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Abstract

We present a method to measure the weak phase 28 + v in the three-body
decay of neutral B°(B°) mesons to the final states DT K nt. These decays
are mediated by interfering amplitudes which aré color-allowed and hence rel-
atively large. As a result, large CP violation effects that could be observed
with high statistical significance are possible. In a.d;iition, the three-body
decay helps resolve discrete ambiguities that are usually present in measure-
ments of the weak phase. The experimental implications of conducting these
measurements with three-body decays are discussed, and the sensitivity of

the method is evaluated using a simulation.
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I. INTRODUCTION

The violation of the CP symmetry is now established in the B meson sector and the
parameter sin(24) is measured with good precision by BaBar [1] and Belle [2]. These mea-
surements are in excellent agreement with the prediction of the Standard Model in which
CP violation is accounted for via the Cabibbo-Kobayashi-Maskawa (CKM) matrix [3].

Although improved measurements of sin(23), where 8 = arg (—V.4V.}/ViaV,;), combined
with results on B; — B, mixing and more accurate measurements of Vi, will probe the
theory with greater scrutiny during the next few years, the measurement of the other an-
gles and the sides of the unitarity triangle are necessary for a comprehensive study of CP
violation. However, the measurements (or some combination) of the angles suffer from
several difficulties related to the uncertainties of the theory, the limited statistics or am-
bibuities in their extraction. We have recently proposed a new method [4] involving three-
body B meson decays, which circumvent these problems and allows to determine the angle
v = arg (—VuaVy/VeaVi)-

In this paper, we extend this method to the measurement of the weak phase
arg (Va2 ViaVia Vs / VitV Ves), which can be identified to the combination 28 + ' of the
unitarity triangle angles [5], where v/ = v+ & with £ = arg (—=V,4V%/VudVy,). The angle ¢ is
a small angle of order A* derived from the unitarity relation V,qV% + V4 Vi + VgVt = 0. Thus
since 28+ ~ 28+, we will always refer to 28+« in the following. Important constraints
on the theory will be obtained from the measurement of this phase when combined with the
values of 28 and < extracted elsewhere. To our knowledge, as of today the methods pro-
posed for measuring 23 + v suffer from several difficulties. The decays B® — D®+7~ allows
to extract this phase but it requires the interference between two very different amplitudes
in size. Hence the resulting asymmetry is very small requiring a very good control of the
experimental systematic errors. Furthermore, in order to extract 23 + <y, one is confronted
to an 8-fold ambiguity and to the poorer knowledge of the size of the smallest amplitude.
In a different method using the final state DK [6], the interfering amplitudes are of the

same order. However since both amplidudes are color-suppressed, the required statistics for



achieving a significant measurement is very large.

The B meson decay to the 3-body final state DF K,7* has already been considered but
the proposed method relies on resonant states such as K*F and D:** [7] leading to a very
restricted region of the phase space where the amplitudes can interfere.

In the following, we describe a new method involving the entire area of the Dalitz plot

for the 3-body decays B — DKr.

II. MEASURING 238 + v WITH COLOR-ALLOWED B — DKm DECAYS

We investigate a way to circumvent the color suppression penalty by using B°(B°) decay
modes which could potentially offer significantly large branching fractions, as well as large
CP asymmetries. The particular decays which are considered here are of the type B —
DWK®r(p). These three body decays may be obtained by popping a ¢g pair in color
allowed decays. Although modes where one or more of the three final state particles is a

vector can also be used, for clarity and simplicity only the mode B°(B%) — DFK ¥ is

discussed here.
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FIG. 1. Feynmann Diagrams for the de- m(0K.)

cay B® - DF¥K,n* with the CKM matrix FIG. 2. Two points on the Dalitz plot of

elements V3V, (top) and V;;V,, (bottom). the decays B® — DF¥ K, nt.

Figs. 1 shows the diagrams leading to the final states of interest. As can be seen, the

leading diagrams (Fig. la and 1c) are both color-allowed and of order A* = sin(f.) in the




Wolfenstein parameterization [8], where 6, is the Cabibbo mixing angle. The B® meson
can decay to both final states D~ K%+ and D¥ K%~ while B® decays to D~ K%r* and
D*KO7~. Since both K° and KO are observed either as a K or a K, it is possible to generate
CP violation via the interference between the direct decay and the one proceeding through
B®— BY mixing. Because of the absence of color suppression, both interfering amplitudes are
likely to be large, avoiding the complications which arise due to the small magnitude of the
b — wcs amplitude in the two-body decays D™~n*. As a result, observable CP-violating
effects in the three-body decays are expected to be large, and the b — %cs amplitude is
more easily measured from the relatively large branching fraction B(B° — D*K,7~) and
B(B® — D~ K r*) as it is shown later.

The general formalism describing how the weak angle is extracted from the observation
of the time-dependent CP violation has been first presented in ref. [9] and used later for
measuring sin® v with the decay B, — D; K™ [10]. The decays studied in this paper are very
similar in many way to the one proposed in this latter reference. However in the present
analysis additional information is used to resolve the inherent ambiguities related to the
method.

Let us now examine how one could observe CP violation and measure the angle 23 +y
in the decays B® — DT K n*. We first consider the case of very large statistics, and then
discuss how one would proceed when the data sample is limited. Since we are dealing with
a three-body decay, we use the Dalitz plot of the system D¥TK % (see Fig. 2). Selecting
a particular point ¢ in this representation, let us write the amplitudes corresponding to the

transitions in Fig. 1a and b on the one hand and 1c and d on the other hand as

Ai(B® = D K t) = Agie’®™i | A(B® — DYK,m7) = Aye™ie”, (1)
and their CP conjugates

Ai(B° = DYK,7) = Acie®s , A(B° — D"K_ﬁrf) = Ay e, (2)

where v is the relative phase of the CKM matrix elements involved in this decay, and Ac

(Ay) and 6¢ (6y) are the real amplitude and CP-conserving strong interaction phase of the




(=)
transitions of Fig. 1la and b (Fig. 1c and d). The probability of the transition B°— D~ K,n+t

is
<) A+ A2 L (-
Pr ((BO—% D”‘str*) = -C-’——~§—~u—l e r {1 (-I~) R; cos x—t—
-
(=) t (3)
+ D, sin (26 + v + Ad;) sin g:—«}
-
. ‘ I
where R, = %@—;—i , D; = ;%Lj:—l =4/1-R? with p; = ﬁf{—? and Ad; = d¢; — 6y We have
used the approximation |§! = 1 where p and ¢ are defined as the coeflicient defining the B
mass-eigenstates (|Brgy >= p|B® > +(—)q|B°® >). In Eq. 3, z = Am/T and 7 is the B°
meson lifetime.
(=)

The probability of the transition B°— D+ K 7~ is
=) _ A63+Au§e,t { (+) t

Pr (BO-—# DYK,n~ 5 *{1 = R, cos z—
.
(4)
(-) ) .t
+ D;sin (26 4+ v — Ad;)sin z-
From the total number of events in each of the four distributions (3) and.(4) and a global fit
of their time dependence, it is possible to extract the four quantities, Ac? + Ay? ,p; ,S ,S
where S = sin(28 + v + Ag;) and S =sin(28 + v — Ad;).
The equations (3) and (4) are valid if the Standard Model holds. Should there be new

physics leading to additional diagrams interfering with the ones in Fig. 1, one should write

-) N\ A2+ A2 (- (-) t
Pr ((BO-—> D Kat| =2t uw ¢ {1 7 R cos xi- + Dy S”sin x;} ()

2
) Ate2 4+ A2 (+) £ (=) t
Pr (B°—~> DK~ | = __.C_z_;;.....ﬁie-—f {1 — R} cos z— + D} Stsin x;} (6)
T

In the same way, the fit of these four time-dependent distributions would allow to extract
A=c? + A2, AT+ AT2, Ry, Rf, D7 S~ and D} St. The observation of direct CP
violation by measuring A7¢? + A2 # A*c? + A*,? and/or R; # R would be a clear
indication of new physics. |

For simplicity we assume no new physics contibutions in the following and therefore one

obtains

(1 _ 5541 - 51 - ‘5‘2)) , (7)

[N

sin?(28 + ) =

5




Hence in the limit of very high statistics, one would extract sin?(28+) for each point 7 of the
Dalitz plot and therefore have many measurements of the same quantity. This would allow
one to obtain a large set of redundant measurements from which a precise and consistent
value of sin?(28 + ) could be extracted. However, in every point of the Dalitz plot, 28+~
is obtained with an eight-fold ambiguity, which is a consequence of the invariance of the

sin(28 + v = Ad;) terms in Eq. (3) and (4) under the three symmetry operations

Sex 1 268+7—=7/2-A8 |, Ad o 7/2—(28+7)
Ssign : 2/3+’Y““> “(2,81‘*")/) , AS — 71— A (8)
Sp 128+ —=228+v+71, A= Al + 7.

An important benefit is gained from the multiple measurements made in different points of
the Dalitz plot. When results from the different points are combined, some of the ambiguity
will be resolved, in the likely case that the strong phase A{; varies from one region of the
Dalitz to the other. This variation can either be due to the presence of resonances or because
of a varying phase in the non-resonant contribution. In this case, the exchange symmetry
Sex is numerically different from one point to the other, which in effect breaks this symmetry
and resolves the ambiguity.

Similarly, the Sggn symmetry is broken if there exists some a prior: knowledge of the de-
pendence of Ad; on the Dalitz plot parameters. This knowledge is provided by the existence
of broad resonances, whose Breit-Wigner phase variation is known and may be assumed
to dominate the phase variation over the width of the resonance. To illustrate this, let ¢
and 7 be two points in the Dalitz plot, corresponding to different values of the invariant
mass of the decay products of a particular resonance. For simplicity we consider only one
resonance. One then measures sin(28 + v + Ad;) at point 7 and sin(28 + v £ (Ad; + o5))
at point j, where o, is known from the parameters of the resonance. It is important to
note that the sign of oy; is also known, hence it does not change under Sg,,. Therefore,
should one choose the Sggn-related solution sin(m — (28 +v) F Aé;) at point i, one would get
sin(m — (28+7) F (Ad; — c;;)) at point j. Since this is different from sin(28+ v £ (Ad; + ;)

the Sggn ambiguity is resolved. This is illustrated graphically in Eq. 9:




sin(28 + v £ Ad;) Faien sin(m — (28 + v) F AS,)

BW | | BW (9)

Ssign

Sln(Q,B + v x (A&z + aij)) A Sin(’ﬂ' - (2,8 + ")/) F (ACSZ — Ozij))

Thus, broad resonances reduce the initial eight-fold ambiguity to the two-fold ambigu-
ity of the S, symmetry, which is not broken. Fortunately, S, leads to the well-separated
solutions 28 + v and 28 + v + 7, the correct one of which is easily identified when this

measurement is combined with other measurements of the unitarity triangle.

III. THE FINITE STATISTICS CASE

Since experimental data sets will be finite, extracting 28 + v will require making use
of a limited set of parameters to describe the variation of amplitudes and strong phases
over the Dalitz plot. The consistency of this approach can be verified by comparing the
results obtained from fits of the data in a few different regions of the Dalitz plot, and the
systematic error due to the choice of the parameterization of the data may be obtained by
using different parameterizations.

A fairly general parameterization assumes the existence of Nz Breit-Wigner resonances,
as well as a non-resonant contribution:

Ng ‘ ‘
A(B = D Kx) = (Aco o0 13 ey, (6) ) e

=1

. NR - R .
A¢(B® - D*K,n™) = (Aao g0 + 3" Ay B, (€) e“‘w) eu@eh, (10)
2

J

where £ represents the Dalitz plot variables,
B, (€) = by, (€) €4 (11)

is the Breit-Wigner amplitude for a particle of spin s;, normalized such that [(bs,(£))*d¢ =1,
Ay and by (Aco and d¢g) are the magnitude and CP-conserving phase of the non-resonant
b — 7cs (b — ©ud) amplitude, and Ay; and 6y; (Ac; and d¢c;) are the magnitudes and

CP-conserving phase of the b — c5 (b — zu3) amplitude associated with resonance j [11].

7




The functions 6¢(€) and 8, (€) (in fact their difference A6(&)) may be assumed to vary slowly
over the Dalitz plot, allowing their description in terms of a small number of parameters.
The decay amplitudes of B° mesons are identical to those of Egs. (10), with v replaced by
—.

The decay amplitudes of Eqs. (10) can be used to conduct the full data analysis. This is

done by constructing the probability density function (PDF)

P(&) = |Ag(f)?, (12)

where the amplitude A¢(f) is given by one of the expressions of Eq. (10), or their CP-
conjugates, depending on the final state f. Given a sample of N, signal events, v and
the other unknown parameters of Eq. (10) are determined by minimizing the negative log

likelihood function

N.
X' =-23 log P(&), (13)
i=1

where &, are the Dalitz plot variables of event ;.

IV. RESONANCES AND AMBIGUITIES

It is worthwhile to consider the resonances which may contribute to the DT K n* final
state. Obvious candidates are broad D** and D}* states. However, only the ones which can
decay as D**%(D**%) — D*x¥F or D*** — D*K, are relevant for the final state of interest.
This exclude the 1% states, which would decay to D*r or D*K. Furthermore, since the D**
is essentially produced through a W=, the 2% state is forbidden as well. Thus, one does not
expect a large contribution from these states. We note, however, that including them in the
analysis does not raise particular difficulties, and may in fact increase the sensitivity to +.
Similar arguments can be made for higher excited K states.

One expects narrow resonances, such as D**°(D**%) and D!** states, to be produced.
However, these resonances do not overlap, and hence do not interfere. In addition, interfer-
ence between a very narrow resonance and either a broad resonance or a non-resonant term

is suppressed in proportion to the square root of the narrow resonance width. Therefore,

8




narrow resonances contribute significantly to the CP violation measurement only if both
the b — zus and b — ucs amplitudes proceed through the same resonance. This scenario
is favorable, but is not necessary for the success of our method, and will therefore not be
focused on in the rest of this study.

In what follows, we discuss important properties of the method by considering the illus-
trative case, in which the b — wcs decay proceeds only via a non-resonant amplitude, and
the b — cus decay has a non-resonant contribution and a single resonant amplitude. For
concreteness, the resonance is taken to be the K**(892). We take the §-dependent non-
resonant phases to be 6¢(§) = du(£) = 0. Under these circumstances, the PDF of Eq. (12)

depends on four sine terms that are measured in the experiment:

Sgo = Sin(28 + v & dy)

S0 = 8in(28 + v & (6up — Sx+ — G- €))), (14)

where k- (£) is the {-dependent K* Breit-Wigner phase of Eq. (11). The sines s& (s&.,)
arise from interference between the non-resonant (resonant) b — zu3 amplitude and the
non-resonant b — %cs amplitude.

The phases dyq, dx+, and 25 + « are all a priori unknown. However, it is important
to note that dg- is fully determined from the interference between the resonant and non-
resonant contributions to the relatively higher statistics decay modes B® —+ D~ K,r* and
B - DYK,n~ as a function of the Dalitz plot variables. Therefore, dx- is obtained with

no ambiguities, and with an error smaller than those of d; or 25 + . Consequently, the

only relevant symmetry operations are

Sex 125+’Y_>7r/2—f5u0 ,5u0—>77/2“(2ﬂ+7)
Ssign : 2IB+’Y - —(2/8'*"’7) 3 61,(0 T -51/(0
Sr 28+ =28+ y+w , Ouo —> 0o+ (15)

Séf)((‘— : 2ﬁ+’y—>-ﬁ/2+6u0*‘5K. , 61/{0—)7(/2.,}«(26_*_,-)/)_*__5}(‘
As discussed above, only S, is a symmetry of all four sines of Eq. (14), and is therefore

9




fully unresolved. The transformation properties of the sines under any combination of the

remaining four operations that can lead to an ambiguity are shown in Table I

TABLE I. Invariance of each of the sines of Eq. (14) under combinations of the symmetry

operations of Eq. (15), excluding S,. Full (approximate) invariance is indicated by a /(1/).

Operation Skeo Skeo 5o S00
Non-resonant regime

Sex , v v v

Ssign

SexSsign v v v

Resonant regime

SK+ v v v

SK*- v v v

SK*+ K"~ v v

While none of the operations leaves all four sines invariant, it is important to note cases
where st., are approzimately invariant under SX'*, SX"= or their product. We define

approximate invariance under the operation S to be
Sapp ic-0(0x+(§)) = 5%-o(—0k-(£))- (16)

Approximate invariance arises due to the fact that far from the peak of the K™ resonance,
0k~ (&) changes slow1y4 as a function of the K invariant mass, and takes values around .
Therefore, for events in the tails of the Breit-Wigner, dk-(£) is almost invariant under any
Sapp satisfying Eq. (16). One can see that approximate invariance of one of the sines 5E
implies minimal change in the x* of Eq. (13), which may result in a resolved yet clearly
observable ambiguity. Since both s%., terms are only approximately invariant under the

product SK™+SK*~ this ambiguity is more strongly resolved than either SX™ or S5™~.

10




Observing that no single operation in the Table I is a good symmetry of all sines, one iden-
tifies two different regimes: In the non-resonant regime, interference with the non-resonant
b — Eus is dominant, and only S, and Ssign may lead to ambiguities. In the resonant regime,
the K amplitude strongly dominates the b —s zus decay, and SE™* and SX*~ become the
important ambiguities. In the transition between these regimes, the operations of Table I
do not lead to clear ambiguities, as we have verified by simulation (See sec. V). Thus, while
naively one may expect a 25-fold ambiguity, in practice the observable ambiguity is no larger
than eight-fold, with only the two-fold S, being fully unresolved, in the likely case of non-
negligible resonant contribution. This is demonstrated in F ig. 5. Furthermore, although
one may write down more products of the operations Sex, Ssign, SX™*, and SX™= only the

products listed in Table I result in full or paftial invariance of both sines which dominate

the same regime. The additional products do not result in any noticeable ambiguities.

V. MEASUREMENT SENSITIVITY AND SIMULATION STUDIES

To study the feasibility of the analysis using Eq. (13) and verify the predictions of
Sec. IV, we conducted a simulation of the decays B° - DFK smt and B —» DEK,x¥F.
Events were generated according to the PDF of Eq. (12), with the base parameter values
given in Table II. In this table and throughout the rest of the paper, we use a tilde to denote
the “true” parameter values used to generate events, while the corresponding plain symbols
represent the “trial” parameters used to calculate the experimental x2.

The only non-vanishing amplitudes in the simulation were the non-resonant amplitudes
in the b — us and b — uc5 decays, and the K* resonant b — cu3 amplitude (except
for illustrative examples in Figs. 3 and 4). For simplicity, additional resonances were not
included in this demonstration. However, broad resonances that are observed in the data

should be included in the actual data analysis.

The simulations were conducted with a benchmark integrated luminosity of 400 fb™1,
which each of the asymmetric B-factories plan to collect by about 2005. The final state

reconstruction efficiencies were calculated based on the capabilities of current Y(4S) detec-

11




TABLE II. Parameters used to generate events in the simulation. The value of Ack- is chosen

80 as to roughly agree with the measurement of the corresponding branching fraction [13], taking
into account the K** — K2%7% branching fraction.
Parameter Value Parameter Value
26 + 7 2.0 Ayo/ Aco 0.4
dc(€) = du(é) 0 Ack-]Aco 1.0
Sk~ 1.8 Ac g ~V2 %105
Suo 1.0

TABLE III. The numbers of events obtained by averaging 50 simulations using the parameters

of Table II and the reconstruction efficiencies listed in the text.

Mode Signal events per 400fb~!
BY - DKt 124
BY 5 Dt K - 36
B - DYKn~ 122
BY > D-K,nt 37

tors. We assumed an efficiency of 50% for reconstructing the Kj, including track quality,
and 80% for reconstructing the m%. The product of reconstruction efficiencies and branching
fractions of the D*, summed over the final states KTn*7* and K, 7 is taken to yield an
effective efficiency of 4%. Finally the analysis efficiency including tagging was estimated to
be 20%. The numbers of signal events obtained in each of the final states with the above
efficiencies and the parameters of Table II are listed in Table IIL.

In Figs. 3 through 5 we show the dependence of x? on the values of 28+ and dy. The
smallest value of x? is shown as zero. At each point in these figures, x? is calculated with the
generated values of the amplitude ratios Ayo/Aco = fiuo//ico and Acg-[Aco = Agm/ﬁco.
When these amplitude ratios are determined by a fit simultaneously with the phases, the

correlations between the amplitudes and the phases are found to be less than 10%. Therefore,

12




the results obtained with the amplitudes fixed to their true values are sufficiently realistic

for the purpose of this demonstration.
For each of these figures, we also show the one-dimensional minimum projection xX2(28+

7) = min{x?(28 + v, du0) }, showing the smallest value of x? for each value of 28 + v.
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FIG. 3. Left: x? as a function of 28 + y and 8, with the parameters of Table II and no

resonant contribution (Acg- = 0). Right: Minimum projection of x? onto 28 + 7.

Fig. 3 is a simulation obtained with the parameters of Table II, but with A¢x. = 0.
With no resonant contribution, the eight-fold ambiguity of the perfect non-resonant regime
is clearly visible.

Fig. 4 is obtained with the parameters of Table 1I, but with A¢q = 0. With no non-
resonant b — ¢u3 contribution, the eight-fold ambiguity of the perfect resonant regime is
seen. The ambiguities corresponding to approximate invariance are clearly resolved, with

the doubly-approximate SX™+SX"~ ambiguity resolved more strongly.

Fig. 5 is obtained with the parameters of Table II. With equal resonant and non-resonant
b — cus amplitudes, only the non-resonant regime ambiguities are observed, due to the
relative suppression of the resonant interference terms, discussed in Sec. IV. Nonetheless,
the 3}%0 terms are significant enough to resolve all but the S, ambiguity. Sgg, is more

strongly resolved, since it leaves neither of the s%., terms invariant.
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FIG. 6. The error in 23 + v, 0244+, as a function of 28 + 7.

In Figs. 6 through 9 we present 0,4, the statistical error in the measurement of 25+,
obtained by fitting simulated event samples using the MINUIT package [14], as a function
of one of the parameters of Table II. All the other parameters were kept at the values listed
in Table II. Each point in these plots is obtained by repeating the simulation 250 times, to
minimize sample-to-sample statistical fluctuations. In all cases, all the parameters of Table II
were determined by the fit. The arrow in these figures indicates the point corresponding to
the parameters of Table II. The total number of signal events in all final states combined is
the same for each of the data points.

One observes that o.3,, does not depend strongly on the CP-conserving phases. As
expected, strong dependence on Auo / Ay is seen in Fig. 9. However, it should be noted that
0284~ changes very little for all values of Ayo/Aco above about 0.4. This suggests that the

likelihood for a significantly sensitive measurement is high over a broad range of parameters.

V1. CONCLUSIONS

We have shown how 28 + v may be measured in the color-allowed decays B —

DX K®r(p), focusing on the simplest mode B%(B°) — DFK r*. The absence of color
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suppression in the b — %cs amplitudes is expected to result in relatively large rates and
significant CP violation effects, and hence favorable experimental sensitivities. While the
Dalitz plot analysis required for this purpose constitutes some experimental complication,

it should not pose a major difficulty, while being very effective at reducing the eight-fold
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FIG. 9. The error in 28 + v, 024+, as a function of fiug/fico.

ambiguities which are a serious problem with other methods for measuring 25+ +. Only the
S two-fold ambiguity cannot be resolved solely by our method, requiring additional con-
straints from other measurements of the unitarity triangle. As a result of these advantages, .
this method is likely to lead to small errors in the measurement of 23 + v even with the

current generation of B factory experiments.
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