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Abstract

In this paper we investigate the dynamical behaviours of a contin-
uous intense charged particle beam in an acceleration and transport
system. It is assumed that fermion particles, such as electron and
proton, in the beam follow Fermi-Dirac statistics in the equilibrium
state. Parametric resonances, chaotic motion, and halo formation in
transverse direction of motion are investigated analytically. The an-
alytical expressions for the parametric resonances and the maximum
transverse position deviation, above which chaotic motion starts to
occur due to transverse beam envelope oscillation, are derived. An-
alytical formulae for the current loss rate are established, which can
be served as scaling laws and a guide in a numerical simulation based
machine design.

1 Introduction

To generate, accelerate, and transport high current ion beams have
become serious subjects of research since the beginning of 1940s orig-
inally related with military applications [1] [2]. Recently, high power
ion beams are more and more demanded in the related possible ap-
plications such as thermonuclear energy production, transmutation of
radioactive wastes, the production of tritium and the special materials,

LAL/RT 98-04
September 1998




and the conversion of plutonium [3]—[9]. One of the major challenges
on the linac is to keep the machine maintenance hand-accessible which
can be roughly quantified by a rule-of-thumb of the average particle
loss rate < 1 nA/GeV/m [3]. The lost particles are mainly from the
halo which surrounds the beam core. The origin of the halo formation
has kept physicists working for years on analytical models and numer-
ical simulations [10]—[24] (the references cited here are, of course, far
from complete). Among others the particle-core model proposed by
O’Connell, Wangler, Mills, and Crandall [10] is the simplest and the
most explored, which illustrates many important features of the dy-
namics of the particles which constitute the halo with the assumption
that the core has a uniform density and zero emittance. Now we sum-
marize briefly the main results from what have been previously done
numerically and theoretically on halo formations. Once there exists an
envelope oscillation a parametric resonance might occur when the par-
ticle oscillation frequency is about half of that of the core oscillation
(which is analytically predicted by Gluckstern [11] and numerically
confirmed by, for example, Wangler et al. [12] and Ryne et al. [13].
An important result from the particle-core model is the prediction that
these resonantly- driven halo particles have a maximum amplitude for
a given mismatch amplitude, which is confirmed by numerical sim-
ulation studies. By making stroboscopic plot in phase space (which
is first used in halo studies by Lagniel [14] [15]) one finds that there
exist three distinct regions defined by a separatrix. The first is the
so-called core-dominated region where particles spend most of their
time inside the core. The second is a outer region, or the so-called
focusing-dominated region, where particles spend most of their time
outside of the core. In this paper we define the particles located in
this region are halo particles. Finally, the regions surrounding two
fixed points on the z axis (radial direction), one on each side of origin,
where the particle oscillations are close to one half of the core fre-
quency and the above mentioned parametric resonance produces large
energy transfers. The three types of particle stroboscopic trajectories
in phase space are schematically illustrated in Fig. 1. For a more
complete summary of what we have known about halo formation the
reader is suggested to read the book written by T. Wangler [2].

The problem with the existing models is that it is not obvious to
predict the particle loss rate [24]. In this paper we try to explain an-
alytically the halo formation processes in detail, and try to estimate
the halo current loss rate analytically. In section 2 we discuss the par-
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Figure 1: Schematic illustration of three types stroboscopic trajectories in
phase space. The particles located in the focusing-dominated region are
defined as halo particles.

ticle density distribution for a round continuous beam in a continuous
solenoid focusing channel. The fermion particles, such as electron and
proton, which constitute the beam are assumed to follow Fermi-Dirac
statistics in the equilibrium state. In sections 3 and 4 we investi-
gate the transverse motions of the particles originally located in the
quasi-uniform density and nonuniform density regions, respectively.
The conditions under which parametric resonances and the chaotic
motions in both regions are established analytically. In section 5 ana-
lytical estimation of the halo particle loss rate is given and analytical
current loss rate formulae are established. Finally, in section 6 we give
the conclusion. The mathematical details are presented in appendices
A and B.

2 Particle density distribution

To transport a space-charge limited intense current beam an optical
focusing elements have to be installed along the beam line. The single
partlicle motion in the beam is determined by the applied focusing
force and the space charge force. Apparently, to establish equations
for the single particle and the collective motions in a consistent way
is not obvious since it depends on the concrete particle distribution.
In 1950s Kapchinskij and Viadimirskij studied a ” perfect beam” (but




not realistic) which has uniformly filled projection ellipses and they
derived the envelope and single particle transverse motion differential
equations for a continuous beam as follows (we limit ourselves to round
and continuous beams) [25]:

- Envelope equation:

d*R 2 K €

E+MOR—E—E§—O (1)
where R is the beam envelope in a continuous solenoid focusing chan-
nel, K = 2(Iy/1,)/(#7)?, me is the beam unnormalized transverse

emittance, v and § are the normalized particle’s energy and velocity
(v/c), respectively, Iy is the beam current, and Iy = 4regmrmoc®/q with
mo/q being the mass charge ratio of the particle (Ip = 1.7 x 10* A for
electron).

- Single particle equations:

d’z K
Ez_2+(wg_ﬁ>$:0 (2)
when z < R, and
d*z 2 K
4z Twor = =0 (3)

when z > R. Since the KV envelope equation is derived from a
specific microcanonical distribution, the validity for the other kinds
of distribution is not automatic. According to Lapostolle [26] and
Sacherer [27], one can use the same form of envelope equation for
any possible particle distributions provided that the envelope and the
emittance are defined as

R? = 422 (4)

e=4\/222"7 — 7" (5)
From now on the form of the envelope equation expressed in eq. 1 is
regarded as particle density distribution independent. Now we distin-
guish two cases: the matched and mismatched beams. Considering
now a continuous focusing channel, for the first case one means:
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2 _
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and 2
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for @ < R, where wg = ¢2/R*. For the matched case, apparently,
when € = () the motions of particles within the beam envelope can be
equivalent to those of particles in collision free gas of zero temperature
(in this paper we consider only fermion gas such as electron and pro-
ton which have half-integral spins). For the zero emittance matched
beam envelope radius, Ry, one finds Ry = VK /wo. When ¢ # 0 the
stationary envelope radius will become R = Ry + 6 R. Putting this
expression into eq. 1, for R << R, one finds
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From eq. 1 one knows that if R deviate a little bit from Ry at zero
emittance limit the envelope oscillates approximately like an harmonic
oscillator:

d*SR

dz?
where wp = v/2wo which is called the envelope oscillation frequency.
Now we are at the stage to estimate the stationary particle density dis-
tribution function, n(z). As noted above we regard the particles in the
matched beam as the particles in a fermion gas, and in consequence,
the density distribution follows Fermi-Dirac statistics:

+wh6R =0 9)

_ nE=0
" 1+exp ((E - u)/kT)

n(E) (10)
where E is the particle’s energy, p is the chemical energy of the gas,
k is the Boltzmann constant, and T is the temperature of the gas.
The energy of a particle is proportional to the square of its plasma
oscillation amplitude and kT is proportional to the square of Debye
length, Ap. One rewrites eq. 10 as

. Nr=0 .
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where Ap is estimated as follows:
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Figure 2: Stationary particle density distribution (Fermi-Dirac distribution),
where Ap/Ro = 0.5 and Ry = 1.

which is a little bit different from that found by I. Hofmann and J.
Struckmeier [28]. Now we look at a more general situation when the
beam is not matched with R = Ro+ AR and AR << Rp. In analogy
with § & we know that AR oscillates with envelope frequency, wg also.
In the equilibrium state (there is no diffusion process exists) particles
are assumed to follow Fermi-Dirac statistics as in the case of matched
beam. The general expression for Ap is obtained as:

(6R? + AR*)w},
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2
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(14)

where wip = 20EAR/Ro, AR and SR are statistically independent.
When AR = 0 eq. 14 reduces to eq. 12. In the case where the
contribution from the definite emittance can be neglected eq. 14 can

be simplified as: ,

(ig) 2 Ak (15)

Ro Ry

Apparently, for a matched beam with ¢ = 0 the particle density
stationary distribution is uniform with an unambiguous beam radius
Ro. If, however, Ap # 0 there exists a nonuniform density distribution
zone located near = Rp as shown in Fig. 2. To study single particle
dynamics we assume that for z < Ro—Ap and z > Ro—Ap the particle
transverse motions are described by eqs. 2 and 3, respectively. To
appreciate the magnitude of the unnormalized rms emittance in a linac



we recall the analytical result from ref. 2 that after one-fourth plasma
wavelength, A, = QWRO/\/ﬁ, the rms emitlance of the injected beam
into linac will reach a saturated value due to the charge re-distribution
process:
_ 7TRO K
~ 24 V15

[Zven this result is obtained from an initially parabolic density round
beam of zero emittance, it is still useful for illustrating the physical
picture and the magnitude estimation. Equipped with egs. 11, 14
and 16, one can estimate the equilibrium particle density distribution
which serves as our start point for the further discussions. To summa-
rize what we have learned from the above analysis, one assumes that
for a beam constituted by fermion particles in a continuous focusing
channel the stationary transverse density distribution follows Fermi-
Dirac statistics. For the particles within the density quasi-uniform
region they execute simple plasma oscillations. For the particles lo-
cated in the nonuniform density region their dynamic behaviours are
assumed to be determined by eq. 3.

The particle dynamics under envelope modulation perturbations
in both regions are discussed in detail in the following two sections.

(16)

3 Instability due to parametric
resonance: Arnol’d tongues

In a continuous focusing channel the particles in the quasi-uniform
density region of a matched beam is shown to execute simple plasma
oscillations. The question now is what will happen to these particles if
the beam envelope is modulated due to either periodic focusing chan-
nel or mismatch? In this section a mismatched beam in a continuous
focusing channel is considered since for a matched periodic focusing
channel the procedure to treat the problem is the same. From eq. 2
it is found that if the beam envelope is modulated from the matched
radius, Ro, by AR.(z), the differential equation of motion reads:

a2 2K
E;ﬁ + <w§ 4 R—%A}@@)) z =0 (17)

where AR.(2) = AR.(z + L.), and L. is the envelope modulation
period. If AR.(z) is expressed as a sinusoidal function of longitudinal
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Figure 3: The shaded areas (Arnol’d tongues) correspond to the paramectric
resonance regions.

position, z, the stability region of z will be determined by Mathieu
equation [1]. Not sticking to the mathematic rigor we assume that
AR.(z) is approximated by: AR.(z) = AR, when 0 < z < L./2 and
AR.(z) = —=AR. when L./2 < 2 < L.. Defining

Wp = 5-Wp (18)

and
(Lc ) 22K AR
= — ——
2m R3
one gets the stable and the parametric resonance regions described by
the functions [29]:

(19)

L=
went ——,n=123, - 20
pant 2 (20)
and 75
; 242w
wpzk/Q‘}‘—WkT,k:l,:},S,"' (21)

For k =1 we obtain the result obtained by Gluckstern [11] that when
the particle frequency is about one half the core frequency the para-
metric resonance occurs. In this paper we generalize this particular
conclusion to a more general one: when the particle frequency is about
an inleger limes one half the core frequency the parametric resonance
occurs. The instability regions (Arnol’d tongues) are schematically
illustrated in Fig. 3 by the shaded areas. From eqs. 20 and 21
one knows that the widths of the instability regions decrease with
increasing resonance orders, and that the lower order resonances are
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much more dangerous than the higher ones. What is very important
to note is that when the resonance condition is satisfied the ampli-
tudes of all the particles in the quasi-uniform density region increase
at the same time, in consequence, the envelope radius increases until
the resonance state is broken. This means that parametric resonance
can induce larger amplitude core oscillation (starting from an initially
small envelope oscillation) which will have a severe consequence on
the motions of the particles located outside the core (quasi-uniform
density region) as we will see in the next section. To avoid parametric
resonance the beam parameter has to be chosen carefully. It is found
that the beam unnormalized emittance € should satisfy the following

relation:
c
e<e*:”%Rg (22)

The practical implication of €* is that the resultant emittance coming
from the ion source and the space-charge effect shown in eq. 16 should
be less than ¢*.

4 The onset of halo due to nonlinear
resonances and stochastic motions

From what discussed in section 2 one knows that the number of the
particles originally located in the focusing-dominated region is ex-
tremely few. From now on we focus our attention to the motions
of the particles originally located just near Ry and show how these
particles can finally diffuse into the focusing-determined region due
to beam envelope oscillation. As we have assumed in section 2 the
trajectory of a particle located in the nonuniform density region is
determined by eq. 3. If we define x = Ry + Az, where Az <« Rg, one
finds Az satisfies the following nonlinear differential equation:

d’Az

R

(GG E )

It has been shown numerically that the solution of Az is stable and
periodical [10] [14]. Now let’s consider the case when there is an en-
velope modulation, AR, around Ry due to either periodic focusing or
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mismatching. The differential equation governing the particle motion
near Fg turns out to be:

d?As 4 4 . 3

dz? Ry Ry E-o— E(;
KAR (g) 2 _0 (24
"z \ Ry = )

For the matched case AR,,icn has the same period as that of the pe-
riodic focusing lattice, L. In this section we discuss only the matched
periodic focusing channel, and denote AR, 4cn = ARg. To simplify
the mathematics treatinents we assume that ARy(z) is represented by
a periodic delta function of period L and amplitude A Fgy as shown in
Fig. 4. It is shown (see appendix A) that under the periodic envelope
oscillation perturbation if the amplitude of a particle’s deviation Ax
is larger than some limit, say A2,,,., the motion of this particle will
become chaotic, and Axz,,,, is analytically expressed as follows:

/3
16R% 1
Albggon = o 25
’ (9L21<2AR0ﬂ(z)2) (25)

where (2) is the beta function of the focusing channel. To appreciate
quantitatively Ax,,.. expressed in eq. 25 we consider a continuous
proton beam of I, = 5A (in the practical sense, I, is peak current for
a long bunch), Ry = 0.005m, ARy = 0.002m, L = 5m, 3(2) = 8m,
and plot in Fig. 5 AZ,,../Ro vs the beam kinetic energy, W (MeV). It
is clear that no matter how strong the focusing is there exists always
random moving particles at the low energy part of the linac if definite
envelope oscillation presents.

10
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Figure 5: AX,a,/Ro vs the energy of a proton beam of I, = 5A, Ry =
0.005m, ARy, = 0.002m, L = 5m, and ((z) = 8m.

5 Estimation of beam current loss rate

The questions now are what will be the dynamic behaviour of a particle
execnting random motion and how it contributes to the halo forma-
tion. According to the discussion given in appendix B one knows that
the particles located near Ry (z = Ro + Az) with Az > Az, will
diffuse outwards into the focusing-dominated region and contribute to
the halo. The random motions of these particles can be described by
a possibility function which satisfies the Fokker-Planck equation and
the diffusion coefficient is obtained analytically.

In this paper we propose two different ways to appreciate and
estimate two beam loss rates. The first beam loss rate we are going to
discuss is the average beam loss rate on the mechanical boundary of
the beam transport system, which has an apparent practical meaning.
We may make a rough estimation in the following way. From appendix
B it is known that the particles located in Az > Az,q, will diffuse
outwards. The current, Iy, which participates this diffusion process
can be calculated as:
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Iligure 6: Schematic illustration of halo particle loss at the mechanical bound-
ary.
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One can imagine that a uniform halo disk is formed around the beam
core started from z = Rg + AZmer- Due to the beam envelope
oscillation the dimension of the disk, which extends to the radius,
R,,, of the mechanical aperture of the transport system, oscillates
with 2 = R, + ARg. Obviously, the particles located in R,, <
z < Ry, + AR are lost, as shown schematically in Fig.6, and this
loss will be filled through the diffusion process. If the particle re-
distribution distance, or the so-called relaxation distance A,/4 [2], is
shorter than the envelope oscillation period, the beam current loss
rate, R(A/m), can be estimated as the R = I;(ARy/Rw)%/L, where
R,, >> Ry. If, however, the relaxation distance is longer than L, one
has R = 414(ARo/ R )? /M. To summarize, we give a simplified beam
current loss rate formula as follows:

AR} . (1 + exp (2A1:mar/AR0))
LRoRZ, exp (2AZmqr/ARp)

where £ = L when L > A, /4, £ = A, when L < A,/4, and f is
the ratio of the average beam current with respect to the peak bunch

R =~ 1Iyf (27)
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Iigure 7: The current loss rates vs the energy of a proton beam of I = 1A,
Ro = 0.005m, R, = 10Ry, f = 0.1, L = 5m, and 3(z) = 8m.

current. Even the current loss rate described by eq. 27 is a somewhat
pessimistic value, it can be used as a kind of scaling law and as a guide
in a numerical simulation based practical machine design. In Fig. 7 we
give an example to show how one can use egs. 25 and 27 to estimate
the current loss and how this current loss varies with beam parameters,
where we choose Ry = 0.005m, I, = 1A, f = 0.1, L = 5m, ((2) = 8m,
ARy = 0.0025m and ARy = 0.001m, respectively. In the figure the
tolerable current loss rate [32] [33] is presented by the dark dots, and
it is obvious that in this case ARg should be less than 0.001m.

As for the second beam loss rate, we regard the particles diffused
into the focusing-dominated region as being "lost”. In the following
we are interested in the current Joss rate in this sense. Extrapolat-
ing from what is learnt from the numerical simulations one concludes
that when Az > AZgeporatric & 2A R, the particle locates in the
focusing-dominated region. For example, if Ko = 1, ARy = 0.5 then
the particles with Az > 1 are located in the focusing-dominated re-
gion [10]. From section 4 one knows that the particles located in

13
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Figure 8: For a proton beam of I, = 1A, Ry = 0.005m, ARy = 0.0025m, [ =
0.1, L = 5m, and 3(z) = 8m, we show how the current loss rate S varies with
beam energy, W, and distance, z. (a) The current loss rate S vs the beam
energy at z — 2’ = lm. (b) & vs the downstream distance (no acceleration)
for W = 30MeV . (¢) S vs the downstream distance (no acceleration) for
W = 45MeV. (d) S vs the downstream distance (no acceleration) for W =

65MeV.

AZmar < Az < 2ARp will diffuse into the focusing-dominated region
and contribute to the halo populations, and one finds (see appendix
B) that the loss rate can be approximately expressed as follows:

S(z, 1|2, I') = LA -T) exp (—ﬂ> (28)

2rD*(z — 2)(2 — 2') 2D*(z — 2')
where 9(1s/10)B(2)L , s
Fe WARO (29)
p = W/I0)B2)L o (30)

"Lma-fﬂ
4R3(4v)°
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The physical meaning of S(z,/|2/,I') is that the beam current loses
part of it into the focusing-dominated region (due to the particles’ ran-
dom motions at z = 2') at the rate of S(z, I) down stream. S(z, I) is of
importance especially when the beam is mismatched locally, say near
2, and one is interested in how the loss rate varies downstream. To
show the usage of eq. 28 we give some examples in Fig. 8. Considering
a proton beam of I, = 1A, f = 0.1, Rp = 0.005m, ARp = 0.0025m,
L = 5m, and B(z) = 8m, Fig. 8(a) shows the loss rate S(z,I) varies
with respect to the beam energy, W(MeV), at z — 2/ = 1m. Figs.
8(b) to 8(d) show the the current loss rate S(z,/) downstream (no
acceleration) with the proton beam of W = 30MeV, W = 45MeV,
and W = 65MeV, respectively. It is obvious that S(z,I) provides us
a more detailed physical image of halo formation process. In prac-
tice, collimators are useful to sweep off halo particles, and their lo-
cations, however, should be chosen carefully. Taking the case shown
in Fig. 8(b) for example, to sweep off the halo particles produced
at W = 30MeV the collimator should be installed downstream more
than 20 meters.

6 Conclusion

In this paper we have investigated analytically the halo formations
in continuous beams. It is assumed that for the matched beam with
definite transverse emittance the density distribution follows Fermi-
Dirac statistics (for fermion particles). The conditions for the parti-
cles’ transverse motions to have parametric resonances and nonlinear
force induced stochastic motions are derived analytically. For the
parametric resonances it is found that when the particle frequency
is about an integer times one half the core frequency the parametric
resonance occurs. IFor the nonlinear force induced stochastic motions
it is shown that the particles located at Az > Azay (see eq. A-35)
execute stochastic motions and diffuse away from the beam core con-
tributing to halo particles. The number of this kind of particles can
be estimated by using transverse Fermi-Dirac distribution. Finally,
the way to estimate the beam current loss rate due to the transverse
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halo is illustrated and analytical loss rate formulae are established. In
this paper we present only the results on the transverse motion of a
continuous beam and omit the discussions on the halo formation due
to the longitudinal motion of a bunched beam which has been the
subject of the research works in refs. 34, 35 and 36.
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Appendix A

We represent eq. 24 by a corresponding Hamiltonian:

K Az K /Az\* K /AR\ /Az\3
0~ 3 Ry + 1 \ Ty + 3\ I Ro (A-1)
with

2 2 2
Ho= % + %A.ﬁ (A-2)

where p = dAx/dz, wo(z) and ARp(z) are periodic functions satisfying
the relation
wolz) = wo(z + L) (A-3)

ARy(z) = ARo(z+ L) (A-4)

Clearly, the Hamiltonian, H, contains two parts: the linear force part,
Hy, and the nonlinear force part. It is natural to consider the nonlinear
part as a perturbation to {y. For the unperturbed Hamiltonian the
solution of Az is found to be [37]:

Az = /€. 0,(2) cos(¢(2) + o) (A-5)

_[7 ds
J0 ﬁr(z)
where (,(z) is the beta function of the focusing lattice, and e, is
a constant which should not be confused with the beam emittance
defined in section 2. As an essential step towards further discussion on

the motions under nonlinear force perturbation, we introduce action-
angle variables and the Hamiltonian expressed in these new variables

with

$(2) (A-6)

becomes:

J
Hold, ) = 505 (A7)
where Ry
v= [ B (A-8)
and
€x 1 ‘ L BLAzN?
J = E— = m (A.’L2 + (ﬂI(Z)A.’L - T) ) (A‘g)



Since the Ho(J,¥) = J/B:(z) is still a function of the independent
variable, z, we will make another canonical transformation to freeze
the new Hamiltonian:

27y 7 d2
U, =¥+ — / A-10
| L B (AZ10)
‘]l —_— J (A*].].)
Hl = ‘ZTrTVJ] (A—12)

Now, let’s recall the relation between the last action-angle variables
and the particle deviation Ax:

Az =/2J,18.(2) cos (‘I’, - ?%z + /Oz %) (A-13)

Before putting eq. A-13 into eq. A-1, for the mathematical conve-
nience, the periodic function AR is represented by a periodic delta
function of period L and amplitude ARy as shown in Fig. 4. The
Hamiltonian H becomes

K /Az\° K /Az\* K /ARy Az\3 =
H=Hy—— [ — — == — — | L §(z—k
° 3<R0)+4(30)+3(R0>(Ro) k:z—:oo (z=kL)

(A-14)
Putting eq. A-13 into eq. A-14 and eliminating fast phase dependent
varying terms in the second and the third terms in eq. A-14, one gets

_ 2my K a2 1 4!
H = ——L Ji + _4R8 (2J1:8(Z)) 24 ((4/2)!)2
K /AR =
3 (T) (2418(2)*?cos’ Wi L 37 8(z— kL) (A-15)

k=—o00

where we have used trigonometric relations:

i !
cos™ fcosnf =27 ™ Z?‘) ﬁ cos(n — m + 2r)8 (A-16)
36 2 6 6
cos” 0 = 2—3((:053 + 3 cos f) (A-17)
cos'h = i( 0846 + 4 cos 26 + L) (A-18)
B NP
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From Hamilton’s equations

dJ, _ oH
Rt (A-19)
dv, o
5 =37 (A-20)

one gets the differential equations of motion in terms of action-angle
variables:

O

> 8(z—kL) (A-21)

k=—o00

Wy _

dcos® ¥
= 320575 F1
dz 3 L

I <ABO
dv,

) @A)
d¥;  2mv 4!1(',6(z)2J
dz ~ L 2Ry

Now it is the moment to change this differential equations to the

difference equations which is suitable to analyse the possibilities of the

onset of stochasticity [38] [39]. Since the perturbations have a natural
periodicity of L we will sample the dynamic quantities at a sequence
of z; with constant interval L assuming that the characteristic time
between two consecutive adiabatic invariance breakdown intervals is
shorter than L/c. In fact this is exactly the stroboscopic map used
firstly by Lagniel [14] in his numerical simulations on halo formations.
The differential equations in eqs. A-21 and A-22 are reduced to

(A-22)

Tr = Ti(0,, ) (A-23)
Ty = Ty (0, ) (A-24)

where the bar stands for the next sampled value after the correspond-
ing unbared previous value.

— K (ARg : dCOSB\III
Jy=dJy — 3 (?8_) (2J1ﬁ(21))3/27P1_L (A-25)
_ AK 2_.
\IJI = \Ijl + 27Tl/+ vﬁil-z(;)_ 1 (A—26)
0

From the trigonometric relation, apparently, the right-hand side of
eq. A-25 contains sinusoidal functions of phases, ¥, and 3¥;. If the
tune v is far from the resonance lines v = m/n, where m and n are
integers (n=1 and 3 for this specific problem), the invariant tori of
the unperturbed motion are preserved under the presence of the small
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perturbations by virtue of the Kolmogorov-Arnold-Moser (KAM) the-
orem. If, however, v is close to the above mentioned resonance line,
the situation is getting complicated and under some conditions the
KAM invariant tori can be broken. Taking the third order resonance,
m/3, for example, we keep only the sinusoidal function with phase
3¥, in eq. A-25 and the dominant phase independent nonlinear term
in eq. A-26, and as the result, we have eqs. A-25 and A-26 reduced
to

Jy = Jy + Asin 39, (A-27)
U, =W, + BJ; (A-28)
with LK AR, -
A= —gg @hAE)Y (A-29)
B= %L (A-30)

where we have dropped the constant phase in eq. A-26. It is helpful to
transform eqs. A-29 and A-30 into the form so-called standard map-
ping [39] (the mapping firstly established in the microtron invented by
Veksler [40]) expressed as

I=1+ Kosin6 (A-31)

6=0+7 (A-32)

with 6 = 3W, I = 3BJ, and K¢ = 3AB. By virtue of the Chirikov
criterion [39] it is known that when |Ko| > 0.97164 [41] resonance over-
lapping occurs, stochastic motions and the diffusion process appear.
Therefore,

|G| <1 (A-33)

can be taken as a natural criterion for the determination of the onset

of the halo formation. Putting eqs. A-29 and A-30 into eq. A-33,

one gets

9L2K%B(2)°ARy
16R3

and consequently, one finds maximum stable Axz(z) value correspond-
ing to m/3 resonance:

| Ko| = (2718(2))*/* < 1 (A-34)

16 R3 13
& = 1/2 < ——Oﬁ( A‘35
AZmar = (2J18(2)) 1 £ (QLZKQARoﬁ(Z)2> ( )
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Readers can easily find that for the first order resonance A, is
exactly the same expression as that described in eq. A-35. Obviously,
if a particle is located at Az > Az, then this particle will execute
random motion. In appendix B we discuss the behaviour of these
random moving particles.

Appendix B

Now we look at the motions of those particles which do not satisfy
the condition given by eq. A-33. Once a particle begins to execute
stochastic motion the phase mixing occurs, and the mapping given by
eqs. A-31 and A-32 can be regarded as a Markov process [30], and in
consequence, the possibility distribution function F(z, I') satisfies the
Fokker-Planck equation:

OF _ 9(AF)  10*(DF)

9~ a1 T2 oar B4
where
A= << AL >> (B-2)
L
and )
p_ < (ALI) > (B-3)

where the notation <<>> denotes the average over phase #. From
eq. A-31 one knows

AT = Kgsinf (B-4)
and obviously, one has
A=0 (B-5)
and the diffusion coefficient
K¢
=0 B-
D 5L (B-6)

The solutions of the Fokker-Planck equation are discussed in detail in
ref. 31. Once F is solved with initial condition one can calculate the
probability current, S(z, 1), defined as:

d(DF)

S(z 1) = AF - =

(B-7)
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Inserting eqs. B-5 and B-6 into eq. B-1 and eq. B-7 one gets

o0F 10%DF)
9z 2 0I? (B-8)

and d(DF)
S(z 1) = =55 (B-9)

Now, the difficuity in front of us is that D is a function of /. When
the diffusion coeflicient is very small one can use WKB method [31]
to transform the problem into that of solving a first order nonlinear
partial differential equation instead of solving directly eq. B-8. In this
paper we simplify our task by taking D as a constant, D*, which takes
the value when the particles start to move randomly, and we obtain the
analytical solution of F(z, I) with the initial condition F(2',I|2',I') =
8(I - I') as follows [42]:

1 (I —I')?
F(z, 112\ 1") = —————e —_—— B-10
(=11 ) V21 D*(z — 2') exp( QD*(Z—Z’)) ( )
where D* = 1/2L and z > 2'. The general solution for the possibility
distribution with the initial distribution W(2', I) is given by

Wz, ) = /f(z, 112 IYW(Z, I')dI’ (B-11)

[n the following, however, we will treat the problem in an approx-
imate way. From section 5 we know that the particles located in
AZpmar < Az < 2ARy will diffuse into the focusing-dominated re-
gion and contribute to the halo populations, and beam current, /., in
AZpar < Az < 2A Ry can be estimated as

]b .I?:R0+2ARO 1

[r — ﬁ 5 = dCL‘2
0 ITZR0+A5F"101 l _+_ exp (L;ﬁo.)
D
A2 1+ exp ((z? — R3)/\%) =
= 2D ke r=Ro+248Fo (B-12)
B (et ) R,

Now we take /. as the amplitude of the delta function used above
and obtain the current loss rate from the beam tail into the focusing-
dominated region as follows:

A I f(I -1 _u=re )
S(z, 12,1 = DT~ 7) exp( ———2,[)*(2 — z’)) (B-13)
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where § has the unity of A/m and is a measure of average current loss
due to the factor f, the ratio of average current and the peak bunch
current.
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