' wea,~lt);plok out'tn.e resonant terms from (if.) and. 

omit allothera-p,:,ebave . 

" fl .. '. __ .' .~ \ 1'. ,... ·.· ..•·
v. .£.L ....(,t. ·f . 
j\ T . . ..... . 

-j' ....... ' X~·' -,' ~ p�. • 't :::. .£ D. 1i -+ y~2- 1P\..~"t:: 

(lO) 



na:.i::oef'OrfL"1J\;.t ", $~'on11<lu.ant1t:v th8t ls octri,,-rit: 'ig 

""~:1;xr, ~'\r J1;I/ ~ 
, " "; t' ~:f , '~',:~;":; 1., .' , , ' . ' 

whIch m~anB;';'tbat":>1f· .•. a.pl~tuc1e,''bC~_.IIO... ~oes the othel" tI 

theampl1tudes a~~all11Jlo:rea~~ ox- d.~rea8e depends on the slp;n,of 

!Q.IJ.TX-ti ,X"l)' " ' 
lt

The above ar~•• indieate tletthe Sl:lm resonances 

1nstabIl1ty, whl,let~dlrf'er~ee resonanoes lead to'stab1lity. 
, r _ ,;!/' ,\.,.,', ; .. '- .. 

The proof ·tOJ'·; 
. . "\, ,'; 

any assumption a.� 
osoillators 11 KO.$.~.SlfOlioW8:
 

,;;""~_:,,,-,_-,- ' -", " 1",.',", 

'We l.tssume t"1;"f!I~:.:that!t,M, ma'ch1ne eonslsta of two, parts(\ 

whj,o,h ha~ a per'feot"· l!fi~~an~ plane,. whl1ethe med1a.n plane (} f the,,' 
.-. ., ,<", ;':.' -': . ,,", . -' " ~ 

otner part 1_ t1lted tllJ'oU/!h'an: 8I'lI\':le #. Twid, 1n the ()ambl'l~ 
repo,~t9 assume" tM.t,;~dh of tnbse'l'Etrts e$1stsor 8 whole numlJer 
, , "'<",,: - ' , '. <-'.' , ' .' . "- "' " " .-,; -'.,' , .',., . ~ 

~',...., ofun1t c~:;11~ ~ we ,d.O<.llot make thifl'asauoptlon here" 

Suwose the t the t~ro.._tlion """~lee,,. ~~' t~ v.'1;.tI,vI flt,+-It 
,~ t>-;; I"t; .F-,'Y ttn,~'j "It~ ·~rf,~·44.I.,~.I'·~":J ",.", (rl I~ -hiM r~· 
?<. -' 1:..- VI/.( 04f~i,.."~t~:~~ .. A~ X. X. )1;3= 1, 1., C.:(f~.(l!) . 
At e1ther a HUmOr ,.one.;1'886nanoe. we ,"'.e ' 

" -';',~.:'?""'J':' ~ ' .. ",\,," / :, ". '. --,,-,,?>"\-,):~" ,:;...' 

It 0'111 be shown thatthc resonanoe leads,td- stab111ty· ()r inBtabl11t~ 

a.o~ordlru(' to. \qhethe,r 'the, Quant1ty 

t\,':: Sp '[1.(~ ,~.c:J" '-A 11-C)B (r"'c~' )] (li) 

1 is pf)sl tlve O'!' neR8't1ve ... 

We now write the mavr1ees 1n'the followlt)R':torm:� 

A ~ 008f, + _.:s1nrp� 

B. 008" ~;.:"~1n ,� 
C *= 008 r+~J'·.•1n¥� 
a-I • 008J- ~~;S1nt� 



O,·d'; 1A~ &Si ~,~,o;~ ",etc 0 'l.Phe,� 
~~;~""W' ~;'rl0e8~' It w111 W ti.()tea tl'l.at the trace o'f mat~1oes of the, form� 

, ' '. ,.',9",.' ."" '~.," " 2 ';, ,>',,' " . • 

;. ls2ero t and that 8i a 2", +a,·,.'~,:1;'1'f'I~S ,J < l~ alII 

and b:3 are real, while a? and'b2 are imaginary.. In our.c~se 

bu,t. no assumpt10n ne«t:d be1ttad~ about ' oos t Ira!!)' S2,g8; area' 

regarded as the oomponent,s of" a veetor, we have t~f<?11ow1~ 

Sp rl.t> .'2&~:D', 

Sp ;.y,;. .,..~. 2f~lPl1lJ:lil 
Sp"_U.:4~'; '~)" (~oA)' ~,t: ("o~) 0' 

;,'}� 

, '< "_''/j?c:;'",; ,"i'_;~" ;" .' ,'; , .. ,',' " .',�': --

In,it.-tMDs of these .e~,or8, we maY,Wite� 
<~~ l4 ~~ f f1- '«>l~J!:~)~f (I'-~ll
 

(16) .
-I~ l~~E) f§-·s5 ~'~tf}:(~ltJ!.~ )~ t (l-~~) /0 

Let 
. . .' . . " 

.n III uA T vll T!W, »-a4 '' (17) 

"'ffoos/,I <: lllu g v.w !\1"eallr.al;lf 100841,;> 1 they are all 

lma~1nary" Unlnp: (11)', we find 

(a \)0) ( b ~ 0)
, 

.. (1-.-( a "b),
2 

)uv - j 
\ 

i( axb.. o)' .. ,w(ia ob)2•.1 ) .. 

, Furthermore f) s moe, a2 • b 2 • 0 2 .' ":1, 
;-- ." : , . 

u? + v2 .1 +2uv(a,.bl+ ~?( (a o b)2_1 )., . (19) . 

U'1I1np;all these rela1;lo:p.a, we 1'1214' ' 

K 0:; 48m2 , { (l-a .. b)( 1-008 4') 
\ "t {(aob)2_1lws1n it1-00s1 ) 

Now at a dlfferenoe reBo~rioe,,' (s"b) $' -Iv While at a sum 

resonanoe (a.b)'~ 'Tl.Thlsoan bEJ<seen by oompa,rlngthe repre

r sentatlon. (lJ~) of the ~ransformat1onmatrioe8with thtlconventional 

represenu-;tton,.1n 'terml,ofthe parameters6i_,,.gtven,!.n/EDC/HSS-l 0 

?orthe Gstrlx A, 



.>,. 

Jls'.\~'; 
," - ,:.-_:;>;_.;~_.'\.,,;._,,; , 

" .; 'i~2)eln ,. 
,).f, r.. 1s takeat:"0 be posltlye tor a+1 Etr108Q )t1th real 5' .9 

it follOW:,1;ba''!:'Sln6"' ha~ the s$Dle 'w1g2i ti1 A and Bat a a1'ffere:r:U;\8 
-~ ~<' " - 

l·esonan.e~ ,and the oPR't~·~lg:nat,_ sum resonanoe Q 

~. . ·f~0.;-· . 

.(et.l>:) • - J -' (22)· 

ana.at a Bum resonance , '. ",., - .;1\ " 

'.. \ J~ Br<-'d" ~4) .J (P~-~}' 
.(A '/&") ::: wJ- ._,_J:~_._..l ' (2:3 ) 

, • t~~'""" ~. ~ 
have used (~ll:,atl:d,the relat'lon ~l"~~,?:+ajf =- -1 ~ 

':,_ . .,;;:: «~;: ,,:;:.::'"-':'r, '",' , '.' , _'\ -,' ::'." .' -,.. ,'t·'·' -> . 

Letusflrst cOn&lder a differenoe ~e.a~nance!l with 

lc. .1, J;-.. -- (j +b) )~f~O ~ ,( :. 

If';;" 1 r f{2+ cl~ (/""!>j ) ~ Jt~+ h) (fA If -(/46hl)-"';'X 
.j.' Hz ,..~)w .,;,. 'q b; "':>E )}; 

l'rd~m'(19) weobta1.nt~. 111~.qual1t~, 
" ,.',.'.... ' ; "(: , 

..•. ; '," ..,.;..,'} ):'. (- 2 Ii l.lV .... ,. -tw"6l'2:.,.·b)) .~ (eA ~r<~i~ t :{,., (7 {2'3) 
-;: ~ 

~l.t1('j~U.9 V gW I) and, sln,y a1"~elther all realar all 1maglnar'Y He:n.ce ' 
. . . . \,. ~.' . 

,'_ M, v' J ''J\;'?-¥ 2: -i {If w? t (2 .,. J )J';""'1 d" . (? 6 ) 

Siml1fu'lJB at; a shm res<>nanoewlth (soO) .. 1:'td fl' 

, i'"'~ ~. 'f j"'N"cf,r[-n"'r..#?a) -l1."-~) lHV+.,lttd)w,l}.-;';" ~l 
~ , .... . 

~. (~, ... ~)-w:·rb"1 (i-~)i.l-)] 

. l 
;, 

:,-\ 



Ul'" 

.'2.+-J)' ~v ~'J:(r 
, This' leadetb, , 

',,' '~, ,:,1 

Lj J ~? <f [-( I .~~,) <7 i (! ",.(,,~c5) ~~,),~'y 

.,.{2fJ}~ ~I if(/~~I)l . 
,"',' ,)'2 : 

=-2~ ~2f J/. ~~r~(2'1J)W ~1t' :,'6 0 
.:,"',' 

the:tesult that K 'ls pott1tlve {or ze~~)f',and the 

motion s'table 1/ at a d~:~r~~1!\C:e rC'senanee, ~hi:re st a~'" 
,K ~ °,end ,the motl~U2.8 ,unitable (unless, K' AI'.0) ? 

., -'.' I '.',_ • 

,'~ far thIs resultappl1es 0.n17 ~h~n, the ooupling' takes 
;',,, - , I , , ' , "_" " , ''':. ';'" ' :,," ' ":. ,','

,fo;rm assumed here 9 naln$ly ()~ part "of, the mach1ne is t.11ted· 'lith .' 
, :"- "-,, "" ,", ., - "-;,- ,,'-,,', ',- ',.,-,- .;-:+:,,' .,'", ,'" , 

, ·""',:,;:·':B ':":.'-'/;-',--',::,-: 
t'.~pect to the other part's" .i ~,::" ,'.:~
 

:_;>':~'" '.:':., ' , , '. ,." " , "':"",,, _;"!";'~Z~'~:::'·:>;::-"'_~·-"'·::'/:;_'::":-"" ,'", ,' .. , .',',:,>:', ,';" '.~'"
 
More:p;enersl for.SOrooUp1~.«.:oail' .1.a7& be expressed as aom.-, 

, ,:::' ;, ":;.",,, ,,:" ' , . 

b1I1at,lon$ of '.many p ert11r'batl0D8'; ':~~1$ form" It is ~oped tha,t 
~. ':"", ,\ . , ' , , • . . e,,'"'' "" " , " " ' , • • ' 

" the theQrern proved he~e' for the'$ti~()W oase can be extended to 

~no'~~ral osse; the PlaU$1bl11~;"a~~menta~th~, Qeg1lin1~ of 
, ,,',. ' • . '. I" , ' , • 

,this, note makes this probable " 
,,' ',' ". ":,,-,,' 

'Ass result onlY,balf of the pa,ralleloJ.;rams 1n~:tbe "neoktie' 
',' ' , ' ,,' ," "',.,,! ''-,'.' , ." "", "',' " ", ,. ;', 

sr. diVided into·ti- "8/'\)1 the 8um're~ohanoe8f while 
'~"'~: . 

paralleloP-Tama remain Intact (Aee 'Y.11f(" 1) Q 
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S~J)11':1',. d~m\wlth resonan08S 




