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Abstract

A new spectrum generating algebra for rotations and vibrations of poly-
atomic molecules is introduced. It allows one to treat properly both degen-
erate and nondegenerate vibrations of a given molecule. An application to
nonlinear X3 molecules shows that this model provides a unified description
of rotational and vibrational excitations of an oblate top molecule, in which
the point group symmetry is incorporated exactly.

1 Introduction

The progress currently witnessed in experimental techniques for the spectroscopy
of large molecules motivates the development of new theoretical tools to interpret
and guide such measurements. In view of the proliferation of parameters needed
in Dunham expansions and the difficulties encountered in solving a Schrédinger
equation with interatomic potentials for polyatomic molecules, it has been suggested
to use algebraic methods for analyzing the rotation-vibration spectra [1, 2]. The
. key ingredient in these methods is the choice of a suitable spectrum generating
algebra and its realization in terms of bosons. The underlying group structure
greatly facilitates the evaluation of matrix elements and provides complete bases
and in some cases analytic solutions. In the simplest case of diatomic molecules the
rotational and vibrational degrees of freedom are described in terms of the three
components of a dipole (x!) boson and a scalar (') boson referred to as vibrons
[1]. The dipole boson is associated with the radius vector connecting the two atoms.
The main reason for the introduction of the scalar boson is to conveniently handle
anharmonicities by compactifying the model space, i.e. it is assumed that the total

number of bosons, N = n, + n, is conserved. This confers on the model a group
structure of U(4) which serves as a spectrum generating algebra, i.e. the hamiltonian
of the vibron model is expressed in terms of the generators of the algebra. In limiting
cases, in which the hamiltonian is expressed in terms of invariants of a chain of
subgroups of U(4), it can be solved analytically. For rigid diatomic molecules the
relevant dynamic symmetry is provided by the chain U(4) D SO(4) D SO(3). The
corresponding energy spectrum is similar to that of a Morse potential [1].

Two approaches have been suggested to extend the vibron model to polyatomic
molecules. In the first approach [2] rotations and vibrations are treated simultane-
ously. A molecule with n atoms is described in terms of n — 1 coupled U(4) groups,
one for each relative coordinate. Each U(4) algebra is realized in terms of a set of vi-
brons (o;,7;), i.e. one & boson for every w boson. In the resulting vibron model the
number of bosons, N; = n,, + n.,, is conserved for each i = 1,...,n — 1 separately.
This version of the model has been applied to linear molecules with n = 2, 3,4 atoms
[1, 2, 3] as well as to bent X'Y; molecules [4] and quasi-linear four-atomic molecules
[5], all of which only have nondegenerate vibrations. This model, however, encoun-
ters difficulties in describing bent molecules with degenerate vibrations, such as for
example in nonlinear X3 molecules.

A second approach [6, 7] for polyatomic molecules relies on a simpler version of
the vibron model in which vibrations are treated in terms of coupled one-dimensional
anharmonic oscillators. A separate set of coupled U(2) groups is introduced for each
type of vibration. The U(2) algebra corresponds to a Morse potential (Poschl-Teller
potential) in the case of stretching (bending) vibrations. The use of symmetry
adapted operators ensures the correct transformation properties of the eigenstates
under the relevant point group. This simpler version of the vibron model provides
a tractable calculation scheme and has been applied to stretching vibrations of
triatomic molecules [6], octahedral molecules and CH bends in benzene [7]. This
approach, however, ignores rotations and treats stretching and bending vibrations
separately while in the case of degenerate vibrations these two types of vibrations
belong to the same irreducible representation of the relevant point group.

In this letter we propose an alternative scheme for the description of n-atomic
molecules, in which the point group symmetry of any given molecule can be taken
into account eractly and which contains all vibrational (stretching and bending)
and rotational degrees of freedom in one algebraic framework. One and the same
hamiltonian is used to describe all rotations and vibrations as well as their coupling
and its eigenstates have the correct species of the relevant point group. We introduce
one dipole boson for each relative coordinate and a single scalar boson. This leads to
a spectrum generating algebra of U(k + 1), where k = 3(n — 1} is the total number
of rotational and vibrational degrees of freedom. By construction only the total
number of bosons, N = n, + n, with n, = Y ;n., is conserved. For a diatomic
molecule (k = 3) we recover the U(4) vibron model. As a first step in implementing
this new scheme we focus the discussion on the description of a bent X3 molecule
which is the simplest polyatomic molecule with a degenerate vibration.

For triatomic molecules the six degrees of freedom of the two relative coordinates
lead to a spectrum generating algebra of U(7). The building blocks of the U(7)
model are the six components of two dipole bosons with LP = 1-, denoted in second




quantization by =! and x}, and a scalar boson with L?P = 0+, denoted by o!. All
many-body states are classified according to the totally symmetric representation
(N} of U(7), where N = n, + n, + nn, is the total number of bosons. The most
general one- and two-body rotationally and parity invariant U(7) hamiltonian that
conserves the total number of bosons, N, can be expressed in second quantized form
as

H=Y el &+ Y v (ala) - @an)™ (1)
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with o} = o, e} = x! and a} = #). There are special choices of the interaction

strengths in eq. (1) for which the hamiltonian has a dynamical symmetry and the
eigenvalues can be obtained in closed analytic form. In general this is not the
case and the eigenvalue problem has to be solved by an exact diagonalization in a
convenient basis, e.g. the harmonic oscillator basis |N,(n;ly), (nalp), lm > .

2 Point group symmetry

The embedding of discrete point group symmetries in an algebraic model relies on a
geometric interpretation of the vibrons. There are several possible interpretations,
e.g. in terms of bond lengths or mass-weighted coordinates. For nonlinear rigid
molecules it is convenient to make use of the isomorphism between the molecular
symmetry group and the relevant point group [8]. The elements of the former consist
of permutations of identical atoms with or without inversion (parity). The parity
of the bosons is well defined and the transformation properties under permutations
can be can be realized in terms of finite rotations among the bosons. For bent X3
molecules we use the isomorphism between the S permutation group and the point
group Dj and associate the two types of dipole bosons, 7, and x5, with the relative
Jacobi coordinates and their conjugate momenta

SR L
,;:%(;,_;,), X= %(1‘144‘:——27‘3), (2)

which have well-known transformation properties under permutations. Among the
elements of S3 we use the interchange P(12) and the cyclic permutation P(123). All
other permutations can be expressed in terms of these two elementary ones. The
transformation properties under S; of all operators of interest follow from those of

the building blocks,
ot 1 00 ot
P(12)) = 0 -1 0 =1,
o 0 01 ,r;
at 1 0 0 at
P(123) | = ( -1/2 V32 || | (3)
s 0 —v3/2 -1/2 !

The o-boson is a scalar under the permutation group and the two w-bosons are
transformed amongst each other. There are three different symmetry classes for
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the permutation of three objects: a symmetric one, S, an antisymmetric one, A,
and a two-dimensional one of mixed symmetry type, denoted by M, and M,. The
latter have the same transformation properties as the creation operators, 1r: and
w}. Alternatively, the three symmetry classes can be labeled by the irreducible
representations of the point group Dy (which is isomorphic to S3) as A;, A, and E,
respectively.

To obtain the most general one- and two-body U(7) hamiltonian adequate to
a bent X3 molecule with D3 > D3 O C, point group symmetry we construct a
rotationally and parity invariant hamiltonian which is a scalar under the permutation
group. For that purpose we use the multiplication rules for S and get

H = ¢0o
1‘ t t t t _t(= - - -
o |(m -7+ 7y m)oo + olol (R R+ 7y )

+ X e [(nln] — wlmh) - (i~ o) 4 4 (ala]) . (Fa71))
A=0,2

te — €n (w: 7y + w; F2) + ugototor —u, 0'(#{ -7 4 w; - )o

+er (rfe)) D - (7)) + T wy (wlwd 4 )N (i + Fain) | (4)
A=0,2

with %, = (—=1)!"™m; _,,. Its eigenstates are all labeled by the total number of
bosons, N, and by construction have good angular momentum, parity and permu-
tation (point group) symmetry.

3 Geometry

The hamiltonian in eq. (4) is expressed in terms of algebraic operators. In order
to obtain a more intuitive geometric interpretation of these operators, we analyze
the model in terms of geometric variables and study its elementary excitations.
Geometric properties of the U(7) model can be studied with mean-field techniques.
For a system of bosons the variational wave function takes the form of a condensate

of N bosons [9],

1 N
|Nie) = ()" 10), (5)
with
bt = (1+R)V? [a' +m w{_, + 73 (cos 01;,, + sin 01;'.)] ) (6)

where R’ = r} + r]. The condensate is parametrized in terms of two (real) coordi-
nates, 1 and r;, and an angle, 6. The range of the parameters is 7, > 0, r; > 0 and
0 < 6 < 7. The two vectors 7, and 75 span the zz-plane. We have chosen the z-axis
along the direction of #; (= r12) and 7} is rotated by an angle 6 about the y-axis,
71 - 72 = rirycosf. The expectation value of the Sj-invariant U (7) hamiltonian of
eq. (4) in the condensate defines a classical energy surface,

N(N -1)

E(ry,72,0) = E'o+m

[a R + bR* + crirlsin? 0] . (7
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The coefficients a, b and ¢ are linear combinations of the interaction strengths in
eq. (4). The equilibrium shape is determined by minimizing the energy surface with
resp?ct to r(, 72 and 8. The nonlinear rigid and stable equilibrium shape of the
hamiltonian(4) is characterized by 1y = r, and § = 7/2. These two conditions
are precisely those satisfied by the Jacobi coordinates of eq. (2) for an equilateral
tt,angular shape. This suggests to associate the algebraic shape parameters in eq. (6)
with these coordinates, i.e. r; < pand 7, & ) .

4 Excitations

It is ‘mstructive to consider separately the vibrational and rotational excitations
descnbe.:d by the hamiltonian in eq. (4). With the techniques introduced in [10]
for’ the interacting boson model, an arbitrary U(7) hamiltonian can be decomposed
uniquely into intrinsic (vibrational) and collective (rotational) parts,

H = Hp + Hegp - (®

4.1 Vibrations

The intrinsic part by definition annihilates the ground state condensate and has the
same energy surface as the original hamiltonian. For the rigid nonlinear equilibrium
shape, characterized by 7, = r, and 8 = n/2, we find

Hpe = & (R’ olo! —xl.xl -l w;) (R’ 00 — Fy ¥y — Wy - i,)

+&; {(r{ -1rI —1r2~1r;) (1'\-1 <y — Ty -i’z) +4 (r,’ w;) (i’z-i'l)} , (9)

with R? = r} + r2. Characteristics of the vibrational spectrum can be obtained by
analyzing the intrinsic hamiltonian in more detail. To this end we introduce a set
of orthonormal deformed vibrons, consisting of the ground state condensate boson
b} of eq. (6) with ry = r, and 6 = /2,

= (L+ R ot 4 R (nl, + 1) /v, (10)

and the following six bosons

o= (L+ BV [-Ro' + (x], +1,)/v2]

b = (=l +nl)/v2,

b, = (el.+nd)/v2,

oL = (af,+7l,)/v2,

by = (-nl.+nd)/v2,

bl = (=l +nd,)/v2. (11)

The boso.ns b,t represent excitations of the condensate involving radial (i = u,v),
angular (i = w) and rotational modes (i==z,y,2)
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Figure 1: Schematic representation of the normal vibrations of a nonlinear X3 molecule.
The Jacobi coordinates are indicated by the dotted lines. The transformation character
under the D3 D C; point group is shown in parenthesis.

The normal modes can be found by rewriting the intrinsic hamiltonian in terms
of the deformed vibrons of eqs. (10) and (11), replacing the condensate bosons, b,
and b!, by their classical mean-field value +/N and examining the Bogoliubov image
of Hipy {11, 12]. As a result we find to leading order in 1/N

SHig = eblbt e (blh +Bb) + O(U/VE) (12)
with eigenfrequencies
6 = 4§ R ’
€2 = 4{3 Rz(l + Rz)—’ . (13)

This identifies the deformed bosons that correspond to the three fundamental vibra-
tions: a symmetric stretching (u), an antisymmetric stretching (v) and a bending
vibration (w). The first two are radial excitations, whereas the third is an angular
mode which corresponds to oscillations in the angle § between the two Jacobi coor-
dinates (v1, v2. and vy, respectively in figure 1). The angular mode is degenerate
with the antisymmetric radial mode. This is in agreement with the point group
classification of the fundamental vibrations for a symmetric X5 configuration [13].
This shows that H;,; describes the vibrational excitations of an oblate symmetric
top. The rotational bosons (z,y,z) are not present in eq. (9), since they corre-
spond to massless Goldstone bosons associated with the rotational symmetry which
is spontaneously broken in the condensate.

Eq. (12) shows that in the large N limit the vibrational spectrum is harmonic,

EVlb = N[E[ Ny + €2 (n—v + nw)] . (14)

For finite values of N the correction terms of order O(1/v/N) give rise to anhar-
monicities. These can be studied numerically by diagonalizing H;,¢ in a convenient
basis.

A similar analysis of the S3-invariant intrinsic (one- and two-body) hamiltonian
of the U(4) ® U(4) model yields that in this case, the two radial modes associated
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with the Jacobi coordinates are uncoupled and have the same frequency. These
features do not agree with the point group classification of the normal vibrations
of a symmetric X, shape, in which one of the radial modes (the antisymmetric
stretching) is degenerate with the bending vibration. The difference with the U(7)
model can be traced back to the occurrence of terms in the hamiltonian of eq. (9)
in which only the total number of dipole bosons is conserved. These terms cannot
appear in a U(4) ® U(4) description which requires that each type of bosons is
conserved separately. This problem can be overcome by introducing higher-order
terms (four-body) in the U(4)®U(4) hamiltonian by suitable insertions of monopole
bosons [12]. A U(2) ® U(2) description will yield only the the symmetric (4,, A)
and the antisymmetric (E, A) stretching. The second member of the degenerate
vibration (the (E, B) bending) requires a separate treatment.

4.2 Rotations

On top of each vibrational excitation there is a whole series of rotational states.
In a geometric description the rotational excitations are labeled by the angular
momentum, L, its projection on the threefold symmetry axis, K = 0,1,..., parity,
and the transformation character under the permutation group. In the algebraic
model the rotational excitations (and rotation-vibration coupling) are described by
the collective part of the hamiltonian. By construction H_ .y consists of interaction
terms which do not affect the shape of the energy surface [10]. Its energy surface is
independent of rq, r; and 6. The collective hamiltonian, H,jy = H — Hj;y, can be
written as

Hcon = €N+&0N(ﬁ- 1)+N1(/11'/i1+/iz'/i2"6ﬁc‘ﬁ')
+I€z(B] M B] + i?z * Bz - 27“1) + "'3(L" * i’ - 2ﬁ") + n‘(k; - ﬁ”') (15)
with
A =i(rle + oti)M) /:l: = i(r}o + otir)V)
B = (wl7s 4 wim)V B, = (s — whia) (16)
L=va(alm +xfm)), K, = —iv3(nlf: - ;)
iy = olo fin = V3 (w7 + 7))

The first two terms only depend on the total number operator, N = #, + i, which
is a conserved quantity. These terms only contribute to the binding energy and
henceforth will be discarded. The remaining four terms in the collective hamiltonian
determine the rotational spectrum. The collective hamiltonian of eq. (15) can be
rewritten in terms of the two-body parts of the Casimir operators of a particular
group chain, U(7) D SO(7) D $O(6) D S0(3) ® SO(2) [14]. The last two terms in
eq. (158), Hyot = k3L - L + 54 K:, commute with any Sa-invariant hamiltonian and
thus correspond to ezact symmetries. Their eigenvalues are similar in form to those
of a symmetnic top,

Erot = 83 L(L +1) + ke K} . (17)

For the rotational excitations of the ground state condensate the value of K, coin-
cides with that of the projection of the angular momentum on the threefold sym-
metry axis, denoted by K.

The third and fourth term in eq. (15) do not correspond to exact symmetries of
a Sz-invariant hamiltonian operator and do not commute with the intrinsic hamilto-
nian of eq. (9). Therefore, in addition to shifting and splitting the bands generated
by H;;¢, they can also mix them and hence contain the rotation-vibration couplings.
Their effect on the spectrum can be studied numerically. However, just as was done
for the intrinsic hamiltonian, we can gain physical insight of the different rotational
terms by studying the large N limit,

1
wHeoll = —m (8L~ bu)* = [(8 ~ ) + (b, — b)?]
+7a (6] + b2) + (8 + 5.)] — na (b} — B,)* + O(1/VN),  (18)
with
m = K,
72 = (1+ R ki + (1 + %nz)Rz] ,
M = (1 + Rz)-linl -+ (—N; + %Kz + %Ka)Rz] ,
M = (14 R) 7k + (—mi + K3+ 54)R] (19)

The b,, b, and b, bosons are the Goldstone bosons connected with rotations in
configuration space, whereas the b,, b, and b, bosons correspond to generalized
rotations in a higher dimensional space. Eqs. (18,19) show that the x;-term is
associated with rotations in a six-dimensional space (u,v,w,z,y, z) and the x;-term
with rotations in a five-dimensional subspace (v,w,=,¥,2). The sy-term, LI,
corresponds to ordinary three-dimensional (z,y, z) rotations and the x4-term, k:,
is associated with a rotation about the threefold symmetry y-axis. The equality of
the coefficients of the (v,w) and the (z,2) terms in eq. (18) is a reflection of the
oblate-top nature of the S3-invariant mass operator.

The above analysis shows that a Sy-invariant U(7) mass operator corresponds
geometrically to rotations and vibrations of an oblate symmetric top. There are
six independent terms in the hamiltonian that determine the excitation spectrum:
two for the vibrational excitations and four for the rotational excitations. The two
vibrational terms cluster the states into bands. Two of the rotational terms corre-
spond to exact symmetries of the mass operator and their eigenvalues are obtained
in closed form. Whereas these terms are diagonal and hence only cause band split-
ting, the remaining two rotational terms may in addition cause band mixing. As an
illustration we present in figure 2 a schematic spectrum of an oblate top X3 molecule
in the U(7) model. The levels are in agreement with [13].

5 Summary and conclusions

In this letter we have introduced a U(7) spectrum generating algebra for the de-
scription of triatomic molecules. Particular emphasis was put on the ability of the
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(10
_2:1 2= 2} -
—2g E__2
—2 AM’E-—zﬁ,A,E
+ _ + _

--—1::_..._15 —1g — 14,45
—0 — 0}
K=0 K=1 K=2 | K=0 K=1 K=2

A,-type vibration E-type vibration

Figure 2: Schematic representation of the (a) vibrational and (b,c) rotational excitations
of an oblate top X3 molecule in the U(7) model. The vibrational levels are labeled by
the spectroscopic notation (v, v2) = (ny,n, + n,) and by their transformation character
under the Dy point group. The rotational levels built on vibrations of type A; (b) and
on vibrations of type E (c) are labeled by K, LY, where ¢ denotes the overall (vibrational
plus rotational) permutation symmetry. Each E state is doubly degenerate.

model to adequately treat degenerate vibrations as they occur in bent X3 molecules,
by imposing the discrete point group symmetry on the hamiltonian. In a normal
mode analysis we showed explicitly that the characteristic pattern of fundamental
vibrations of a symmetric X3 molecule, i.e. a single symmetric stretching mode and
a degenerate doublet of an antisymmetric stretching and an angular bending mode,
is recovered in the U(7) model. We showed that the U/(7) model has all necessary
ingredients for a proper description of the vibrations and rotations of oblate top X3
molecules.

Although we have focussed the discussion to nonlinear X molecule, the model
can be applied to any triatomic molecule both linear and bent. For X3 molecules
we found it convenient to associate the dipole vibrons with the relative Jacobi co-
ordinates. This interpretation can also be applied to rigid bent molecules f=x/2
for XY; molecule) and linear molecules (for which r, = || = 0). For bent XY,
molecules the hamiltonian then has to be invariant under S, (generated by P(12)).
The model permits however other interpretations for the vibrons, e.g. in terms of
bond lengths. In this case the hamiltonian describing a XY; molecule is required
to be invariant under 7, « m,;. This bond-length interpretation may be useful
for describing vibrations which are local. In the U(7) model one can construct a
hamiltonian for each interpretation and for each geometry, for which the normal
mode analysis is in accord with that dictated by the relevant point group [14]. For
example, for linear triatomic molecules one recovers the one-dimensional symmet-
ric and antisymmetric stretching modes and the two-dimensional bending mode, in
agreement with the Coo, or Doop point groups.

We have compared the U(7) model with two other approaches. The main differ-

ence between the models lies in the choice of the model space. In the U(7) model the
two types of dipole degrees of freedom are treated on equal footing in the sense that
the distribution of quanta among them is determined dynamically by the hamilto-
nian, whereas in the case of the U(4) ® U(4) model (or its simplified U(2) ® U(2)
version) the number of bosons in each mode is restricted separately. The existence
of generators in the U(7) algebra that mix the two types of dipole bosons is the
new ingredient that enables an exact treatment of the point group symmetry and a
proper description of degenerate vibrations.

Since the procedure is completely general, it can be extended without difficulty
to larger molecules, resulting in a spectrum generating algebra of U(3n — 2) as
a candidate for a unified description of all vibrations and rotations of n-atomic
molecules in which the underlying point group symmetry of any given molecule can
be taken into account exactly. Work along these lines is in progress and will be
reported separately. :
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